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Abstract

Signature-based algorithm is an algorithm for computing Grobner bases over polynomial ring.
In this paper, we give the non-commutative theory of minimal signature and the non-commutative
signature-based algorithm on both Weyl algebra and Poincaré-Birkhoff-Witt algebra. We also imple-

ment both commutative and non-commutative signature-based algorithm on Risa/Asir a computer
algebra system.

1 [FL&HIC

Signature-based algorithm (SBA) I%, ZHAE LD/ L T F—HEZRKDEZT LT ALDVEDTH
v, 2002 ££iZ J.-C. Faugere ¥ A U7z F5 73V ALIZHNK T 5. U4E, Tristan Vaccon & BELIFIGAIX
SBA ZFEL < f##7 L, minimal signature D& %ZEA L SBA O IEYSMEE(FEMEZARECR U, AFET
1% Vaccon-#4 (L DG %2 S L LT, SBA ZIEA[#ER Weyl [REL LD 'L 7 F —BIEFIEICHER L 72 2 &
IZDOWTIRRS. [9] 128> Tt &2 3 5 DL IHNIER & Weyl REDMHEE D EWIZEDWT ik %2 —HEE
U, BRERIFAZIT> 72, bivbho fiE%2HWT, SBA % Poincaré-Birkhofft-Witt ¥ LD 7L 7' F—
RIEKFIRICBILRTE 5.
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2 Signature DEHFEME

th K B8 L, RET x1,...,00,01,...,0, (TS Weyl R{¥%E2 D TEY. <5 TWS
o, 2HAR Klr,€] = K[z1,...,2:,&1,...,&] 2HWT, P D O2KRH P(x,€) € K[z, %
FEZBDIENHEHATH L. ZHAR Ko, & KB 5 2RBUHER < BT L LS. 52ILALT,
LM(P) := LM(P(z,£)) & LTHBL. W& P,,P,...,P, € D ODET S D OXEAFTTIV [ = DP, +
-+ DP, #5525, OO LM(P) <--- <LM(P,) £ LTHBK. Kz, &1t 3 HASKROES
M={2%¢" |a,BeNy} T 5. ZZTM3m(z,8) =2 LTm=2%P € DEEDD. T4
b, m(r, &) EERRIRHOD OIS mTHY, ITNSOEBITIBEELTIELVL. 515, Thhs
DHINZBNWT Kz, (BT DA HOFEE LS it e DIZH1T I HOREE LS FAEMLLTWD
TOREZ RV E S ITERELTIEL V.

rZHL D" ={(Q1,...,Qr) | Q1,...,Q, €D} LT HLINIIMR r O£ D MBETHS. D" >Q =
(Q1.--. Q) D (MEED) £HHE Q(x,6) = (Qu(2,€)....,Qn(2,6)) LEDS. HNT, {er,....e,} &
D OfE#EREK L T 5. NFREAOESE M %2, m(r,f)e; 2EROEGL TS, (m(x,€) € M)

EE 1 (MERENIERF)
M EOJER <, DA R &7 & SITIBERIBERIERE L WS, 22 Tmy(z,€), ma(x,€),ma(x,€) € M,i,j €
{1,...,r} &5 5.

(1) ma(z,8)e; <m ma(z,€)e; = mi(z,&)ms(z,&)e; <m ma(z,§)ms(x,€)e;
(2) mi(z,8) = ma(x, &) = mi(z,§)e; <m ma(z,§)e;

IO <y kY, Pe DR L LM(P),LC(P),LT(P) REHEh 5.

Bl 1
< DI UTEARD D 5.

(1) POT: my(z,8)e; <m ma(x,€)e; < i<jor(i=jand mi(z,§) < ma(x,§))
(2) TOP: my(z,8)e; <m ma(z,8)e; & my(z,§) < ma(x,§) or (my(x,&) = ma(x,€) and i < j)
(3) Schreyer: mi(z.&)e; <m ma(z,€)e; < ma(z, ) LM(P;) < ma(z, §)LM(P;) or

(01 (2, )LM(P,) = ma(ir, LM(P,) and i < )

S 2 (BAMBOS L T —EEE EEF)
S % D" DS D NBEE U, <, % —DET 3.

(1) S DERMBHES G TLANZH72THDIMFMLT S, ORI G % (IIFD) JLTF—EEL WS,
PecS\{0} LT, % gec GMPHFILELTLM(g) & LM(P) 2#15.
(§72b5, LM(g) = mi(z,§)e;, LM(P) = ma(z,8)e; £$5&, i =722 m(z,§) | mao(x,§) &7
5. 5 & UTLM(g) | LM(P) T%7Y.)

(2) SOIVTF—HEE G T 5. PeD TRUMNE&#ET P Hl—E%5. COP %PDG
BT 5 EHE 2 W, NFg(P) THRT.

P-PcST, PG IZELBHNTSH 5.
(Thbb, P(r,€) KBNS BRERIZVHER S LM(G) D7 THENA.)
PAF, iR EANER <, 2 —2EET 5.



E& 3 (syzygy )
D" O3/ D R Syz # L NTED 5.

SyZ:{Q: (le"'7QT) e |Q1P1++QTPT:0}
FeWNT, M ZIRD 2 ODHEEITHITS.

LM(Syz) = {LM(Q) | Q < Syz}
NS(Syz) = M \ LM(Syz)

G%uSyz D/ VT F—EELTHE, FOEHLY
NS(Syz) = {m(z,&)e; € M | LM(g) t m(,&)e; for Vg € G}
Th5.

Pel\{O} i, P=QiPi+---+Q.P, LEFTZLHNTESD, ZOLE, (Q,...,Q) & P DREA
I MILEIER, REARZ PUVE PIZHLU—RIZIIEEZ S5V, — 5T syzygy IMEF2HWS Z & TI DORB
R MVE <, CEUT—BNIVEDEEDLIIENTET, ZHHEF—RBIIEES. TORNDORE
N7 MLV O EHIHAA minimal signature TH 5.

HE 4 (BNRERNY MLOEFEEE—EM)

PeI\{0} DRERZ ML Q = (Q1,...,Q,) £ LT Q(z,8) 7 NS(Syz) DIED AN 5K EDHREN,
PITHU—REICEES. POMLEORIRY ML Q 2 T5L Q =NFg(Q) 72 LM(Q) <,» LM(Q) T
H5.

B POHRBIRZ bLE—DED, Q= (Q1,...,Q,) &L, ZThDGIHETATEHIEE Q = (Q1,...,Q)
Y95, ZDEEQ-QcSyz THBDT,

(Ql_le"'7QT_QT)'(Plv"'7PT):Z(Qi_QNi)HZO

LB, Thik
P:ZQiPi:ZQiPi
i=1 i=1

AERT S, 72, FHRFBOEHLY, Qz,¢) X NS(Syz) DIED AN S 45, fnT—EEERT. #HE
DEMEHETEIREEHANZ PV R=(Ry,...,R,)%2¢ 5. ZDLEGHNTHS. LoTR-QD
G THY, P=RP+---+RP.=QP,+---+Q,P. £V,

(R-—Q)-(P,...,P.)=0
THEH5. LEdoT, (R—Q) 1k GEMDD Syz DETHBDT
(R-Q)=0
WREND., B2, GREBERFEBIETE FIF50T, LM(Q) <m LM(Q) TH 5. .

E% 5 (signature)

PecTI\{0}izxL, 40 Q% P ORNKRERY MLEIER. X512, LM(Q) % P ® minimal
signature £ IFCY, S(P) &&J. (BAFN, HIUZ signature & KG9 5. S(0)=0&F 5. ) £7z, P DHR/N
KERZ ML Q= (Q1,...,Q,) ITXBEH



P=QP++Q b,
%Z, P DIFEEM LS. [ DILOD signature (2740 55 M OItDESE%EZ Y, TRT. T4hbb,
S —{seM| 53 PecltFELTS(P)=s Lh5. )}

B 6 (FERTEM)

(1) {S(P)| PcI\{0}} =NS(Syz) TH5.

(2) PeI\{0}, m(z,&) e MIZXHL, m(z,£)S(P) € NS(Syz) = S(mP)=m(z,£)S(P) TH5.

(3) PeI\{0}, m(z,&) e MIZTXHUL, m(x,£)S(P) ¢ NS(Syz) = S(mP) <,, m(z,§)S(P) TH 5.
((2),3) BV T m(r, &) & S(P) DX, Ko, 2812 OO IEATH 505 m & P ORI DIz

BIIBIEAMDOETH 5 Z LITHER)

EEEA (1) signature DEFE L D, S(P) € NS(Syz) TH5. £oT{S(P)|PeIl\{0}} C NS(Syz) T
H5. HZm(r,&e; € NS(Syz) &b, P=mP, L BFIX, S(P)=m(x,&)e; THB. (m(x,&) € M)
% 5T, NS(Syz) C {S(P)| P €T\ {0}} TH%.

(2) P DIEMETE P = Q Py +--- QP LEINEERZ MV Q = (Qy,...,Q,) 2E X 5. S(P)=LM(Q) T
H5B. ZDEEmP =mQiP+...+mQ, P, LXIN3., ZIT, mQ= (le,...7mQT) I mP O
BIARZ MLTHS. mP @ signature 2K 572 mQ DIEHFKE2EZ 5.

NFg(mQ) = NFg(LM,, (mQ)) + NF g (mQ — LM, (mQ))
ERFBIENTES, IKELDY,
NF (LM, (mQ)) = NF g (LM (m)LM, (Q)) = NF g (m(x,£)S(P)) = m(x,€)S(P)
Thb. —HT,
LM(NF(mQ) — LM<, (mQ)) =< LM(mQ — LM, (mQ)) <m LM(mQ) = m(x, £)S(P)
WYL D. UL7dio T,
S(mP) = LM(NF 5(mQ)) = m(,£)S(P)

BRENG.
(3) (2) DAEHI & AR D 25, m(z,€)S(P) ¢ NS(Syz) DEEIE,

NFG(LM(mQ)) =m m(z,£)S(P)
LM(NF &(mQ — LM(mQ)) <., m(z,€)S(P)

ThHoH7,
LM(NFg(mQ)) <m m(z,€)S(P)
LhB,. IDZEMS,
S(mP) = LM(NFg(mQ)) <m m(z,€)S(P)
NRIND. 1

a7
NS(Syz)=>.Th 5.



FIEFR signature DEFHL D, Y C NS(Syz) IFHHSA. —7J5, Vs € NS(Syz) 12X L s = m(z,€)e; (m(x,€) €
M) 2, P=mP, B L@HE6(2) &V,

S(P)=S(mP;) =m(x,£)S(P;) = m(z,)e; = s
THd. £>7T, NS(Syz)C Y TH5. ]

#RE 8 (signature DITEHE L, R%F)
PP eI\ {0} ¥ 5.

(1) LM(P) = LM(P') 2 S(P)=S(P)=sD& &, Hbabec KX BFLELT,
S(aP + bP') <,, S(P) 2 LM(aP + bP') = LM(P)

Y T35,
(2) S(P) =m S(P) DL E, [TEDac KX,be KITHLT,

S(aP +bP') = S(P)
NS AIRVASN
SEBA LA KN PP ORFRT MLE Q,Qr £ T 5.
(1) LM(Qq) = S(P) =S(P') =LM(Qz) TH2DT, LT ZFALIZT 2 X5 ICEBEEITS. Tibs, &

ba,bec K* LT, LT(aQ,) =LT(—bQz) £ TE3%. ZDLE, aP+bP OERBEARZ bLIZ aQ; +bQ,
THY, aQ + Qo IZEWVWTLM(Q,) DFEEUF 0 2745, Tl

S(aP + bP') = LT(aQ; + bQ3) <m LT(Q1) = S(P)

ZEWT 5. —J, LM(P) = LM(P") &9 aP+bP' TIXLM(P) DEHI 5. &->TLM(aP+bP') = LM(P)
THb.

(2) S(P) = S(P") &9 LM(Q1) =, LM(Q2) TH 5. o THEED ac KX, be KIZHLT aQ; +bQ>
D LM E LM(aQ,) TH5. ik, S(aP +bP')=S(P) %#Ekd 5. 1

e 9
m(x, &) € M, PeI\{0} IZX LT, S(mP)=m(z,§)S(P) THHLT5H. TDLE, ux,E) | m(x,§) T
H5u(x,£) e MIZHLT, S(uP)=u(z,§)S(P) TH5%.
SERR S(uP) # u(x,&)S(P) ZIKET 5. fHEG6 X0 S(uP) <, u(z,£)S(P) TH5.
w(z, &) = % 95, (ZZTw(xu(z, &) =m(z,&) THEIMW wu=m &35 LTRSS LN &I

W, W Ko, €] 1S B 3 TMOBCHER DICB I 3RO THS. ) ZOL F,
S(mP) =m(z,§)S(P) = w(z,u(z,§)S(P) = w(x,§)S(uP) = S(wuP) = S(mP)

RO FENEIND. REBEDES S(wuP) = S(mP) 13HE 6(2) DAHOHEN L FAKIZ RTINS, &

% P OBINEBARYZ MR Q = (Q1,...,Q,) £ T5E, S(P) = LM(Q) TH%. ZDLE wuP =

wu@Qi Py + ... +wuQ, P, EENS. TIT, wuQ = (wuQy,...,wuQ,) ¥ wuP DEHERZ ML TH 5.
NF & (wuQ) = NF (LM<, (wuQ)) + NF & (wu@Q — LM<, (wu@))

YHFBIENTES. RELD, NS(Syz) s S(mP) = m(z,&)S(P) Y 2,



NF g (LM<, (wu@)) = NF g (LM (w)LM< (u)LM< |, (Q)) = NF g (w(x, €)u(z, ©)S(P)) =
NF g (m(2,6)S(P)) = m(z,£)S(P) = S(mP)

Thb. LA,
S(wuP) = LM(NF & (wu@Q)) = S(mP)

WRINS. 1

3 G-fEfES-ILTI—HEE

£ 10 (G-Bi)
PRecI,QeclI\{0},scM&35%. Phs&QIZLY RIZG-top-FHNTZ21%, 5 m(z,€) €
M,ae KX BEELVTU F&ifiZT L SI20W0, P RTRY. (B, iz e-flifie Kidd 5. )

(1) R=0b L<LIFLM(R) < LM(P) »> R=P—am@Q
(2) S(mQ) <m s

sEPRLAVWES, s=S(P) &35, Z0rE, S(R)=SP)Thd. £/, QB LLIEmQ) % 6&-
BRITE VS, (m & QDX DIZBI2IAHRDOETHS. ) I DHAES HIZH LT, H Dtk S-fi
e LT S-fliNd 2%, PoE RTKY.

R 1 (regular f#) & singular f§#9)

EF% 10 1281 B8 % regular S-top-flHfI & FER., TN EXHU TER 10 1I2BWVWT S(mQ) =, S(P) &
L7254 % singular G-top-flifI L FER. 7L 7 —REDOHEIZBWT, fNEFEIZEEA T T LD
N0 BH, ZAUTIE singular flFI DS IGT 5.

EE 11 (6-Bif e 6-T#)
SEM,PcliZfLTPHRsIZBELT G-BNEIX, P%GfliNT2QMWEMLELEVE IV, s%&
HRLUBRWES, s=85(P) &35, G-HNTRVE SIT&-TF#HE VI,

HE 12 (C-BROERMY)
Pel\{0}IZNLT, G-flifzmaERRVITS. ZOBREFEREITEIEL, BkLze EzBon5T
X G- THS.

AR P=Pk L, S-fliIDEIE TR SN F (Pl, P, .. ) EZDH. IOk &, LM(Pl) - LM(P2) e
DERNFINEONS. < FEHEFD-O, ZORE FFITERETEILT . 1

#RE 13 (BT o LM —&% - S/0v)

PP cI\{0} ZX LT PP XGHEHNTHY, S(P)=S(P)&rF5. ZO&ELM(P)=LMP)TH
5. X 51T, s € NS(Syz) IZH LT, signature 23s £72% P c I TLM(P) B/NI745H DI &-BEH
THHI L NN 5.

SIBA PP cl LT, PP IXGHEHNTHY, S(P)=S(P)&d5. LM(P)#LM(P) 2 LTFE%
B, BETHNUEP L PP AROYERSDZETLM(P) = LM(P') &35, #i#E8(1) K0VHba bec KX
DFEL T

S(aP +bP') <, S(P), LM(aP +bP') = LM(P)



LT&%. ZOLE aP+bP 1Z P DS mbDT, PR G-HHTHDEI LIIKT 5.
RIZ, s € NS(Syz) & & 5. signature 2 s 2725 [ DD LM 2K H(s) xE 2 5. Thbb,

H(s) = {LM(P) | P €I, S(P) = s}

Thd. BEADESIIBIELSTHLDT, H(s) ITIER/NTIFLET S, ZORNREGZ5 Pcl
SN THEZLERT. BLEITRVWET DL, GEHNAIRELETS. Thbs, HDP cIT
S(P') <m S(P) 72 LM(P) = LM(P') 7255 DHFEIET S, ZDr &, P To-fifishzs0% P
LI5L,

S(P) = S(P) = s »> LM(P) < LM(P)
&7, POHY HITKT. 1

HE 14 (BIWIT D signature —E M - &)

PP eI\ {0} 2 LT PP I3 G-BHUTHY, LM(P) = LM(P') £ 5. ZDLE S(P) = S(P) TH
5. Zn&Y, m(z,&) e LMI) 12X LT, LM A m(z,&) &% PelTSP)BPR/MIRDHDIE G-
WThasZLenns.

SEBA PP cI\{0} LT PP G-BEITH Y, LM(P)=LM(P') £95. S(P)#S(P)2LT
FEEEL. BETHNEP L P 2WMOVEBEZSZLTSP) >, S(P)Ld5. ZOLE, PIZPOG6-
fiifym e 250D T P DY HIZKT.

Wz, m(2, ) =LM(P) L UTU NDEEEHEZ 5.

M(m(x,€)) = {S(P) | P € I, LM(P) = m(z,)}

M(m(z,8)) \TIFBNAVELT 5. ZOmNMNREGZ2 Pel lIG-HNTHEILERT. HLEST
mneddE, SENAELT S, Tbb, 5 P €l TS(P) <m S(P) 2 LM(P)=LM(P) &
BHEDIVMFIET S, T P OEY HIZKT. 1

% 15 (fERTDELHH)
EHE 0 DRLBEEHWS. Pcl\{0} B S-HHNTRVWET S, ZDLE, POSflixtmQ LT, &-
BRI d DR N5,

SEBA LM(P) %2 LM &9 5% I Ot T signature B/NDE DIk S-FENTH 5. 1

E% 16 (-7 L 7+H—EEK)
I DD ES GV NEG-TEE, IOG-JLTHF—HEE WD,
B G-HHNTHE PecI\{0} 1T LT, 5 m(z,€) € M, gc GPWHEIEL TIREET.

LM(P) = m(z,§)LM(g) #*2 S(P) = m(z,£)S(g)

(ED m(x, &) 1ZEH6BFAUPEAZ$ET. #EE LT LM(mg) = m(x,£)LM(g), S(mg) = m(z,£)S(g)
THbd. )

FE 2
EHE 16D mgld, WE13 L0 G- THS. 51T, gb G-BENTHS. ZOZLhoEHEI6DG %
G- LDETNRS6RZBL LTIV, ZhE S-J LT F—REDERIZIFILONLSMATELILET
5.



13 &0, S-BEK7Zo0D LM (3 signature T—RIZEXSDT, €&F 16 DS WHE UTEARA
H5.

& 17 (G-FLTH—EEZD2)
I DEHEE G P RERiZTLE, [DS- TV TF—HELWS.
% s € NS(Syz) LT, 2 m(z,8) € M, g GMFILEL TIRET-F.

m(z,€)S(g) = s 2 mg ¥ S-BEK

fiE 14 £ 9, & m(x,&) € LM{) IZX L LM 23 m(z, &) 725 S-BEZRmTMPFEEL, %D signature (%
m(z,6) TRIZEEDDT, EH16 DJIDENLE UTLANDDH 5.

E%& 18 (G- L T7+—EEZD3)
I DMHRES G PN TLE, TOS- TV TF—HEL WD,
& u(x, &) e LM(I) IZHLT, 5 m(z,§) € M, ge GPHFILL TIREHEZT.

LM(mg) = u(z, &) 2*2 S(mg) = m(z,£)S(g) 22 mg 1% S-BEHY
PANOMBEIZER 18 KV EBITRINS.

BB 19 (6-V L7 —EERIL T —EETHS)
IDGIVTF—HEZI DIV TF—HELE.

& 20 (singular B#IC & % 0 )
GrIDGS-IVI7F—EEKLdTs. ZOLE, Pel\{0}IXGIZ&3 singular flifJT 01245,

EFBA P c T2 LT P& G-BEN TR ITAUE, regular fEFU2SEMH S N S- N tizfiiahs. 2o
E, G-IV TF—HEDEHELY, H5 S mg (m(x,&) € M, g€ G) DMFAELT S(mg) = S(p) &
%%, (LM —EM LY LM(P) =LM(mg) TH 5. ) &>T, $%ac K* Z2HE, LT(amg) % LT(P)
E—HIFBIENTE, P=P—amg it

S(P') <m S(P) #*> LM(P') <,, LM(P)
&7 %. Zhid singular flifIBTTONS Z L 2EKT 5. BN, LEHOBEEZBREYIRSTI LT,
P—P = P'—...
& 725 signature (BT 2DV TE S, THIFHEREITIEESDTHEIZ0ITRD. 1

M 21 (G-J L7 F—EEDEE)
#% s € NS(Syz) (2% U T signature 28 s TH 5 £ 572 &-HfwtEd —DmWY, ThiE P, 235, 2Dk
% (P, | s € NS(Syz)} 11 6.7V 7F—HETHS.

G-IV TS —REDERTIIMBESETHFTOTULOME?21 £V G-IV T FH—HEDHFIEIRI NI,
UFTIRE SICARMEEZRT.

E 22 (G-7 L7 Fr—EEDHRM)
GaG-IVT7F—HELdT5. Z0LE, GOHRFPESTS- IV TF—HIKLL2HDWELT 5.

SRR LM DE&RZE X 5.

V:G>g— (LM(g),S(g9)) € M &M



T4V VOMEIZEY, GOBRES HTV(G) TERINDIE/ AT TIVEERT 5EDO0RELT 5.
IDrE, HWS-FVLIF—REIIARDI 27T, Pel\{0} 2 6- LT3, 6L T F—HED
EFED, HDm(x,€) e M, ge GWFIELT

m(z,£)S(g) = S(mg) = S(P) 2*2 m(z,{)LM(g) = LM(mg) = LM(P)
WE DD, — 5, HOWMYHEY, 5% ux,8),v(@,€) € M, he HMFELT
LM(g) = u(z,§)LM(h) 2*2 S(g) = v(x,£)S(h)
LB, WEG6 &V u(z,€)S(h) = S(vh) THH 5.

1. u(z, &) = v(z, &) DEE, m'(z, &) = m(z, u(x, &) = m(x, v(z, &) £T5. ZDLE, S(P) e NS(Syz)
RO THE 6(2) 15,

LM(P) = m(z, §)LM(g) = m(z, )u(z, E)LM(R) = m'(x, E)LM(h) = LM(m'h)
S(P) = m(x,£)5(g) = m(z,&)v(x,£)S(h) = m/(x,£)S(h) = S(m'h)
5.

2. u(z, &) <v(x, &) DHE, TDEE, u(x,&)S(h) <m v(x,)S(h) TH5. 1 DHELFEKIZ m/ (v,¢) %
EDD.
1 DHE LRI LM(P) = LM(m'h) TH Y,

S(P) =m(z,£)5(g) = m(z,&)v(x,£)S(h) =m m(z,E)u(z,£)S(h) = m/(z,£)S(h) =m S(m'h)
L35, TNEmh AP D S-fERTGERBDT P O HIZKT.

3. u(z,§) = v(z,§) D&EE, m/(x,€) = m(z,v(z,§) £ T 2.
1| DA EFRIT S(P) = S(m'h) TH Y,

LM(P) = m(z,£)LM(g) = m(x, )u(x, £)LM(h) = m(x, &)v(z, )LM(h) = m'(x,§)LM(h) = LM(m'h)

THDHMN, PIEGHHNTHEOT, TO LM PR/MEIZZS Z LIZKT.
PLEIZE D w(@, &) =v(x,§) LRIV RS, HN G-I VT F—HETH 5. 1

EE 23 (FREM%)
Pecll3G-BTHE LT 5. m(z,6) € M\{1}, P’ € ITP Z&-BEITHY, T S5IZLM(mP’) = LM(P)
DD m(z,£)S(P') = S(mP') = S(P) L% bDWBIFELBEWE &, P 2RIRMTH 5 LI,

B 24 (BWNG-TLTF—EE)
Gkh GV r—HELT 2., GOEBHREDDANSRIEEE2GLTH. Z0orE, Glie-rL
TF—HETHZ. 0 GEBNG-ILTF—EELITI.

BIPA G & G-I R D65 L LTLW. GOt g THRIRKH TR WS DD H - 72581, 5 GG
TR D LM(mg) = LM(g), m(z,£)S(g) = S(mg) = S(g) £722HDMPHFIET 5 Z & 2B L.
PARTIE GOt g BRIAH TR VWS $5. T E, #2350, 25 m(x,&) € M\ {1}, P el BFE
LT



LM(mP) = LM(g) 22 m(x,£)S(P) = S(mP) = S(g)

ThH5. PIIGHHTHS. ZIT, 6L TF—HEDEHLY, GDILg T, 5 mi(z,&) € MH
FIEL T,

LM(mlgl) = LM(P) D ml(x,f)S(gl) = S(mlgl) = S(P)
b, ko,
LM(mmig1) = m(z,&)LM(m1g1) = m(z,§)LM(P) = LM(g)
m(x7§)ml(x7 S(gl) = m(xvg)s(mlgl) = m(xag)S(P) = S(g)

TH5. S(g1) =<m S(g) CHERTB. g BFEHRATRWEGSICIE, ZOREEL2EREIEYIESTZ & THIE
M7 g e GHBEIEN, ZhBRDEHDTHS. .

4 G-JLTFTF—EEDEK

Weyl REUZBWTH, ZHABFAMKOFHEMT S-I/ V7 F—HELZGHET LT NIV XL %2HKTSZ
EWTES. UNTIRRDOZO I L7 F —EEDIGIFET N T monic £ 35, (LCE1EF5. )

EH 25 (s U (R 6-7 LT+ —EEK)
SEM ET5. I DWMRELGDPUFDERMEL 2T E, IO s AT (R#)S-V/LTF—EEL W
5. BBEIZGUT, £ 1 2&MF2ITESHALILNTES.

(%M 1) signature 28 s AN (Kiiti) T, G- TH D L5 PeI\{0}IZHLT, HDm(z,) e M, g€
G DEAIEL TR & 729 .

LM(P) = m(z,§)LM(g), S(P) =m(z,£)5(g)

(5% 2) s’ € NS(Syz) T s’ & s AN (Kiilf) REDITHLTHD m(x,€) € M, g € G HHEIEL TR % i
79

S(mg) = m(x,&)S(g) = s" 12 mg 13 &-FEiY

IDsPAN (Ri)S-7 V7T F—HIKG %, Gzs (Gzs) LERFLTD. 72, D s KD &-7'L 7 —HK
NsATND G-7 VT F—FEIZITRSBRVWE E, s 20WER signature £ W\, Z5TRVWE ZIZs %2R
B signature £\ 5.

EF 26 (EERIN, S ZIERN)
Pl,PQ S I\{O} & L/, %méli monic C\:T%) j(j- (Pl,PQ) DS %Iﬁiﬁ% SpOly(Pl,PQ) = m1P1 7m2P2 bt
LOM(LM(Py),LM(P,))  LOM(LM(Py), LM(Py)
LM(P) 7 LM(P)

ThsLT5. (SLHADOm & P ORE mok P, OMOREIE D IZB 2 EAMOFETHS. ) 22T,
S’(mlPl) 75 S’(mng) DL x, (Pl, Pg) % ERUR & Wy, SpOly(Pl,Pg) ZIEAIRR S ZIEA L WS, mi P &
moPy D55, signature DK EWIZD 2ERDLIER. ZD & &, Spoly(Py, P) @ signature (& F k53 D
signature 2% L\, Tz LA (P, P2) @ signature & I3,
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BIZAL R (P, Py) D EHD D mi Py TH2%5E, S ZIHAD signature S(mq Pry) 13 6(2) £ 9
mi(a, O)S(P) TREND. BT, M FOMBERES 25 D&M 2 X0 EBILRENS.

R 27
s€NS(Syz) & L, Gis 2 s Kl S-T VT F—HEKLT 5.

(1) % m(x,8) € M, g € Gis WFEL TIRZE T3 £ T 5.
s =m(z,8)S(g) 72> mg \T G-BEHY

ZOLE, m(r,6)S(g) = S(mg) T» Gas ik s LK &2 LT F—RIETHS. Thbb, s ERER
signature TH 5.

(2) ERD m(z,8), g WEFEIELIRVE &, s % signature IZHRD G-t gs e [ 2 —D & b, TDLE
Gs 12 gs BMATEBGE s U NG-I VT F—HETHD. Thbb, s IMBEL signature TH 5.

i 27(2) D& FT g, MK T D BHEN D DD, T D72HITIE signature H¥ s TH 2D S ZLIHAZ MK L
(regular) S-flifyzfid Z & THLHND.

foRE 28

s=m(x,€)e; € NS(Syz) & L, Gis % s Rl G- L7 —HEL T 5.

S=A{(m(z,¢),9) | m(z,§) € M, g € G<s,m(z,£)S(g) = s}

ETD. ZDEESLOPTHS. THITSDIE (my(z,€),01) TLM(mygy) BPEBRNIEDZBDEES. T2
T, LAY 2.

(1) LM(my1g1) = LM(mag2) & 725 ma(z,£) € M,gs € G<s T, ma(7,€)S(g2) <m 8 L7255 DIFLE
LBEWEE, mg XG-BENTHS. (Thbb, ZOHEIZIE mig »»S5IESNS signature A5 s D
EAZR S ZIHARIFMEL R, ) @ 27(1) &0 Gos Es A NG- VT F—HIETH Y, sIIALER
signature Tdh 5.

(2) EFED ma(x,€) € M, ga € G<s Tma(x,6)S(92) <m 8 ERDEDPIFLET DL E, migr — mage 1
g1, 92 DIERIZR S ZIHA Spoly (g1, g2) T, D signature i s TH5D. ZDH AL gs & LT Spoly(gi, g2)
ZABERIRY SR L7ZH DL TNIE, gs 1d signature 25 s D G-BEN R TH D, M 27(2) &9
GosU{gs} &8s AN G-Z VT F—HETHY, s ILEA signature TH 5.

BEER (S£0THBZ L) £7,
s =m(z,&)e; € NS(Syz) = e; € NS(Syz)

Thd. HEZLNWIHSH». ) S(P) = e; TH Y signature ' e; D S-BIRITLHFILET 52D T, G-V
TF—HEDTEHELD Gos DITLTED signature D e; EBRDEDWEFILET S, TDLE §; 2T DL,

S(mgi) = m(z,€)S(g:) = m(z,§)e; = s
Thd. UPFo>T (m(z,€),5:) € STH 5.

(1) mig1 DS G- TIZ R VWL RET 5.
ZDEE, mg D G-l e UT S-HNRHD Q »end. EBE, #iE14 X0,

M(LM(mag1)) = {Q € I | LM(Q) = LM(ma1g1)}
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EBIFIE, M(LM(mig1)) #0THH, TDOHT signature /N DEDZE Q £ TNIX Q1T S-BEITH 5.
QEmigs D S-FEHHTTHY S(Q) < s THEDT, Gus DEHENS, HD mao(x,£) € M, gy € G2 T
ma(x,€)S(g2) = S(Q) <um 8 72 LM(mags) = LM(myg1) &85 6 DWEMEL, ZHHMMREIZFET 5.

(2) ui(z,€) (i=1,2) € M ZZNFN
LCM(LM(g1), LM(g2))
LM(g:)
U, u (i=1,2) € DDERFEZEINTN ui(2,8) £ 5. ui(z, &) | mi(z,€) THY, my(r,§)LM(g1) =
ma (7, §)LM(g2) £ 9,

mi(z,§)  ma(z,§LM(g)  ma(x,§)LM(gr)  ma(z,§)

)
ul(‘r7 ) B LCM(LM(gl)vLM(g2)) B LCM(LM(gl)aLM(QZ)) B UZ(x7§)

Th5. v(r,é) = Zl((x,f)) = Z;((f,f)) Y45, 22T, LM(m;) = LM(vu;), LM(ms) = LM(vup) T
5.

91,92 D S ZIHA% Spoly(g1,92) = ui1gr — usge L &XKiLT 5 &, vSpoly(g1, g2) = vurgr — vuags L7210,
LM(m1g1) = LM(maga) = LM(vu191) = LM(vugge) &9,

LM(vSpoly(g1, g2)) < LM(m1g1)
THB. £, S(migr—mags) = S(mig) = ma(z,6)S(g1) = s THBHZ EH 5,
v(@, ui(x,£)S(g1) = ma(x,£)S(g1) =m ma(x,£)S(g2) = v(z, ua(z,£)S(g2)
LB, TNEHIEI DS,
S(vSpoly(g1,92)) = S(vurgr — vuage) = S(vuigr) = S(migi) = s
THB. S(vurg) = Smig) OEWALEE 9 DI OB LD L FRICRENG. LihioT,
S(vSpoly(g1, g2)) = S(mig1 — mag2)

b, ZIZT, up =m THNIX, migr — mage 1E (g1,92) P S ZIHR Spoly(g1, 92) = u191 — uzge 12
—8 UL, %O signature i¥ s &5, Thi &-flify L T signature 7% s O S-BE L LMK I N 5.

URTlEuy #m DI D ZBWI EERT. uy #my AETHUX S(Spoly(g1, 92))<m 8 THBDT,
G-I VT F—HEDEENPSH D ms € M, g3 € Gos DEIELT,
mgz(z,€)S(g3) = S(msgs) = S(Spoly(g1,92)) <m 8 2 mzgs 1& S-BE#Y

_ ml(wv £)m3($7 5) _

Thbd. ZOLE, fi#E13 £ LM(msg3) < LM(Spoly(g1,g2)) £%5. TZTw(z,&) e =
1\4y

vz, E)ma(x, &) & T 5L,

w(@,£)5(g3) = v(x,€)S(mags) = v(x, £)S(Spoly(g1,92)) = s

THY,

w(x,§)LM(gs) = v(x, §)LM(msgs) = v(z,§)LM(Spoly (g1, g2)) < LM(m1g1)

5. (w(x,€),93) € STHDN (w(z,€),93) DIFSHB LM PMENZ LD D (my(x,€),91) DILY T
Ay 1
M 28 ZHIDR G232 FITRh5.
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R 29
s €NS(Syz) &L, Gis & s Kl G- LT F—HEL T 5.

(1) G<s DILDX (g,9') T, D S ZIHEHAD signature 2% s IZRDEDBFLELTZE T D, s DBER
signature TH % 7= O DMEF 351X, signature 78 s 12725 mg (m(x,€) € M, g € GLg) TLM »®
B’NDHDE LD LT HEANVEILTHI ETH 5.

(2) LFEDXS (g,9") T, =D S ZIHAD signature 2 s 12785 EDVFILEL RV E &, s IFAEIR signature
Thb.

fME29% sANG-Z V7 —HEIZESHATERS.

R 30
seNS(Syz) b U, Gzs 2 sUUN G-IV T7F—REKLTS. Gz, Dtk W RZEANOESE SP &L,
BUND signature % s’ £ §5. TDLE, G ld s/ R G-I VT H—HEKTH 5.

BEFA 8 % G<s D8 8 RiD -7V T F—HEL 45 X 52 AKD signature £ U, § <, s’ LU TFE%
B ER, G S RID -7 LTS —HEEKTH DD, signature 2% 8§ DIEAIAEMLL RNWDT, M
20 Xk0 G FSPANG- IV T —HRL 2D, REITKT . I

M 2930 &0 G-V T F—RHEOHBET LI XALWESNE. SHIZEALTLIT) ALTEFDOEE
TV TF—REZHETEIeNTES. BAMIZIE, signature (ZBT 2IRMNIETHE T 5. s Kili 6-7
V7 —RIE Go, BWEAONZE &, M 29 OBE+H55ME2MHERL, BER signature TH L&
28(2) D& H1Z S LIHA AL TETz g, & G, ITBMIT 5. AT signature THNWIE G, 1ZTDFZF
TEw., ZHZEY sBUINGS-F VT —HIE G, 2185, 61T 3012 &0 Fizi s/ Kiff &-
TV T —HE Goy 2185, ZOMREVIELTG-Z LTI —HEGHESNSE. DL N Tl signature 53\
DTHERETEBLADT NI XLADEEZ 2T 5.

Signature-based algorithm OBE (Weyl X#hR), signature WD TEHLEEAIBERIZE

(1) G={P,...,P.} X 0tad 5. (B/ND signature e; LK VBT 5. Gld et AN G-V 7 F—HET

Hhb.)

(2) GDILLY LB FEHINOESEZ SP & U, signature D/NE WIEHIZEAR 5. H/ND signature % s &3

3. (Gl s KM S I VTF—RETHS. )

(3) sz LT 29(1) DBBEFREMEF v 7T 5.

(3-1) IELWES: RND IMIZ225 0% Efn e 45 SEZHAZFERL, T S-flilEiT->T
G- TG g ZEMET B, TR GIZINZ, G 75 signature 23 g, LR L HDEHIRT 5. (G
EsANG- IV ITF—HEKTH5. )

X 512 SP £ Y signature ¥ s TH A IEAIS 2 T RTHEEL, FH7IZ g, 20 LT HERIX %
SPIZIIAB. ATv 7 (2)ITK5.

(3-2) IEL LK W& SP £V signature 7' s TH S EHIN 2 TR THEL, AT7v 7 (2) ITKES. (G

s UK & 2L TF—HETHS. )

4) G %G FLTF—HEL LTHNT 5.

GWRG-TVTF—HEL R IAT, TRTOEML S ZEAIL (3-2) 720, FHrz/x S LERD
FHEIIRAE L.
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5 Fisignaturell& 37 L T H—EEHE

E# 31 (F78 signature)

Pel%xSP)BPHHOILETSE. ZOLE, m e MIZTXHULUT m(x,£)S(P) 2 S(mP) DFEBIhi
signature X IF0, S(mP) TET. #H#H6 £V S(mP) = S(mP) TH 23 BEHEME, m(z,)S(P) e
NS(Syz) TH 5. FHI N 7= signature [IZFED W TR L 2 FADS ZBERN LI, ZharofEons
SZHAZBER S ZIRA & D, HIEH S ZIHAD signature (& (B Y DRWR D ) A X 7172 signature
EHZEZBDHDLT D, FRINT signature & B O signature 235725 & &, FHI N7z signature % B D
signature ¥ W\, X SIZEERDSZBOEAN, 20 SLHEA2BD S ZLELL WS,

WEEIEAHERICB W T PRI N2 signature Z ZHATRD LS I L L5 & LTH, HEXOMEEHR
HAANDOEH (FRHEA & EEREAOR) 2 REA 2 3R 6 v, GErf#OETIZSE 0 DEATTH
FHOZHEANEZ->TLED. ) UL Weyl REUZEAL TIE LM IZBIU CRI#ECEIEE T E 5 L WHOMED H
D, LHDEHEDLSIZLUT DIZBIIAMTII AL A/ BOMIZL o THEKT A Z 3 TE 5.

Weyl REUZBWTH, ZHABRFARRD GIETETREI N7 signature 2 K L 2228 5 IRAIZ 8- L T
F—HEEZFRTHI LN TES.

& 32

sEMEL, Gis 2 sRiliG-T VT —BEL TS, m(x,8) e M, g e Gos LT m(z,£)S(g) = s
TH5H S(mg) #m(z,£)S(g) THIX s € LM(Syz) TH Y, mglds & G IZHT S S-flfNc LD 0
LB, FHZHBO S ZHERIEE D signature % s £ 958, s & G, ITHET S S-fHifizckv o hs.

& 33
sEMXL, G 2 s Kili6-27 L7 Fr—RELT 5.

(1) Gzs DILDK (g,9') T, ZOHEIEA S ZLIEHAD signature ¥ s 12722 HDVBFMLELIZETH. ZDL
&, s BB signature TH D 72D DBEFDNRMETLARND 2 DOV DI L TH 5.

(1-1) signature 2 s 12725 mg (m(z,§) € M, g € G<s) TLM PHB/NDH D% L5 & 3 5 #HEE A
WRIET 5.

(1-2) HEAI S ZHAZ G-flifIL T 01225730,

(2) EFELDXT (g,9") T, #IEHI S ZIHAD signature 28 s 12725 5 DAMFELIRWES, s IFAEZ signature
Thb.

EEBA (2) 1ZAH S 2.

(1-2) IZBWT, SZHEAN 0IZ S-flifId s Z L IFfERE LT s ¢ NS(Syz) TH5Z & &=L,
R I NN L Id S ZIHADED signature & s KT TIERWI L 2EHKT 5. ZOHEICFHRINE
signature (& s TH B DT, HD signature Id s TH 5.

512 (1-1) Y EDODT, @29 £V s IFTBEL siganture TH Y, SLHAZ S-ffifyd2Z LT
HO signature 28 s TH 5 G-BEIAIC g5 RD SN B, I

ME3B3%2 sARG-I VT T —HEIZEZHMITERS.

A 34
sEMEU, GisZsUNGI VT F—RIEL TS, Gz DIGL Y RBHEHITDESE SP L, s &
D K&\ signature DHTR/NDHE D% ' LT3, TDLE, G 3Rl G-I VT F—HETH 5.
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BEFR 8 & G S RIED 6- 7 V7 F— KL 05 & 5B KD signature & U, § <, 8/ L LTHE
2L EE, Ges P RTED &-7' LT —EETH 5A, signature ¥ § DEERSABEFEILL RV D T,
MBE33 LD G XS NS I VT F—REERD, REIIKT 5. 1

FE 3 (syzygy criterion)

i 33(1) IZB VT, FRINT signature s D3 E I signature LW I W7z b D s/ THINZHE, s
HEBTHSD. (s € LM(Syz) £V, s=m(z,£)s’ THNILs € LM(Syz) TH5. ) £ZT, THoDll
signature Z & L CTHEWT s NDOEEIEAND quicktest £ 5 LN TE 5.

Signature-based algorithm D& (Weyl X#}R), signature 21617 L CFtET 35S

(1) G=A{P,...,P.} L0iE©D. (/D signature e; £V FHTS. Gld el ANGS-Z VT F—HKT
Hb.)
(2) GDILX Y L BHEEANDES%Z SP & U, signature /NI WIHIZIEANS . H/ND signature & s &3
5. (Clhs K G-ILTF—HETHS. )
(3) sITx L CTHn 33(1) DRBEFDERMEEF v 735, (1EE 3 & quicktest & U TH siganture D¥5E %
752 L HTE D)
(3-1) IELWEA: BUND IM 24255 0% Efn e 35 SELHAEMERL, T S-flifziioT
G-BEM 7270 g, ZEIHE T 5.
(A) gs=0D L &, s LM(Syz) TH5b. ZHIABTH Y REZL signature TH 5.
(B) gs 0D & &, s € NS(Syz) TH Y &% 72 signature TH 5. gs & GIZIAS.
G 75 signature 2’ gs LH U B DB HNIXETNEHIRT S, (GIEsBANS-I VT F—HIETH
5. ) THIT SP &V signature ¥ s TH HABERINZ T XTHEL, Fi7zll gs 2lin & 354
ERR 2 SPIZIMAS. AT v 7 (2) ITR5.
(3-2) IEL K 206 SP & Y signature ¥ s TH SBEANZ T RTHEEL, ATv 7 (2) ITRS.
(Gl sANG-IVTFH—HETHS. )

1) G% G FLTF—HEL LTHNTS.

GNWGS-ITVITF—BEL ko7 IAT, G% GBIt OAILTEITIE, GhoBERNITHE
LRWw, ZOTNVIVAL2ELDZEDPIRDEDTH 5.

73 XL 1 (signature-based algorithm (Weyl X))
input: F ={Py,..., P}, <m
output: F DENRT ELEATTNVD S-7 V7 FH—EK G
SP«+ {(P,Q)| P,Q € F ;(P,Q) X ERIX }, G+ F
while (SP # 0) do
s min_, {S(Spoly(P,Q))} ((P,Q) € SP)
if (quicktest THTIX7Z2\) then
if (S(mR) =s £72% mR (m(x,€) € M, Rec G) DHET
LM 5/NDH D% L &3 2HEAN (P, Q) MMFAL) then
h «Spoly(P',Q"), h—& h
if (h # 0) then
G« GU{h}
SP « SPU{(P,h)| P e G ;(P,h) \ZHEAN }
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end if
end if
end if

SP«+ SP \ {(P,Q)| S(Spoly(P,Q)) = s}
end while

return G

ZHEABUZ BT 5 SBA L HBEL T, h«Spoly(P, Q') & h —& , h D 2fHFPEHELTHS. SLHIH
RNE DIZBIAETEKRL S-fliN%E DIZBITAETITS. — A TPFRINE signature X ATHOFE TH
T5. ZHUTE Y Weyl REUZBWTH SBA BWHEHTE 5.

Z £ X ®
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