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Abstract This note is a study of quadratic algebras equipped with involution, in par-
ticular, it is to give exmaples of quandles (or rack) in knot theory from quadratic algebras
with a property, and to consider related topics associated with their quandles. That is,
the contents are described to an announce roughly and its results are a new idea. On the
other hand, these may be regarded to a generalization of symmetric composition algebras.
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) —RE, ¥ a VR UREBCRD FERE AR ZATE L TWAEEDVRLHE X 72 quandle
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theory IZHEWTIX, MoNZHENPSHNEEAD, DLEETLZHRNZED, RBHR
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§1. Preliminary (g €&

£EH M &% ZTDbijective b F]Lo MWEX oL &, IROFEM1) & 2) %

$(M,0) % quandle (7> F)b) EENVET.
1) zox==x
2) (zoy)oz=(roz)o(yoz)forany z,y,z e M.

2) D&M rack DEMAETY. T o1 knot theory DHFETT . IEfEIZIE, R,y =yox
D R, 7 bijective TT.

ZZTaxxy=yox & new product ZEHKT 5 &,

3) zxx=u=x
4) zx(yxz)=(v*xy)*(r*2)
CEZBETIENTEET. ZLTCSy=0xy ERT L.

® S;r=ux

O .8, = Ss.y5
&0, (M,S,) I s-mainifold & HREHE U £ 9 (see, [K-S.1]). TD&EMEZHD{S,} %
s-map, M % s-set LIERZ LIZUE T (T2 5 2Nk generalized symmetric space @
REIBES L —IREL £9) . Tiw, S, DERIEE UL TORNEEZMNITINATOHER
TY. ZITRHFHLVERICIEAZTEA. S, O C-BHEMEERE ST, W% AE
e BEET L L BVETH, oI LznweFEZE£T.

— 73 homogeneous presystem n(z,y,2) OBURT n(z,z,y) = S,y = vxy €95 &,
n(a,b,n(z,y,2)) = n(nla,b,x),nla,b,y),n(a,b,z)) WEHOARMEGDH /LD, homo-
geneous presystem & S, OHEmE BEAMKL £I. L IK[K-S.1], [K-S.2] 22 LTT
SV ((z,z,n(y,y,2)) = Sp Sz ICHELTTIIW) . RIS, Zhold M ITH
35 S, XiEn(z,y)z :=n(r,y,2) OMESHECARAMEGEHRTHL I L2 EHRLTVET.

ZO/NGETIEL) £ 2)1k3) & 4) EEMETT DT, 3) &4) 22T Ex 25 DORER
THEHLUEXT. DFED, REZLDOHIRADOTT, Ax A=A DA 2HOFHILT
. PLEDHENS 3) & 4) 2729 S, & smap, M % s-set LIERT L OMHTY.

l<qg<r<p pzEH qr Z2BRE, ¢ =1(mod p) D q &r DVWTNHFESHE
ThRWedTsd (>Tp#£2TY).

BAEp=5 q=2,r=3,p=7q¢=3, r=5p=11,q="17,7=8 FDX (p, q, )
2EAET. TUT, BRIKZ, =Z/(p) LD Z,[\/q,\ /1] &EELET (AFIDRMT
ERD) .

BiZoy = (m+nyg+ /) (m +n' g+ 1r), B&ETIET = m—ny/g— Ir if
r=m+n/q+1y/r TI (Z D% standard product LIF.RZ &IZLET) .

ZIZTHM (VIVh) ZIROFRKIZERL Y.

1
Iz l=v<aoo> <y >= @y +yT).



M Z, L TO2XRMREUTT. 2% 0 1,222 W 1IRWBETH Y,
zx — (x+T)x + Tz =0
Zi-UET. 2L THBREOME :
fzy =z Iy (<zy,zy >=<z,2><yy>)

DHALLUES. 22Tz ||P=<z,x2>=2T€Z, TT. L2L <z,y> 3L T 255
nhHoET.

AR DD 2ROl 5 2 EAT 5.

Mpgr) =g ", "

GL(Ma(p,q.7)) == {A € Ma(p, q,)|det A # 0},

SL(My(p,q,7)) :={A € My(p,q,r)|det A= 1},

N(p,q,r) = Az € Zy[\/g, V7] || = |=1}

EE 1. (FHKE 7V LDBR)  LEOFSDE & TR D LD,

¢ Zy[\/q,\/r) = Ms(p,q,7) (as an algebra, ¢ is a homomorphisum)

Z,\/3,\/r] * = GL(Ms(p, q,7)) (as a group)

N(p,q,r) = SL(Ma(p,q,7)) (as a group)

Remark. 3(n,l) € Z, X Z,, s.t. ng+ 1= 0(mod p) , n+Ir = 0(mod p) »* Ker ¢ O
TLEERLUET (Tim=07T7).

Remark. fi#7RZ 2 TITM, SL(Mi(p,q,r))<GL(My(p,q,r)). (IEFREBIHE) TT.

|m,n,l € Z,},

WIZ, Q(N(p,q,7)) == {\ € N(p,q,7)|]AX = X, X is invertible},

£ Q(N(p,qr)) ZEFELET (weak quandle DJEHLTT).
T*Yy=2Y
IZ& > Tnew product ZEAT L, ZOM* TAA=XITZAx A=)\ &EEXT.

Remark. (V<AXAS)?=|A|>P= M\ BDT, Difie*T =72 =<z,2> TT.

Q(N(p,q,7)) > A\ invertible ;;p <=> || X ||# 0.

Q(Zy[\/7, V7)) = {\ € Z,[ /T, VT]]A * A = A\, X is invertible}

P E, weak quandle ZITR, ThEQ L ET. ZDQ 2AWVT, Qy={)€ QLA N}
LEBELERDZEDELT S.

T2, (I RLOKR) Q) EHYEFLTHD, Q=UnmonQy (QDOHIES) DI
2L, Q & weak quandle TY.
UV LU £ 925, 1xd=dx A=\ A=A F2HVET.



Remark. 7 * THALITZ R0 2 A2 LR U AR (Z,]\/q,Vr], %) &%,
FUTRHZ Q DT « 13FERE A (nonassociative) T, DED (zxy) x 2 # x* (y * 2)
&721, standard product DELFTRT &, (Ty)z # 2(yz) 2 KT 5D T, EHEEHHTE
Bx ZFEOMRBGRTT (ZZC 3T d).

PLEX D ZORRRBERD weak 77> RVOHNZID EZET. DFD

JIVLTDDOMETHAAY FIVEERT 2 (DWREBETHLTWR I ENBETY).

Z,[\/q, /1] IZBEWT, FHZEB p AVNE WD weak quandle D2 LATIZHIZEL £
(FELKIRK]22HK) . ZZTNWQ)IZQ Dotz Ry,

o Zs[V2,V3]; AxA=ADTERDIBZENQ) =11 THH, \=2+/3DL&E
A =24+4/3 FTT. HEUEM 2K (standard product) TlE AN =\ 277z L £ 7.

| XA ]=1 DXDMEBIL30ME. 2FEDa® =1, 15 =1 DITOED|| )\ ||=1 257z L
9. Mo T Zs[V2, V3] IZBWTIE, weak quandle Q % BAMIZRD SN ET. TNk

N@Q) =11 &V,

A=24V3u=24+2V2v=24+V2+2V3, k =2+ V2 +4V3,6 =2+ 3V2+ 33,

CEDHBTENL TR EELDPRODZEDTY. DD 11 HEELET.

INSNSESND Qy, Qu Qu, Qr, Qe BNENZF N quandle TH Y, weak quandle Q 1
Q=Q\UQ,UQ,UQ.UQ: (QIX1{HDERZEDES) TT. Q- ,Q EDILEES
12 {1} DATT. 2L T+ OMTO LTV EHA.

C+V3)x(2+2v2) =1+4vV2+2V/3=1+V2+3V3¢ QTT.

¢ Zu[VT,V8; AxA=ADTEREDIFIDE N(Q) =23 TY. IO5IF2BHEFEL X
TN |=1 OxOMEBUIL1321H. o'l =1, b2 =1 DITOFEM | N ||=1 2%~ LET.
A=54+5V8MAx N\ =\ Ziii7= 9 —HlTT.

o Zi:[V5, VT, AxA=XADTEEDIIZE NQ)=35TF. A=8+3V3 »W—fIT
T A ||=1 OEOMEEIE306 fH. o' =1, b8 =1 OFTLORED || N ||=1 27z Lx 7.

Remark. Zyp[V7,V11] iIZ20WT, || A |=1&2TICO2VWTIZa® =1, b =1 %%
TEORDP A DIETY. ZLTAx A=\ OEEIL 39 TY. Zp[v3, VI DEE A A=)\
Z72 3 DIEN =1 DA invertible 7276, || A ||=1 DIni% 19 x 20 fETT.

Remark. Z;[V3,V5] IZBWTIEZ|| A ||=1 D56 HTTA, Axd =\ Dtk 11d
TY3. A=1DATY.

Remark. EFIDTIAT, Z,[\/q,/r] IZBWVWTp, ¢, r DEJFUZLD 2p+ 1 HD L%
HEDOweak IV RV TEZT. o TAx A=)\ 223 \NDOMEKIZ 2 +1 &P
TEXT.

Remark. Z,[\/q,/r] D p,qr DEVHTAx A=\ DxF 1EDOEALHD £7.

Remark.  Z3[V2], Z5[V2] FiZBIF D Z,[\/q) PMEDEE N« A=\ &5TIEELT
ELI3MATT. o THIE LTIEHD T WKL FFCEEADTEMKL £7.

ULrLRdis Z,[, /g BMADRE /v 1 Omofudp+ 1 T



Remark. Z,[\/q,/7r] IZBWT Z,[\/q] & Z,[\/r] DM HETRCBE 5351
I A ||=1 OO plp—1) THB. EH50H AKOLEEpp+1) THDS, (ZD
EOBRFRPEOILIDODEEZET) .

ZDEORBI/Ax A=\ 2EET20O0OHEHED—DIXROFEMHIZHKL £7.

g THORMEH LT DL E, g(1) x g(1) = g(1) VLD, g(1) = N &BL L
Ax A=\ 272U ET. £/ involution 2H 2L E A« A=) biEzLEd. TLT
1x1=128DTQ\={1L\ A} B"EZOSNET.

§2. Definitions of Z,[i, j, k] and Z,[e;, - ,e;] (FFER)

8 {RXJt Z,, =®D Cayley algebra ( and Hamilton number) DFME % 5 2 £ 73 .2
Zyler, - ,e7] D Table;

€1 €2 €3 €4 €5 €6 €7
€1 -1 €3 —€2 €x —€4 €7 —€g
€y | —€3 -1 €1 —€g €y €4 —€5
€3 €9 —€1 —1 €7 €6 —€5 | —€4
es | —es | eg | —er | —1 er | —ea | e3
es | es | —er | —eg | —e1 | —1 es I
€ | —€7 | —€4 €x €9 —€3 -1 €1
€7 €g €x €4 —€3 | —€2 | —€1 -1

(& Z, O standard product THE A %)

x*y =7y (new product)

7 7
T =ey+ Z €, T=ey— Z e; (standard involution)

i—1 i=1
e1 = i,e9 = j,e3 = k in Zyli, j, k|(called a quasi quaternion),eq = 1 ¥ (in table),
Zyler, - ,er] & a quasi octonion EWER. NRIE < 2,y >= (27 + y7)/2, BIFHIZIX

_ E— 5
€3€1 = €2,€3 * €] — €3€] — —€9,€E5€7 = €1,€4 * €7 = €C7 = —€1 %

§3. Characterizations and Generalizations ( 8¢ (7 & —f&{EIZDWT)

B £ TIZ Z,[/q, V7] 12815 quandle DHIZBARE U 72AH, £ 2 TODidea 1, RD
PRIZ—fRfbTE B2 FEZ 7.

(A, zy) ZBAIIE 1 &2 B D associative, commutative involutive (Tg = 7 T) algebra &9
5. ZZTuaoxxy=Ty=1y7T Cnew product ZE&KT 5. A I MIVZEHE L TIEH
UTD, REMENPELRD oy Loxy OMBPEFHELET. ZLTClxr=12=7 TdH
D, BT EFREZRWIEESGHARETYd. 2D 11k para unit EFEENEEHDTT.

Q(A) :={z € Alz xx = z, x is invertible}

24 JUEK, 8 T DEF % Zorn’s vector matrix THEIT L HELEELET NI I CRIDREEECERIETWALEET.



LEFETDHE, Q(A) IF weak quandle DREEZFFD. 272U, oxy IZIEREARRTRE «
RREORBARTYT (EREICIR sy € Q(A) LIFFRY FHA) . ZOHRQ(A) 2#15ET %
D, FFEADHETT. DD weak W FIVOEBIZHFEZDHLHFEZET.

On the other hand, B % commutative associtative algebra &9 % & &,

Q(B) = {\ € B| A\ = \, \ is invertivle},

Q(B) ={r € Q(B)|x = pv, "p,v € Q(B)}(FRILTHL 5N T WD ADEM)

Szy =y, Yo,y € Q(B)
CEHRTD. TOK Yz,y e Q(B) ITHULT S,z =1, 5,5, = Ss,,5: DL D. DF
D Q(B) iEsset, {S;} EXsmap. B> RILOFITT. 2720 Q(B) F—IZEAL TV
WHREMEDS D D £ 9.

MOBE» S H 5D UIRARET. BATEMBT UERZRWRERE L Toxy 2FIE
ETBIRDED L3 DDEBRANEZEAONET.

O(xxy)xr=xx(yxx)=<z,z>y, <x,y>€ base field

O Josyl=lz iyl

© involution Ty =y *7 Kb, v*T,x +7T € base field,

z,z*z, 1(para unit) 2% LIRIEBRMRECR, DXV oxz— (v +7)xov+xx7 =0 2 5FEMRK
NZ&iii729 (2% para quadratic algebra &FEXR) . 7272L para unit & 1X 1*xz =17
T,

Z Ok ST DOIEE SRR PE Z o b L HVWET GRIEDOBN T 2720
BR) . <axy > FIERIEIIRD £HA, Zsfi, k] IZBWTiEe=i+j+k DEE
<z,z>=|z|*=0%FTY. Z,[a, Z,[\/T, V7], Zpli, 5. k], Zpler, - -+ e7] (HBRK LD 2
RIT, 3IRTT, 41R7T, SIRTTARE) W3, 2 & 3IHF/EHOEBRN 2/ TEBITYT. Zho DFE
B IR OFEERE TS, HIZ Z,[\/g, 1] ZFR< 23K0T, 41R7T, 8 Rt 1 FH
DOEBRAZMZ U XY, 98 Ee U TIE Meson & Baryon ORI IJIZEH NS Gell- Mann
(1929-2019, quark BagD / —NOVEZEE) O IRTRBD Z, L TOWIETS (LY
e OENMNFAEETY). ZoRBE 1 FEOBERAZHZL £,

In future, following [K-O]( for a version of characteristic 0), we can consider the Zorn
vector matrix algebra and normal triality algebras for Z, versions of characteristic p.

§4. Tables (2 R7t, 3 R, 4 R7T, 8 RITTDREDH)
ZOETOHNET AT || axy ||=] = ||| v || 2729, 72720 ||z [|=VexT= /< 1,7 >.

notations (Fd+5)
dim dim of A (A; some closed set w.r.t x)
N[ A =1) | HA| || A]|= 1}, number of elements satisfying || X [|=1
N(Q) Al A% A= X and ) is invertible}, number of weak quandles
N(Q») (N(Q) — 1)/2, petal number
Aut,Qy automorphism group w.r.t
Trig.Qx triality group w.r.t
Trid,Qy triality derivation w.r.t *
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gj(x *xy) = gj11(x) * gj42(y), 7 =0,1,2, g; is elements of Trig, A.

di(x*y) = (djp12) *y + x % (dj42y), d; € End A, and d; is elements of Trid, A.

Qx = {LAA} EBWTIEMMEIZEZR I NROD, 0= (ur) xy + 2+ (y) 1ERECR A
WEWTIEEWRZRDOIREMED D, 0,u,1 € Im Q) D& 12 EOREFKRAIZK D LD,

DED Q) CEHRTDIDTIH RS FEE+«ZEDODRBARA D ETEATENEHIRT 5.

Z, D ey, e, 69,63, 64,65, 6,67 TRDEEE R EDRY FIVEHTIRORDPEZASNET .

< e ep >= 04, eie;=—e€je, 1,7 #0,eg=1EE epe; =¢; . TNHLDFELFDFT

Z, Lo 2T, 4WkgE, SWMIAEEL LIZLTOHI Y NLVOFIZED IZ\WDTT.

Zs=17/(3) | Zs[v2] Zsi, j, K] Zsler, - ,eq]
dimg, 1 2 4 8
J VI 1 DIEE| 2 33 -3 37— 3
N(Q) 1 1 33 36
N(Q») 0 0 4 (3°=1)/2
Aut, Q) Id Id Ss S
Trig,Qx Id Id S3 X Sz X Ss S3 X S3 x S
Trid,Qy 0 (0,v2,=V2) | (LA =X X=X | (0, A=A A= ))

Zsler, - ,er] ITHBWVTIE, Ax A =X DICIE N = 146 +eg+2e3 55, S EFELET. 2D
AERAWTQyN={1LA\} 21 2BELTWET. Aut, Zs[V?2] = Zy, Trig.Zs[V?2] = K.

Zs = 7/(5) | Z5[V2,V3] | Zsli, j, K] Zsley, -, eq]
dimg, 1 3 4 8
V1 OfEE | 2 5% 6 5 -5 57 - 5
N(Q) 1 11 3x5 50— 5 +1
N(Q») 0 5 7 53 (5% — 1)/2
Aut, Q) Id Sy S, Sy
Trig,Qx Id S3 x S3 x S3 | 93 x S3 x S5 S3 X S3 x S3
Trid,Q, 0 (0,v2,—v2) | (LA =X X=A) | (0,A—=X, A= ))

Zs[v2] 122V Tk dim 32, /LA 1 OTOMEBUL 6, Q)= {1,2+2v2,2 — 22},
N(@) = 3, N(Q,\) = 1, Aut*Q)\ = 53, T’I’Zg*Q)\ = S3 X S3 X 53, T’I’Zd*Q)\ = {(O, )\—X,X—
N} T, S5 1X3IRONFREE, Ky 1% Klein's 4 ot Aut,Zs[V/2] = Ss. Trig.Zs[v/2] = Sy.

Zsler, - ,er] IZBWVWTIEAN=2+e; +ey F, N(Q) 1£5° -5 + 1 HEFEHEL £9.

Zr =Z/(7) | Za[V/3,V5] | Zli, j, k] Z7le, - €]
dimyg, 1 3 4 8
Vi1 O | 2 7% 8 7 77
N(Q) 1 1 3x 7 T+ 41
N(Q») 0 0 10 (7% +1)/2
Aut, Q) Id Id Sy Sy
Trig.Qx Id Id Zy X S3 x Sy Zy x S3 X S
Trid, Q) 0 0 (0, =X A= X) | (0, =X, A= ))




Z:[V3] 2DV Tk dim 232, /LA 1 OxOMEBIE 8 H, Qy = {1}, N(Q,) = 0,
Aut,Qy = Id, Trig.Q\ = Id, Trid,Qy =0 TI. Aut,Z;[\/3] = Z,. Trig.Z:[\/3] = K,.

Zrler, - ,er) IZBWTIX A =3+e; +5eg + 6es 5, N(Q) 127+ 7 + 1 HFFEL X9,

Remark. A weak quandle D Q = Uy Qy (QADFIES) 12B1F5&Q, (N 22—
EE) D EIZ Aut, Q) ~ Ss W Qy DHEHCAHEEL UTERATS. /5T N(Qy) DIEETZ
I petal Qy DHECRBHENFEL £7.

§5. Applications (ixF)

Let (M, S;) be a s-set with s-map S, defined in section one (i.e., satisfying (3) and (4)).
We shall now define an endomorphism g € Epi(M, S,) as follows;

95z = Sgay-
Then it is said to be a s-automorphism on (M, S,), because g(x xy) = (gz) * (gy).
Ex. s-map {S,} is a s-automorphism, because S, 5, = Ss,,S:-
Ex. Let (G, zy) be a group. We set S,y = (zy)z ', then (G, S,) is a s-automorphism.

Ex. Let (G,n(x,y,2)) be a homogeneous presystem. Then by n(a,b)c := n(a,b,c),
and n(a,a) = S,, we obtain that S, is a s-automorphism on G, because

n(a,a,n(x,x,2)) = San(x,x, z) = SuS:2 = n(n(a,a,x),n(a,a,z),n(a,a,z)) = Ss,:52,
where we denote by n(a,a, z) = S,z.

Ex.(counter example) Following ([K-S.1]), we recall a quasi group (Qs,zy) with
the following multible table;

0111234
0(4]13(2]1/0
1131024
210121341
311]0(4]3|2
41214111013

This means that 01 = 3, 10 = 3, 23 =4, 32 =4, 04 = 0, 40 = 2, etc., and 27! is an
element y satisfying xy = yxr = 1 for any x € J5. Then we can define

Sy = (wy)a™!

however, this S, is not s-map,i.e., (Qs,S;) is not s-set.
In final comments, we describe only the results.

Aut, (Qx(Z5[V2,V3])) = S5 (if A =2+ V/3)

Aut,(Qx(Z7[V3,V5))) < Id > (if A« A= Xisonly A =1).

8



Indeed, general speaking, these mean that g(:ﬁ xy) = (g(x)) * (g(y)) for any element
9 € Aut.(Qr(Zy[\/q, V7)), where Syy =z xy, "2,y € Qx(Zy[\/q, V7).

Remark. If N(Q,) # 0, then we have Aut,Q, = Ss.

The details will deal in a future paper and so we will induce a concept of triality group
as a generalization of automorphisms of these subjects.

DA 2 DM %8 2T\ 2 DO ffi B 7o Bk D 2] ¢ 3.

BEBAR C DIGE: A+ X=X DH]) -new product DE A-

rxy =71y, ZIZ Ty lkC D standard product, and T 75 H& (EEHD) I2&->T
EFEI NS new product x 2& X £7.

f=2r 2925t AMor T—3r=2r LA—HLET, 0TI 2H
WT,

e = ei™ x 3™ (M 21) KD
eié) — eie *ew’ ei@(x*y> <619x> (ewy), Vx7y c C, i = \/__1

DED f(=g) M+ OFETHAFABEBEHRTT. FLETELSL, glrxy) = (92) * (gy) B
OB ES. M imi(xxy) = Griz) xy +x« (3miy) RV ILDHEITDT, TN 2
W (C,x) DA EERL S (A 2r TEAXT) . Imi DKL —2mi %Jﬂ“i@‘

e «—if (0 = %7?)
7% glogal < local M5 ZRLUTWET. DEDIRONIGPEVILEET. « DT,
Aut(C, %) = S3 (symmetric group of order 3)

i.e., g(zrxy) = (9x) % (gy), g is the automorphism,

global relation «— local relation(corespondence)
2
Der(C, %) = {d € End C|d = (?n)m', n : integer}.
i.e., d(x xy) = (dz)*xy+ xx*(dy), disthe derivation.

INnoD—ffte UT triality group (HSFBOILRBS) 2F 2 5. Db ax)=
7 AP TET D, oy = Txy 12 Lo Tstandard product 25 2 % &, HOFEMEL g
Nrxy DMTglrxy) =g(x)*g(y) EUTHEDIED KD R EDATRERRBR Z HK T
LZONHEETY. Z2ULT  gi(x*xy) = (g5112) * (gj42v), 1=0,1,2 725 g; ZIREL T2\
EEZTVET. "apriori”iZ x ZEZEZIRIZ zxy DO oy ZEHKRT D.

BRI DEGE D triality group 1% 2 RITTEFRIKATH DIRODFRIZR D £7.

Trig,C = (", €2, €, and Trid,C = (ify, 0y, i63), where Oy + 0y + 5 = 0.

FED B D triality group 1 (Id, —Id, —Id), (—1d, Id, —1d), (—Id, —Id, Id), (Id, Id, Id)
NEDILTHY
Trig.R = K, (Klein's group).

o DMHED» S Z, R=NFEHOMEEZEE L WDTY
(MEFEBFREZ DR — — — RBRTITHY) .
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DB THRVWHETEATWET. Z, [, (zy)r =x(yz) =< x,2 >y &7z TRER
LHEZOLNET. ZDalgebra DME, 20 |zy =z |||y (<z,2>=z]|* DE
DD L T) RLHEBRAEH - IRER L, =X HE (triality of groups and algebras) 2
DWTIE, IROCHR [K-O] %I D & W E T (2L =W HEED local < global DX}
JEBERIPIBRSNTWB M DML TYI TY) .
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INSD EF28EA Y R e Y v - N7 2 X —FHREACEE LU 25X TT.
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= DS [K] DI O BRI A B D /NG TS
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BSED 2 O [K-M] SRS ) — B ) — RO RER & $h%e U 7= 5y
¥ (BOERET) ~NDINAREZOSNSEEDTY. T triple system £ WHOBERIX3 D
DETERBINIZRBRTHY, FR BT 74— EEEL FTOTHED
FEPAGFI NS pEHZERVET.

—MZ Zy EO2IMRBOIERIZ B \NVTH 4 BRI 8 mBAREE B p EDkTH
25 ZDINRTHBRIZ BRI 725G p = 3,5, 7 DGAVEATRET T A2 N E 725 DO#
BIZBRIEFTCWZEET,

B RRIE OSLG D S £ 9 &, FEREGIRECR + TR = knot theory, math-
ematical physics, etc., (3 EADOEARRICHNEZSNET) .

Z DRRIZEA T B AR N DA Z B R X e B, Sk e UTHE
WCEEO—avE LTI 2RI TCWAREEE LA L2 MERCEZI V. FFLL
TIF SRR T ORIMNEmEE 2 2 ATV ET (KREABEZATTWET) .
X, BHEOLIAET, MHDOGLSEZ U CHELHAN IV I ALEXEICRD ELE
Zl, BIZENHOAZEZED, AP T UEDE 0N o TEZEDORMD K, RILY
b LN ERA. BEARLXUE, BiFLIEIW.

REIZ, PRELULTIROI L ZBRIEFTCWEEZEET.
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Bigs!

o Z,[\a V] ICBILTO<q<r<p, pdRE, qr =1(mod p), q,r BFHFHETRNE
&, ZLUTN(Q) I weak quandle Q DTDE¥ L § 5.

a) /L 1 OTOMBS p(p + 1), =ipy Zpl/@) X Zy[V/r] 2HE.

b) VL 1 DFEDMEED p(p — 1). =igs Zyl\/q) 222 Zy[\/r] DRTSTTHRTZ.

a) D p + 1 B3 DFEEHXIED) DR p — 1 3D = N(Q) = 2p + 1, TS
N(@Q)=1 TY.

o Z,)i,j. k] D/ VA1 DTOMEEIE P —p, TLTN@Q)=3p TY.

o Z)der, - ,eq] DIV 1 DTLOMEEIL pT — p?,

ZFLT N@Q) =p"+(1—=08,3)(=1)% 0P+ (=1)"2), HELEE 3 EZ7uXx v H—0D
TIVRTY.

DED Z3[i, 5, k] 1TBTD VL1 DI 24, s A=\ DI IEEFEET S
Zsler,eq, - ,er IZHBIFD/IIVATDIEIE3 — 33, Ax X=X DLiF 3 EHFET D
(BIAIXL+er+e+e3BEDILTY).

FEHIIIU EOFEPNBRI N TOTHADOER LD Pb D FEANBRIE TV
ZEET GEEAHREBRDNLE NS TOFETT).
FHAOHERZDTHE - WRLAFNERSRVWES A FET S L BWETH, Jobk
RZaifste LTOFRE LTEHFL T,

Remark. Z,[,/q) (ZB9 5 0581% RIMS Kokyuroku vol.2104 " ZHELEERL D & 72 2
IRAREL” p24-28,(2019) DMRITALDOXHREF AT DO TSHRL TS 230,
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