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1 Mackey 2-functors and crossed Burnside rings

AHITI, Mackey 2-BF RN — 23 4 FEOBDD % [BD20] ICHOWTHNS, B, HIESRLED
FHE [BD20] 2B XA,
LUF 2% Mackey 2-BIFDERTH 5.

Definition 1.1. [BD20, 1.1.7] A Mackey 2-functor is a strict 2-functor
M : gpd®® — ADD
from finite groupoids to additive categories which satisfies the following axioms:

Mack 1 Additivity : For every finite family {G.}.cc in gpd, the natural functor

(inCIZ)CGC : M(H Gd) — H M(Gc)

deC ceC

is an equivalence, where incl. : G. > [], G4 is the inclusion for all ¢ € C.

Mack 2 Induction and coinduction : For every faithful functor i: H >— G, the restriction functor
i*: M(G) — M(H) admits a left adjoint ¢; and a right adjoint i,:

M(G)
ab!
M(H)
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Mack 3 Base-change formulas : For every iso-comma square of finite groupoids as in Mack 2 in which 4
and (therefore) ¢ are faithful

) / u
we have two isomorphisms

q!op* ?u*oig and U*Oi* — @+ Op

given by the left mate 71 of v* : p*i* = ¢*u* and the right mate (y~1). of (y~1)* : ¢*u* = p*i*.
Mack 4 For every faithful ¢, there exists an isomorphism
1 =y
between some (hence any) left and right adjoints of i* given in (Mack 2) .
DUT D & 57 Mackey 2-BIT-OBIRH T 5N TV
Example 1.2. G 138, kEn[#gRe 35.

Usual k-linear representations M(G) = Mod(kG) in classical representation theory over a field k.
Derived categories M(G) = D(kG).

Stable module categories M(G) = Stab(kG).

Equivariant stable homotopy categories M(G) = SH(G) in equivariant homotopy theory.
Equivariant Kasparov categories M(G) = KK(G) of G-C*-algebras in noncommutative geometry.
Abelian categories of ordinary Mackey functors M(G) = Mackg(G).

PUFIE, Mackey 2-BF M O G TOMZEE M(G) DIt G ORAN—=2F A FERE OBD b 2/Rdan
ETH5.

Proposition 1.3 ([BD20, 7.5.1]). Let M : G°® — ADDji. be a Mackey 2-functor and consider M :
ZSpan — ADD;. the associated realization of Mackey 2-motives via M. Then M induces ring homo-
morphisms for every groupoid G € Gg
M
Endzsgan(cu)(c,6)(1de) — Endpun, (m(a),m(e) Tdama))
between rings of endomorphisms of the identity 1-cells. In particular, precomposition with the isomorphism
0¢:BY(G) — Endzsgan (G, G)(Idg) yields a ring homomorphism
c((vy Mos
B¢(G) =% Endpun, (m(c),m@) Tdae))- (7.5.2)

PATFE, Mackey 2-BF M O#f G TOMEE M(G) O3t G ORAN—2F A FERO RO D 2R
TEHTHS.

Theorem 1.4 ([BD20, 7.5.4]). With notation as in Proposition 1.3, any ring decomposition
B°(G)~ By x -+ x B,

yields a corresponding decomposition of the additive category M(G) as
M(G) =N, D - BN,

in such a way that for every i # j, the ring B; acts as zero on N and acts on N; via the homomorpshim

Mo© of (7.5.2).



2 Crossed Burnside ring and Burnside ring

ZDHITIERIAN— Y H A FEROFEAFIEZ DT [Yo91, OY01, Bo02, Bo03a, Bo03b]. # G HE& % H&D
fEFIT G-EEB AR LEDDE GC e hl. G° LD G-EE5OBOEMYE 7> Y VEIZE T % Grothendieck
ring

B¢(G) := Ko(G-set/G, U, ®)

% G ORN—2H A FE& (crossed Burnsde ring of G) W5 . BY(G) Of & IR GERM) » B
G-set/G¢ LDE / A4 XKk

(X562 56 = (XxY %G xG° 5G9
CEDEIERIE NS, ET— LB G IR LT E 2 AR
(X,a) @ (Y,b) = (Y,0) @ (X,a), (z,y)~ (a(z) y,x)
CEDREEGARTH S L ITEET 5. F8— 4 FE B(G) 12 Z IEE (7 —~ULEE) ¥ L TR
{[H,alc | H <G, a€Ce(H)}
77U, [H,algWd %t (H,a) (H <G, a€ Cq(H)) 2EnEEI
(H,a) ~ (K,b) < Jg € Gst.H="K and a = 9%

TEZ BNMHNGRD (H,a) 200, 2do.
EEDITOM ORI
[Kvb]G'[H>a]G: Z [KﬁgH>b'ga]G
KgHe[K\G/H]

2L, g GRS K\G/H 0onefERzH#H{, TERINS. RN
0° : B{(G) — Endgspan (Ida)

BRA—Y Y A FEROFEDIT [H,dlg %

G——G——a
[
o¢([H,al¢) = G=<=——H—={
|
G—G—=G

2L, it H— GRBHEDIAA, v, i =i BHAZH vy Daec Gy, D3 DODIEHBIEARE LS,
KNS DO7.
G DHEN—28 A F&R Q(G) 31R G 5D D Grothendieck fif

Q(G) := Ko(G-set, L, x)
TH5. SHIMET > VLT G-set/G° — G-set, (a: X — G°) — X ZEHRERLER o : BY(G) —
QG) FET 5.
3 Primitive idempotents of Burnside ring and group ring
G DIT—Z MR (AHREOR Z DERER) &

o= J] z

(H)EC(G)



BIR G-£5 X & H FEROEREZMNISXE 2 Z 2 THX 52 BHIRERTI GG %
¢ : QG) — Q(G) = H Z:[X] (lXHD(H)GC(G)u
(H)eC(G)

r¥ 5.
HIZKIET % Q(G) DBUENESTER ey £ T 5. BEG IR TR S LWL E, TbSB, G =[G, G
RilieT v AR IHING. G OBARMIMEEL 25 X5 7% G ORIOEREHEE G, G D5t
o= D G PR KOEAE CF(G) LT 5.
DT ORI G D=2 4 FEOFHNEETIC XS G ORI BT 2 M Th 5.

Theorem 3.1 ([Dr69]). The primitive idempotents in Q(G) are of the form

ST en () eCT(@)).

H*=J,(H)eC(Q)

Proposition 3.2 ([MS02]). The integral group ring ZG contains only trivial idempotents.

G OHFRALREDRI B DI [] 1)) ZCc(H) ~O G OfEH)

&9 :—( Z §(gH,gs)s) , g€,
H

seCq(H)

L

é—( > é(H,s)s) e [l zcew),
a

s€Cq(H) H)eC(G)

B % G- RS

B¢(G) ;:{( > £(H,s)s>
s€Cq(H) H

p:BC(G)—>]§C(G):[(G/D)S]»—>( > %) ,
D" ) m<ac

gDe(G/

E(YH,9s) =&(H,s), Vg € G}

BEZD. pk

a([(G/D),)) = [G/D] TH 2 N 25k

a: BY(G) = Q(G),
a((wn)n<c) = (culn))ar THA BNB 5%

a: B¢(G) = QQ),
=L,

en 1 ZCG(H) > Z: Y aph— Y ap
h h

v 35, 2512, ([G/D)) = [(G/D).] THZ BN 5%

L1 Q(G) — BY(G),
((ym) ) = (Yr)r<a, 7KL, yg :=yk for K € (H) THA 60258 %

7:Q(G) = B(G)
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¥35. ZOLE, ORI

&, ROfidEzR™%.

Lemma 3.3. Let z € BS(G). If p(z) = i(y) for some y € @), then o a(z) = z.

4  Main results

AEHITIRFERMBERZABNRS. AR R DT XRTOFMARELFTLOELESEE P(R) £ 3 5. Proposition 3.2 &
Lemma 3.3 ZH\3 Z 22k b P(Q(G)) ¥ P(BY(G)) t DR LEHHFNELNS.

Theorem 4.1 ([OTY]). There is a one-one corespondence between P(Q(G)) and P(B(Q)) induced by
a:BY(G) = Q(G).

Theorem 3.1 TH5 X 6015 Q(G) DFIANEFILE fy, 727U, J < G 35245451, Theorem 4.1 TS
Z60% BYG) ODRMHREFTL o~ (f) R f12T5. ZOLE, RDX3ZBYG) DfR%ETES.

Corollary 4.2 ([OTY]). A decomposition

B = [I #BO

(J)eC>=(G)
into a direct product of ideals each of which is indecomposable as an ideal.

Corollary 4.2 £ EF 7V 1 v 753 [BD20, in Proof of 7.5.4]

G~ @ (G7fJ)

(1)eC™>(G)
&h, UToEFEZE5.

Corollary 4.3 ([OTY]). Let G be a group and let M be a Mackey 2-functor. Then we obtain an
equivalence of additive categories

MG~ P MG, fi).

(J)eC>=(G)

BE 3k
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