HYPERSEQUENT CALCULI FOR INTERMEDIATE PREDICATE LOGICS

TAKUMA IMAMURA, SHUYA MATSUMOTO, AND SHIN QUAWAI

ABSTRACT. We report on the current status of our on-going project to develop well-behaved hypersequent calculi
for intermediate predicate logics, such as the linearity axiom LIN: (¢ — ¢)) V (¢ — ¢) and the constant domain
axiom CD: Vx (¢ V ¢ (x)) = @ V Vxi (x).

1. INTRODUCTION

Gentzen-style sequent calculus is a proof system for sequents ' = A, where [" and A are finite sequences
of formulae. Since the arrow symbol = behaves as meta-implication, implicational axioms can be well
transformed to inference rules. For example, the A-introduction axiom (schema) ¢ — ¢ — @ A ¢ can be
reformulated as the following rule:

=AM T=2AY
M=>A@AY
On the other hand, sequent calculus does not well manipulate axioms whose outermost logical symbols are
not implications such as the linearity axiom LIN: (¢ — ) V (¢ — @), the weak law of excluded middle
WLEM: -9 V =-¢, and the constant domain axiom CD: ¥x (¢ V i/ (x)) — ¢ V Vxi(x). Note that these
axioms care about disjunctions (and universal quantifiers). See e.g. Kashima [12] for some fundamental
problems concerning CD.

Hypersequent calculus was first introduced by Avron [1]. A hypersequent is a finite sequence (I'; = ¢;);_,

of sequents, and is usually denoted as follows:

I’1:>A1|F2:>A2|-~-|I’,,:>A,,.

(A-R).

The sequents [; = A; are called components of the hypersequent. Throughout this paper, we denote
hypersequents by meta-symbols G, H, .. ., sequentsby S, T, ..., and formulae by ¢, i, .. .; the concatenation
of (possibly empty) hypersequents G and H by G | H.

The hypersequent calculus HLK of classical propositional logic (CL) is given by the inference rules listed
in Table 1.1.

Fact 1.1. (1) FTHLK F Ty = Ay |-+ | T, = A, then \/I_; (ANTi = VA is CL-valid.
(2) If ¢ is CL-valid, then HLK I = ¢.

We can obtain the hypersequent calculus for intuitionistic propositional logic (INT) by mimicking Gentzen’s
L) or Maehara'’s LJ'. More precisely, HLJ is the subsystem of HLK, where sequents are restricted to single-
conclusion; and HLJ' is the subsystem of HLK, where the rule (— -R) is restricted to

T=>y|a
pI =y (> R).
Fr=ep—-y¢|G
Fact 1.2 (1) FHL E Ty = @1 |- | Th = @n, then \/_, (AT — ¢i) is INT-valid.
(2) HHLY F Ty = Ay |- | Ty = Ay, then \/_ (AT; — Ay is INT-valid,

(3) If ¢ is INT-valid, then HL) - =¢ and HL)' = ¢.

The pipe symbol | can be interpreted as meta-disjunctions, so hypersequent calculus well manipulates dis-
junctive axioms. For example, Godel-Dummett propositional logic GD (i.e. INT + LIN) can be characterised
by the following structural rule, called the communication rule:
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Axioms

75 (4 T (BoY
External structural rules
SIG(ew)
S|S|G( )
STG ec
G|S|T|H )
GIT|S[H ¢
Internal structural rules
r=A|G (iw-1) r=A|G (R
YR YN
Lol =A |G M= Ay, G
u (ic-L) —"[“’M (ic-R)
pI=A|G Fr=A4¢|G
F1,<p,t/1,F2:>A|G X F:A1,<p,¢,A2|G X
(te-L) (ie-R)
M,y T=AG F=AL 0, 0,0, | G
Cut
r0$A0,5|G 5,F1:>A1|G
(cut)
FO,F1 @Ao,A1 | G
Logical rules
WT=A1G M= A, G A, G
¢ | (L) @ | ¢ | (AR)
A=A |G Fr=7MNpAp| G
JT=A1G IT=A|G M=A7A¢ |G
1 G @ | (v-1) @i | (ViR)
(p1V(,02,r$A|G F:A,<p1V<p2|G
M= A, G JT=AG = A, G
=0 ¢|G ¢T=A] 1) pI=A4| (> R)

p-o Y IT=AG Fr=ANe—>y|G

TABLE 1.1.



Quantifier rules

[t/x]<p,F:A|G(VL) F=0
Yxo, T =A| G = Vxe

(V-Rss)

provided that x does not freely occur in .

o, =A oL F=Atix]y| G
i@F:A(_Q F=A3Iy| G

(3-R)

provided that x does not freely occur in ', A.

TABLE 1.2.

NA=0|G IMAN=0 |G
NMAN=>0|IMA=>0 |G

This rule is an intermediate between the external (hypersequent-level) structure and the internal (sequent-
level) structure.

(com).

Fact 1.3 (Avron [2], [3]) (1) IfHL)+ (com) F Ty =@ | -+ | T, = @, then \/'_, (AT — ¢i) is GD-valid.
(2) IfHL) + (com) F Ty = Ay |- | T, = A, then /I, (NT: =V A) is GD-valid.
(3) If ¢ is GD-valid, then HLJ + (com) - =¢ and HLJ' + (com) F = .
Proof. We only recall the proof of HLJ + (com) F =LIN.
(Id) (Id)
(com)
(= -R), (ee)

0,T=>¢ U, o=y
pI>Y| Yo
=S¢ yY|=>¢ o9
S (@=>Y)V(g =) ==YV ()— 9
(=Y V(Y- 9

d

Let us move on to predicate logics. The hypersequent calculi for intuitionistic predicate logic (VINT)
can be obtained by adding HLJ and HLJ) with the quantifier rules (Table 1.2). We refer to the resulting
systems as VHLJ and VHL/', respectively. As the eigenvariable condition suggests, an (open) hypersequent
(C1=>20)(R) || (T = Ay) (X) with free variables X represents a closed formula VX\/[_; (AT (X) = \/ A; (¥)).

Fact 1.4. (1) IFYHLY - Ty = @1 | -+ | Th = @n, the universal closure of \/[_, (AT — ¢;) is VINT-valid.
(2) IFYHLY Ty = Ay |- | [, = A, the universal closure of \/'_; (NT: = \/ A) is VINT -valid.
(3) If ¢ is VINT-valid, then VHL] F = ¢ and VHL] I = ¢.

We also consider the multi-component single-conclusioned V-right rule:

MN=e¢|G

v~ (V-Rus),
F:V}(<p|G(V )

where the variable x does not freely occur in the lower hypersequent. Apparently the rule (V-Rs) asserts
that YWVx ((v (W) — ¢ (x, w)) V ¢ (w)) implies YW ((y (W) — Yx¢ (x, (W))) V ¢ ((W))), a form of CD. However,
to extract CD from (V-Rs), we need the communication rule (com). The combination of (V-Rys) and (com)

characterises Godel-Dummett predicate logic YGD := VINT + LIN + CD.

Fact 1.5 (Baaz and Zach [4]). (1) If YHL] + (V-Rps) + (com) F Ty = @1 | -+ | Ty = ¢n, the universal
closure of \|'_; (AT — ¢;) is YGD-valid.
(2) IfVHLY + (V-Rps) 4+ (com) = Ty = Aq | -+ | T, = Ay, the universal closure of \/'_; (NTi — \/ &) is
VYGD-valid.

(3) If ¢ is YGD-valid, then VHL] + (V-Rys) + (com) F =¢ and VHL) + (Vns-R) + (com) F = ¢.
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Proof. We only recall the proof of VHL] + (V-Rys) + (com) F =CD.

75 1 e P00 Y gm0
p=>9¢lo=>d K yX)=ele=4¢x) (v-L) (1d)
pVYx)=>9le=¢x) (ee) yix) = ¢ (ew) (ec)
p=>¢ (X [eVix)= Yx) = ¢X)|<PV¢/(X)=><p(V_L)
¢V¢(X)$¢(X)I¢Vw() 2 L
A EY I T ET
Vx (o V(x) = vw ) [ Vx(eVyx)= e mS(V_R) ee)
Vx (VY (x)= @V Vx(x) [ Vx(pV ¢(x) = @V Vxi(x) '
K@V U) D Vg o O
:>Vx(<pv¢(x))—>(pVVX¢r(X)( R)
0
Similarly, the multi-component 3-left rule
o,T=>A|G L)
Ixe,N=>A|G "

asserts that YWVx ((¢ (x, W) A y (W) — 0 (W)) V ¢ (W)) implies YW ((Ix¢p (x, W) A y (W) — 0 (W)) V ¢ (W)), and
depends on CD. Recall the (informal) proof of this assertion: suppose Vx ((¢ (x) Ay — d) V ¢). Applying
the axiom schema CD, we have Vx (¢ (x) Ay — 0) V (. Since Vx(p(x) Ay — 0) — (Ixp(x) Ay — 9) is
VINT-valid, we obtain the desired conclusion (Ix¢ (x) Ay — ) V (. The system YHLJ' + ( L) + (com) is
therefore sound with respect to YGD.

Problem 1.6. YHLJ' + (3-L,) + (com) - =CD?

Remark 1.7. One can obtain the proof figure of YHL] + (3-L) + (com) F =@ A Ix (x) — Ix (@ A ¢ (x)) as
the dual of the proof figure in Fact 1.5:

m“d) e 7= 19 wx)wuﬁ'ﬂm)
p=9|Px) <p:'¢f( )| Y (x)= ? (AR) (1d)
<P=><,0/\l/l VWl (ee) P = (ew) (ee)
g(x =><P|<P:sv/\llf() d¥) =) e=enyg(x) (AR)
Yx)=> AP (X)) | e=>pA¢(x) (3R, (ce)
Y(x) = 3Ix(p A p(x ))|<P:>5|X(<P/\L/’( ) a L')
Ixy (x )=>3X(<p/\L/J ) | ¢ = 3x(p A ¢(x)) ! (AL (ee)
@ AIxy (x) = Ix(@ AP (x) | @ AIxg(x) = Ix (@ A ¢ (x) (e '

@ A3xY(x) = Ix(@ A ¢ (x))
=@ AIxY(x) = Ix (@ A Y (x))
Evidently the meta-formula ¢ A Ix¢ (x) — Ix (@ A ¢ (x)) is VINT-valid.

(= -R)

Hypersequent calculi for intermediate logics such as GD, YGD and VINT + LIN have been extensively
studied. See e.g. [2, 3, 4,5, 6,7, 8, 14].

We aims to develop well-behaved proof systems for YINT+CD and VINT+LIN via hypersequent calculus.
For our purpose, it is beneficial to specify the sources of CD and LIN in VHL] + (V,s-R) + (com). In Section
2, we introduce the right split rule (rs) and the left split rule (ls) to clarify the communication rule (com).
We prove that

(1) HLJ + (rs) and HLJ' + (ls) are sound and complete with respect to GD;

(2) YHL)' + (V-Rys) + (rs) are sound and complete with respect to YGD; and

(3) VHLJ + (V-Rys) + (ls) is equivalent to or stronger than VINT + LIN.
In Section 3, we show that

(1) YHLJ + (com) and YHLJ’ + (com) are sound and complete with respect to VINT + LIN; and

(2) VHLJ + (V-Rys) + (3-Ly) and VHL) + (V-Rys) + (3-Ly,) are sound and complete with respect to VINT.
In Section 4, we conclude the paper with some future research directions.
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2. SPLITTING RULES

We analyse the communication rule by dividing it into two rules. We first consider the right split rule:
M= A1 , Az | G ( )
EYNIIEY

In the algebraic point of view, this rule corresponds to the inequality (y — 01V 02) < (y — 1) V (v — 02),
which is known to be equivalent to LIN (see Diener and McKubre-Jordens [9, Proposition 2)).

Theorem 2.1. (1) HL) + (rs) proves LIN.
(2) YHLY + (V-Rys) + (rs) proves CD.

Proof. The linearity axiom:
o= (4 Y=y

“ P (iw-R) 7o 7 Elvw_-LF)e)(ie R)
=49 (Vo-R) pVyY=p ¢ (rs)
o 2y T eVemeleveoy
=9 U=>eleVy =y
o= ovy N <PV¢:¢I¢=>¢E:§:)
p=>y =09 R (VR
Sl DV =gy
=(@—= Y V(-9
The constant domain axiom:
AL MEXIATRN
o= 'Y i
=t " G
PV Y(x)= @ ¢(x) (v-L)
Vx (@ V Y (x)) = @, (x) (rs)
Vx(@Vi(x)=@|Vx(pV(x)=(x) (V-R,.)

Vx (o V (x)= @ |Vx(@V(x) = Vxy(x) (V-R). (ee]
Vx (Vi (x)) = @V Vxi(x) | Vx(@VP(x) = @V Vxi(x) (eq) '

POVIEI S oV o
=Vx (o V ¢ (x)) = ¢V Vxy(x) (]
Corollary 2.2 (Completeness). (1) If ¢ is GD-valid, then HL)' + (rs) F = ¢.
(2) If ¢ is YGD-valid, then VHL) + (V-Rys) + (rs) F = ¢.
Theorem 2.3 (Soundness). (1) IFHLY + (rs) F Ty = A0 | -+ | Ty = A, then VI (AT = VA) is
GD-valid.
(2) IfVHL) + (V-Rus) + (rs) F T1 = Ay | -+ | T, = A, then the universal closure of \/[_; (AT = \V Ay)
is YGD-valid.
Proof. It suffices to show that (Y)NJ+LINF (y = 01V &) = (y = &)V (y — ).
ey ST T A R ey L AT TR
02 0 01V o 1.2 0 01 01V 0 4,5
01 01 5
y— & Y- o (LIN)
(y—=0)Viy—0) (y=08)Viy— ) (61 = %) V (62 — 01) 28
(y = 0)Vi(y— &) '
(¥ =01V o) = (y— 1) V(y— 06)

As the dual form of the right split, one can consider the left split rule:
M,Lh=AG
1224 (Ls).

F1:>A|F2:>A|G
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This rule corresponds to the inequality (y1 A y2) = 0 < (y1 — 0) V (y2 — 9), which is equivalent to LIN
(see Diener and McKubre-Jordens [9, Proposition 2)).

Theorem 2.4. HL) + (ls) proves the generalised De Morgan’s law GDM: ((y; A y2) — 8) — (y1 — ) V
(v2 — 0).

Proof.
———— (Id) = (Id)
Vi=w . Y2=y2 V. _
L el (ie-l) 222wl (1d)
Vi, V2 = W1 Yi, V2= V2 (A\-R) 0=0 (iw-L) (ie-L)

Yi,V2=> V1AW
ViANy2 =0, V1, ¥2=0

5,V1,V2=>5(

— L)
(iw-L) (ie-L)
(ls)

YLYVIAY2 =0, v2, viAy2 = 0=0
Vi.YiANY2 = 00|y, viAy, = 0=>0

— -R), (ee
V1/\V2—>5=>V1—>5|V1/\V2—>5=>y2—>5( ).{ )(VR)( )
-R), (ee
ViAy,—=2 0= = 0)Vva—=0) | viAva—20=(vi 2 0) V(v —9) (ed)
i Ay2a— 0= (y1 — 0)V(y2 — 0) (= R)
= (i Ay2—0) = (yi = 9)V(r2—9) O
Corollary 2.5 (Completeness). (1) If ¢ is GD-valid, then HL)' + (ls) F = ¢.
(2) If ¢ is YINT + LIN-valid, then YHL) + (V-Rps) + (Is) F = ¢.
Proof. Trivial. Note that GDM implies LIN in (V) INT. O
Theorem 2.6 (Soundness). (1) IFHLY + (Is) F Ty = Ay | - | T = A, then [ (AT = V) is
GD-valid.
(2) IfYHLY + (V-Rps) + (Is) F Ty = Aq | -+ | T, = A, the universal closure of \/_; (AT = VA is
VYGD-valid.
Proof. Obvious from the well-known fact that (V) NJ + LIN - GDM. O

We have shown that HL)' + (Is) = GD and VINT + LIN < VHL) + (V-Rys) + (Is) < VGD.
Problem 2.7. Decide the exact strength of YHL) + (V-Rys) + (ls).

3. RESTRICTION OF V-RIGHT AND J-LEFT

Recall that the proof of CD in VHLJ + (V-Rys) + (com) (Fact 1.5) essentially uses the multi-component
single-conclusioned V-right rule (V-Rps).

Theorem 3.1 (Completeness). /If ¢ is VINT + LIN-valid, then YHL] + (com) F =¢ and YHLJ + (com) F = ¢.

Proof. Obvious from HLJ + (com) I LIN (Corollary 1.3) and HLJ C VHL] C VYHL/'. |
Theorem 3.2 (Soundness). (1) If YHL) + (com) F Ty = ¢y | --- | [, = ¢y, the universal closure of
Vi1 (AT:i = @) is VINT + LIN-valid.
(2) IfVYHLY +(com) F Ty =Aq | -+ | T,=A,, the universal closure of \/[_, (AT = \/ A;) is VINT +LIN-
valid.
Proof. One can verify that all the inference rules are VINT + LIN-valid. d
Corollary 3.3. The rule (V-Rys) is not derived from YHL] or YHLY'.
Proof. Otherwise, VHL] (VHLJ') with (com) proves CD by Fact 1.5, a contradiction. O
The principal source of CD is the rule (V-R;s); however, the rule (V-Rs) does not imply CD solely.
Theorem 3.4 (Soundness). (1) IfFYHL+(V-Rpns) +(3-Ln) F T1= 1 | - | Th= @n, the universal closure
of AT — ¢; is VINT-valid for some i.
(2) If VHL) + (V-Rys) + (3-L) F Ty = Ay | - | T, = A, the universal closure of NT; — \/A; is
VINT-valid for some i.
Proof. We only need to show that VHLJ' + (V-Rys) F Sy | -+ | S, implies VLI - S; for some i. Given a proof
figure M of YHL) + (V-Rys) F S1 | -+ | Sp, we construct a proof figure " of VL)' F S; for some i by induction

on the structure of I1.
6



Case1. lflMisp=9¢ (Id) o T @ (BOt), then it is a proof figure of VL) at the same time.
Case 2. The last inference rule is one of the external structural rules. For example, if the last rule is the
external weakening rule

G
S G
then we have constructed a proof figure of VL)' F S; for some S; € G by the induction hypothesis.

The same applies to external exchange and external contraction.
Case 3. The last inference rule is the cut rule

(ew)

F0:>A0,5|G 6,F1:>A1|G
[0,1= Ao, My | G
then one of the following cases holds by the induction hypothesis.
Case i.  There exists a proof figure of VL)' - S for some S € G as desired.
Case ii. There exist proof figures Ly and 1 of VL)' F g = Ag, 0 and VL)' + 6,11 = A4,
respectively. The desired proof figure of VL)' I g, 1 = Ag, A is obtained as follows:
Lo X4
[0, = Ag,
Case 4. The last inference rule is one of the internal structural rules, the logical rules and the quantifier
rules. The same argument works well. For example, if the last rule is the quantifier rule

(cut)

(cut).

Fr=¢|G
F=VYxe| G
then one of the following cases holds by the induction hypothesis.
Case i.  There exists a proof figure of VL)' - S for some S € G.

Case ii. There exists a proof figure £ of VL)' F " = ¢. We obtain the desired proof figure of
VL T = Vxg:

(V_Rms)

_r

[ = Vxg
Note that this procedure does not increase the complexity of the proofs (such as the number of symbols,
formulae and steps).

(V-R).

O

Remark 3.5. The hypersequent calculi HLK, HLJ, HL) and their predicate versions have the strong soundness
property in the sense of Theorem 3.4. On the other hand, the hypersequent calculi with the communication
rule (or its variations such as the right split rule) does not possess the strong soundness property. For
example, the hypersequent ¢ = ¢ | y = ¢ is provable in such a system, but is neither ¢ =  nor ¢y = ¢.

4. FUTURE WORK

A hypersequent calculus of YVINT + CD can be obtained by adding either the multi-component multi-

conclusioned V-right rule
Fr=A¢|G

- A v~ V_Rmm
F=AVxg |G ( )
or the single-component multi-conclusioned V-right rule
F=A¢
T= g )

This however makes no progress on proof theory of VINT + CD beyond the Gentzen-style proof system. In
fact, Maehara’s VL)' with (V-Ry,) gives a sequent calculus for YINT + CD (see e.g. Kashima and Shimura
[13]). The system YHL)' + (V-Rpm) + (3-Ln) is merely a hypersequent version of VL) + (V-Rqy).

Problem 4.1. Find a (well-behaved) hypersequent calculus for YINT + CD, where CD is formulated as a
structural rule. Establish the cut-elimination theorem and the Craig interpolation theorem for such a system.
7



S|G
[Xglobal/xlocal] S | G

(share)

where x9°2l does not freely occur in S, G.

s|G
[Xlocal/Xglobal] S | G

(unshare)

where x9°P2l does not freely occur in G and x'°?' does not freely occur in S.

TABLE 4.1.

A hypersequent (T = Aq)(X) | --- | (T = An) (X) with free variables ¥ can be translated to closed
formulae in two different ways:
n n
v\ (ATW =\ aw), Vv (AT -\ aw).
i=1 i=1
In the first case, the free variables are considered to be shared with all components. In the second case, the
free variables are considered not to be shared. In order to manipulate these two translations explicitly, one
can introduce two kinds of variables, global variables and local variables. We immediately observe that the
global-to-local conversion rule
=>¢ | :N./l (Xglobal)

:>(P | $¢ (Xlocal)

corresponds to CD: Vx (@ V ¢ (x)) = ¢ V Vx (x). It might be fruitful to investigate the sharing/unsharing
rules (see Table 4.1).

Problem 4.2. Develop hypersequent calculi with the distinction of global and local variables.

Hirai [10, 11] proposed hyper-lambda calculi, models of concurrent computation. Simply typed hyper-
lambda calculi correspond to various propositional hypersequent calculi. Notably, the asynchronous hyper-
lambda calculus A-GD corresponds to Avron’s system HLJ + (com) of GD. Through the Curry—Howard
correspondence, we can shed light on the computational content of the linearity axiom LIN. Naturally, it is
expected that the computational content of CD can be revealed by considering an appropriate dependently
typed hyper-lambda calculus.

Problem 4.3. Develop a dependently typed hyper-lambda calculus corresponding to VINT + CD.
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