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HEDEBDES, FOBBOES, EROEGE, TNEN Ny, N, REEKGLULET. ke NT&IiZ,
Npy={j€EN:j<k}, Ne« ={jEN:k<j}2LET. N=N<c TT. £E X OHFRPESTRTOME
22X LREUET. CIEICIHFEBEAL L B 28 LET. CL X 20 C X 2lmzd8A2 L, C
Mo 2X ANDGRT % Cho X NOEAHEGHRLEITVET. 2 € T2 272952z C 2 HEHEEHRT O
RO ET. TORFHIRTOESE {2 €C:2€T2} % F(T) L XFTLLET. ~Hore X 2%
BRETHEAL {o) &RLU 7. FHEEZEH & Banach M O FARN KGR Z g L £ 7.

Nadler [10] I% Banach O#fa/NGERFEIE % 1969 £ IZEAMHEEGSRD FIRIZHE L £ L7z, Reich [12] Dk L
7z Problem 9 ~OfE% & U T, Mizoguchi-Takahashi [9] 1%, 1989 (2 Nadler Df5RZHILIRL £ L7z, ZD
PRZAE RICHIM I N TE K O# T 25NN E L7z, LA L, B U2 A B oERIFEREITHL, £
iz /-2 REEEGEERT 2121, ZOMEZITREAFEZEEEZEDNET.

BEHMEEBRT 2 EORKZERTI2DMIE->TE, T RTD 2z e CHT DARETIZHREZZEH Y ET. H
ZUE, BMEMEEZ BR T L Z OBREAEEHRIZLIEUVITH2VWET. ZORREFZERT 5 L, FEHEE
BOREED, L ORI RESTIRBEZEBEbET. 2L T, K0 ENK, Nadler BARTA* 5 Browder,
Fan 72 &% < OFED, TORRIZE ST I NZAT) 2 KEMIZIIFEL TW 2 LItk E 7.

DM S, RRETIE, BEEGHR T OROMRAEAH R 2EZHE L £

(1) Tz ={z}* %723 2 € C % T O intrinsic fixed point L IFUE T

(B) z € NyecTy %2729 2 € X % T @ bundle point & FFU X 9§,

FIZ, 2 € NyecTy 21729 2 € C % T ® bundle fixed point & U X7

PERDBEEE L O MIP KA Uz, ZOBBAESOESE Fi(T), Fp(T) & XKLL ET. ARTIE, BE
ZIRUT C DS {z,} #ERLET. 20L&, LIELIE, F, ,(T) ={2€ F(T): z € N,Tx,} HEHE
R EF. U, F o, (T) 2 —%*BRLUEEA. SR, Fi, ,(T) OB {z,} OREICEEL £

Bundle fixed point i, ZDEF&RRRWELTH, ZONHEDW DD XL BHEIZEEL, FA72H 1
Fii7d O TT. HlZIE, KKM-lemma (72 bundle fixed point theorem TJ. — /5, intrinsic fixed
point & W S BERIZFIFAD RN E BV E 325 2, IROEHE (Theorem 3.1 DEHY) ZFFHHTE £ 7.

Theorem 1.1. Let (X,d) be a complete metric space and b € (0,00). Let K be a non—empty closed subset
of X. Let f be a proper lower semi—continuous mapping from X into (—oo, o0] satisfying inf,cx f(y) € R.
Let T be the mapping from K into 2% defined by

Tex={ye K: fly)+bd(z,y) < f(z)} foreach ze€ K.
Then, there is v € K satisfying v € Fr(T), that is, Tv = {v}*°.

Theorem 3.1 (Theorem 1.1) %> 5, Ekeland D243 J5{EE [6] % Takahashi D f/MEEH [16, 18] A H 1T
EBhrhET. 20, B<HISONEEREOWS D0, ZOEHDERBRBMREEZX LI ENTEET.
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AFETIE, BEMEEED L0 Ko ENAB R 26T, BFEOHER (ZIIZH725D TN D
MOEBFIZDWT) BREDRRIZEIINEEAET. WS OPDOEEDERIIMYFHEABEEBRT D%
BTHAEIHWHETEHLEVWET. ZUT, FIZZEIZE, BFEOMEARBEUECEBHT S Z LK
P e B b, HUWERIZLBEIE L EZXTVET. 270, BATTHMEBUZHIRA S 2 728, HHl
72Dz £ 0, (BT % bundle point 72 ¥ DEE & BN MR, IRAE T 55 4 O BLELZEN
EEFMTHILIITEEEA. £7/2, MY LT TRTOERIZHFEZDIIZ I TEEHA.

2. FIXED POINTS OF SET VALUED MAPPINGS

Banach O#fi/NEARFEDOILRD WL D2 iE, BGHEBLD FRICHREI N TWE T #lZ21X Du and
co-authors [5] & % D Hk%E S M. AREiTIE, Mizoguchi-Takahashi O EH D version % fi##i LU £ 7.

(X,d) ZBEEEERME Liue X, Ce2X L LET. 20L&, uh b C ~OHHE d(u,C) IZIRDRIZES
INET: du,C) =infrec d(u,z). IRDFHED LA L 7.

Lemma 2.1. Let (X,d) be a metric space and let T be a mapping from X into 2%. Suppose z € X
satisfies Tz # ¢. Then, the following holds: |d(u,Tz) — d(v,Tz)| < d(u,v) for any u,v € X.

X OIFEEREHDEST R TORBEE CB(X) &Rk L, H ZXORRIZEZEL £7:
H(A,B) = max { sup,¢ 4 d(z, B), sup,cpd(y,A)} for any A,B e CB(X).
IRDOEMRKLT 5728, H 1% CB(X) kD d 12 & % Hausdorff #if & IFIZN £ 9.
Lemma 2.2. Let (X,d) be a metric space. Then, so is (CB(X), H).

(X,d) Z5EHEEREE U, T % X 25 CB(X) NDEH L LET. DR RWIIRED, 185 DFEL
TRMED T, T OAERITENKT S X ODRFIZERELE L ue X 2958 E CeCBX) Tho
TH, d(u,v) =d(u,C) 729 ve C BFLET 5 LIFRY FEA. BFEOMFENL S, ZOMR ve CAE
RS 272561, T DARERADELUSS 2 BERHIZAES Z & 3iRE S - BbhEd. L, Z
D7 v e C DEFALIBMRFESNERAD S, T LI, B ICHEN T 2E2 RAEMICNET 5 Z 21Tk
D EF. I ELRAEBEEIE TR FREEZEZIANL, Hi-2WlEIEC 22 LNERA. AT
&, Z ORREIRILE S EEIZHE R 5 7212, Takeuchi [21] D EEK T DFF A % £ iteration 2 E X £ 7.

ZDXRT, step n TOFFRHP A, &%, FHZIZERIND X OHHEETT. 2L, 2, €4, &L
THEREINS 55 {x,} 1%, D 2, € F(T) ([CHZRIZTITRDRT 5 Z L BEFEINE T, 72720, A, &
W T, (TR TR E Y, HANZ {A, ) 2 ET DI LI TEFRA. BEOHINZ L ST, 2001 € Apgrt
PEREONRITINEEFREIIFELET. BRI, Ay OV A XD, Fh7zb O Ffi & LR SICERN T 5%
DERE NS AN, FHEFMFILETEIILICRDET. ENTDH, {d(v,, z.)} HEERAIZIE 0 1ZPUR
THDT, Fhi7zBlkstep ng ETIELWERI 2> TWEHEEZ LI ENTEET. ZOFkE D
W, d(Tpy, ) WRIITH > TH, 2y & 24 € F(T) DERRRDEPREFZAD I ENTEET.

a ZIRDGEM 2723 [0,00) 55 [0,1) ~NOBEKE UET: limsup,_,,,ga(s) <1 forall t € [0,00). ¥
PAMPY TS limsup, 4 ga(s) < 1, lim. sosupeqipqals) <1 EFEXTRERVEEA. BH5A,
e>0TT. ce(0,1) T&IT, IROBRZREAE b, Z2FEZET: b.(t) = cx 1+ (1 —c)a(t) for each t € [0, 00).
TDEE, b 13[0,00) 225 (0,1) ~NDEATH Y, a(t) < be(t) for all t € [0,00) iRz L EF:

o limsup,_,;,qa(s) < limsup,_,; obe(s) < 1forall t € [0,00).
Mizoguchi-Takahashi D EH D version Z &R U £9. GEIIK, RERNIZIX Suzuki [15] DHDTT.
Theorem 2.3. Let (X,d) be a complete metric space and T be a mapping from X into CB(X). Let a
be a function from [0,00) into [0,1) satisfying limsup,_,, ca(s) <1 for all t € [0,00). Assume

(MT) H(Tz,Ty) < a(d(z,y))d(z,y) for all z,y € X.
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Define a function b from [0,00) into (0,1) by b(t) = 3(1 + a(t)) for each t € [0,00). Let 21 € X = Ay
and Ay = Txq. For eachn € N, generate x,41 and Anyo by the following procedure:
(1) Tny1 € Anya-
(ii) This procedure will be stopped if Tpy1 = Tp.
(iil) Apy2 ={y € Toni1 : d(@nt1, Tons1) < d(@Tnr1,y) < b(d(Tn, Tng1))d(Tn, Tntr) )
Then the following hold:

(a) There isl € N satisfying x; € F(T), if the procedure stops.
(b) The sequence {x,} converging strongly to uw € F(T) is generated, if the procedure does not stop.

Proof. Tx1 € CB(X) &0, Ay =Txy #0 (FHHTT. 25 € Ay C Ty ZERET. 2n £ 21 ZIKEL X
j—; d((,Cl,{L'Q) 7& 0. 2Dk %, b @'Tifé’ﬁ:%%?ﬂti, To € T.Tl, (MT) L H o)i%i D,

d(xo, Txs) < sUp,ep,, d(z,Txs) < H(Txy, Txs)
< a(d(x1,x9))d(x1,22) < b(d(x1,x2))d(21,22) < d(21,22).

W> T, d(zg, Tae) = infyery, d(x2,y) DT, A3 #0 TY. w3 € A3 C Tay ZERET. TORRIZLT,
T =a £RBI e NDPENDET, wpa1, TTni1, Ango DVEKRINET.

(b) ZmRUET. IRODZ L EZRELET: 21 £y forallne N, 2O E 22 ETOHEMNS, sl
{x,} EEEH {Tx,}, {A} 2BFET. MOZEEM>TVET:

Tp4+1 € An+1 - T-Tna Tn41 7& L,

A(@pi1, TTpy1) < d(@pt1, Toro) < (AT, Tnt1))d(@n, Tnt1) < d(@p, Tpeq) for all n € N.

W> T, {d(xn, Tpi1)} 1[0, 00) DHEFFFEDFTTT . {d(an, Tni1)} 1EH D 7€ [0,00) ITPERL ETF. b(7) €
(0,1) & limsup,_,, ob(s) < 1 &b, RDBKZ r € (0,1) & e € (0,00) PFMLL X9 b(t) < r for all
ter,7+e]. HIZ, IROBER ng € N WEIELET: d(zp, 2nt1) € [T, 7 +¢] forall n € Npy<. #2T, 1K
ZRET: b(d(xn, Tpe1)) <7 forallm € Nyy<. TNO6DIENL, TARTDn € Nyy< IZD2WVWT,

d($n+1,$n+2) < b(d($n,$n+1))d($n, xn-i—l) < ’I"d((En, xn-i—l)'
relf0,1) &9, lim, {~ =0TY. £z, TRTDOm,ke NIZDOWVWT,

k—1 k—1 4
d(xno-l-m?xno-‘rm-i-k) < Z;n:tn d(xno-l‘jaxno-i-j-‘rl) < Z;n:tn T]d($n0,$n0+1) < %d(q""o’x"o-ﬁ-l)'

> T, {x,} 1& Cauchy #ITY. X IFEMTT o, {,} dEdHdue X ITRIURL £7.
uw€TuzmUET. Lemma 2.1 £ 9, |d(u,Tu) — d(zp, Tu)| < d(xp,u) TI. lim, d(z,,u) =0 X9,
d(u,Tu) = lim, d(z,, Tu) 23 EF. f>7T, xy41 € Tz, (MT), & HDEHELY,

d(u,Tu) = lim,, d(xp41, Tu) < lim,, H(Tx,, Tu) < lim, b(d(z,, v))d(zy, u) < lim, d(x,,u) = 0.

Tu € CB(X) HHEATTH S, ue Tu 2BET. WIT, () 2RUET. A PVERINT, oy = 2 7
ELUET. :@Z%,IE'EL:CL'[:.’L'l_;,_lEAl_,_lCTI[ b’fﬁéh‘ij O

CDEMT, r € [0,1) &L, IROBELBIE a % FEAUL Nadler [10] DFER%ZFE T a(t) = r for all
te0,00). £7z, 2, € Tz, DHWHBED R OIE, 2y € Ty &7 51 € N DHEB % FHEDEIERMBIZTE
¥F9. o =a 861 s €Tey TY. z, B T, DEARATIZHNE, ZOHBFIZES L IERY FEA.

Mizoguchi-Takahashi @ original DEH TIL, a DE KL (0,00) THY, 2 £y THD z,y € X TV
T (MT) DEAEEEGELTWES. UL, a(0) =ap €[0,1) &L, a DEHREHZ [0,00) EALRLTHEN
FRA. ZDEE d(z,y) =026 HTz,Ty) =0& 0, $RXTDz,ye X ¥ (MT) &2l LEd. £z,
5 1%, Reich [12] Problem 9 @ (0,00) % [0,00) IZZHE U, limsup,_,,,a(s) < 1 for all ¢ € [0, 00) ZKE
LTWxd. 2D/, ZDEHIT Problem 9 DESDIIRE L SN X 308, IZIXZEERMETT.
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Mizoguchi-Takahashi ® original DOFEHF#EME T U 7z. Daffer—Kancko [4] 23R U723EH S S 1T E G H
TEH Y £HA. ZORLFT, Suzuki ld a DRDOOIZ b ZFANT (MT) ZIROFRIZIEZEL F U7z

(S) H(Tz,Ty) < b(d(x,y))d(x,y) forall z,y € X with x # y.
Suzuki DFEHDOEL, b ZHHT I 22L& > T, 2D gap 21FD 3 simple 71 77 TY.

3. INTRINSIC FIXED POINTS OF SET VALUED MAPPINGS

EEMEEH T 12D\ T, intrinsic fixed point theorem (Theorem 3.1) Z$&/R U £ 9. FEAH O ARE Y 722358
DDRPERRTHE XS, EELDRMED T, FFAHMZ R iteration (Z & > TR {, } ZERL .
() DEBSRIN S, 0 € Fiy,(T) = NuTa, OFALEFRL, BT, 0 € Fi(T), Bl% To = {0}° 28 £F
OO EEIL, S L EHDORBOFR [20] Tim L ZABRDO— L BEICHEELTVWET.

(X,d) ZEEEEZEfE U, f 2 X 25 (—o00,00) "D E LE . D(f)={r e X : f(z) <oco} & f DIE
BREWTET. D(f) A0 ThdLE, fidproper LIFIENET. a € R T2, Lo (f) ZIRDBRA f D
level 6L UET: Lo,(f) ={z € D(f): f(z) <a}. fH NPE#E (lower semi-continuous) & 1%, T
Dae€ RIZDWT Lo (f) WHEBIZIRD Z L TY. BARAIZ, f 3 E¥E (upper semi-continuous) &
&, —f B NPEFII D Z 8 TT. X 25 (o0, 00] ~D proper 72 FYEHERIT R TOHELE%E /(X)) &
KL LET. KIXFEIZ X OIFEEHES L L, “FE2 (JEKL £7.

fe(X),be (0,00) ELET. € X T, IRDOWIR g, FAET: g.(y) = f(y) + bd(x,y) for
each y € X. f,d(x,-) € ¥/(X), b€ (0,00), D(d(x,-)) = X &9, g, € 4/(X) TT. F£7z, g.(x) = f(z) for
alz € X TF. D(f)NK % Di(f) ERAMLET. K 75 2X ~AOBHET 2RO EHL £ T

(ET) Ter={ye K: fly)+bd(z,y) < f(z)} ={y e K : 9.(y) < f(x)} foreach z€ K.
o T, K %A, T OEH, NROMELY, ROFBAEHIZIZIFHS»TT (WHTHHEL £9):

o Suppose infyex f(y) € R. Then, infycx f(y) = infyep,(s) f(y) and Dk (f) # o.
Suppose further that ¢ # K’ C Dy (f). Then, inf ek f(y) < inf e f(y) and inf,cx f(y) € R.
ox€Tx CDg(f) forallz € Dg(f), xze€Txr=K forall x e K\D(f).
o Tx is non—empty and closed for all z € K.
o Suppose z € Dg(f) and w € Tz. Then, w € Tw C Tz.
Suppose further w # z. Then, f(w) < f(2).

BEOXEZIIMALUET. 2€ Dr(f),weTz &V, we Dr(f),weTw TT. y € Tw & T IIZE,

f(y) +bd(w,y) < f(w), bd(z,w) < f(z) = fw),
f(y) +bd(z,y) < f(y) + bd(w,y) +bd(z,w) < f(w) + (f(2) = f(w)) = f(2).
TwCTz%2B3FET. w2556 bd(z,w) >0 & f(w)+bd(z,w) < f(2) &0, f(w) < f(z) TT.

Theorem 3.1. Let (X,d) be a complete metric space. Let K be a closed subset of X. Let f € v'(X)
satisfy infycx f(y) € R and b € (0,00). Let T be the mapping from K into 2% defined by (ET), that is,
Tex={ye K: f(y)+bd(x,y) < f(z)} for each x € K. Let x1 € Dg(f) = Ay. For eachn € N, generate
Apy1 and xpy1 by the following procedure:

(i) This procedure will be stopped, if Tx, = {zn}* (T \{z0}* = 0).

() Ansr = {y € Tn < f(y) < 3f(en) + binfocre, £(2)).

(if)) pg1 € Apis.
Then the following hold:

(a) There isl € N satisfying x; € Fr(T), if the procedure stops.

(b) The sequence {x,} converging strongly to © € Fr(T) is generated, if the procedure does not stop.

Remark. For (a), z; € Fy, y_ (T) holds; z; € Ny Ty For (b), 0 € Fy, 1 (T) holds; © € NpenT .
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Proof. infycr f(y) € R &0 Di(f) # 0. x1 € Ay = Di(f) 2R ET. 2y € Tey C Di(f) THY,
Ty \FFHZEALETT. X BEME D Ty BFEMTT (Toy PPN TE YA X2FFCTE Ty # {21}° TY).
infyex f(y) € R & Taxy C Di(f) &9, infyex f(y) < infyers, f(y), infyere, f(y) € RTY.

Tey #{o1 P RRELET. w# 3 £%RDwe Toy PFELET. - T, infyers, fy) < flw) < f(z1)
TY. infyers, f(y) € R KV, IRDBIMRAKAL L £ 9
(3.1) infyers, f(y) < §nfyers, f(y) + 5f(x1) < f(21).

T, Ay £ TEIMNS, 20 € Ay C Ty ZIERET. TDELE 25 # 21, 10 € Tao CTxy C Di(f), T
E5ENE, infyere, f(y) < infyere, (), infyers, f(y) € R TT. Tag # {22} HH5IX, ZOFHi & 2k T
EET. ORI, Toy={x}* &2 1 e NDEND X T, Apy1, Tpgr, Topp DERINET.

b)ZRULET. TRTOR e NIZDWT, Ta, #{2,}* L LET. ZOLE ZZETOHMRNS, K
B {x,} LEEII{Tx,}, {4} PERI N, ROFMZHEZLUET: $XTDne NIZOWT,

(A) xpt1 € Txpy1 C Txyy C Di(f), and Ty, is complete.

(B) infyers, f(y) < f(@n41) < %f(zn) + %innyTwn fy) < flzn).
z1 € Toy WWHEETNE, (A) &0, {2,} 13 Tz, DFFITY. B) &0, {f(z,)} BHEFRDTT. BH5A,
infyex f(y) € RIF{f(zn)} DFHRTY. Ko T, {f(zn)} DD ce RIZIIKL 7.

(A) £ (ET) &9, $RTDn,me NIZOWT, ROBEFRZEFEET:

BTy goms Tn) < D5 D@1, Tns) < 00 (F@nts) = F(@ngin) = F@n) = f(@nim).
{f(@n)} PUCRL b> 04D T, ZOREFEXLD, {x,} & Txy ® Cauchy 5 TT.

Taq EFEMBRDT, {2,} &5 D 0 € Tey C D (f) WWHEPERL 3. F£72, (A) &9, [ETED j e NIZD
W, {zn s, BSEMRES To; DRIITY. 0 € NpenTzn C D (f); 0 € Fiy, 3 (T) C Di(f) 2137,
HiB, 6 € To C NpenTxn C Di(f) TT. BT, f €44(X) &V, f(9) < liminf, f(z,) = lim, f(z,) TT.

b€ Fr(T); To = {0)° #SHETRT 0T, To £ {(0)° L LET. Wb, 0 £ 06 TH2 o € To WAL
THLLET. COLE, b €ToC NpenTan 12 (i) < f(5) TF. 5T, % € NpenTan & (B) £,

2f(xn41) — f(xn) <infyere, fly) < f(w) forall ne N.
lim,, f(z,) < f(w) 21 £ 9. ZOREKRE, () <lim, f(z,), f(0) < f(0) &V, FEZEXT:
f(0) <Timy, f(zn) < f(w) < f(D).
o PERINTr, = {x}* L UET. LD 5, Remark 25D T (a) BIHSMITHLET. O

Theorem 3.1 #* &, Takahashi D &/NMEEEL [16, 18] & Ekeland D27 HEE (6] 2 HE 7.

Theorem 3.2. Let (X,d) be a complete metric space and K be a closed subset of X. Let f € 4/(X) satisfy
infyex f(y) € R and b € (0,00). Foreachxz € K, let A, ={y € K : f(y) +bd(z,y) < f(x)} and suppose
either f(x) = infy ek f(y) or Ay # {x}® holds. Then, there is v € K satisfying f(0) = inf ek f(y).

Proof. Theorem 3.1 D T % LU, Ay =To = {0}* &5 6 € K BHEIEL, f(0) = infyex f(y) TT. O

Theorem 3.3. Let (X,d) be a complete metric space. Let f € ' (X) satisfy infyex f(y) € R. Let
be (0,00), ue X and Ay = {y € X : f(y) +bd(u,y) < f(u)}. Then, there is o € A, satisfying (E):
(E) f(0) < fly) +bd(0,y) forall y e X with y # 0.
f(0) = infyep{f(y) + bd(0,y)}.
f(0) < f(u) =bd(d,u)  (f(0) < f(u), f(0) < [f(u)if uz0).
Proof. infyex f(y) € R £, D(f) # ¢ TF. Theorem 3.1 TK = X & 92U, TIIROBIZH D £

Tr={ye X: f(y)+bd(z,y) < f(z)} foreach z € X.
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u € D(f) D case 2% Z £9. Theorem 3.1 £Z® Remark &9, xy = u & BFIX, To = {0} £ %&b
veTu=A, CD(f) BFIELET. A, 13FEER, f(0) < f(u) — bd(0,u), f(0) = f(0) 4 bd(0,9) TT.
ygA, LET. Z0LE, f(u) < f(y)+bd(u,y) TYT. REFXT:

f(y) +bd(0,y) = f(y) + bd(u,y) = bd(0,u) > f(u) = bd(d,u) > f(D).

YyEAMDy#£ o UET. To={v}* &0,y g To FEWETT, WL, f(0) < f(y) +bd(d,y) £ 7.
ZORKIZLT, D€ A, D (E) 27232 L 2R L £ L7z

ug D(f) Dcase xZEZFT. MERIZW e D(f) 2L D ET. uz o/ ITESHAT (BE) 2/~ 6 € Ay
PEIELET. Ay =X, flu) =0 2ERT DL, 0 Ay C A, D (E) 2lii7- 3 Z LIFIHS N TT. O

Ekeland DZ 53 FEIZTIZW L D DRIIDBFEEL £9; HZ1X, Phelps [11] 22 8. Theorem 3.3 DFEA
1Z, Theorem 3.1 D> D IZ Theorem 1.1 2ffifHT 2 L, IFADDUTITDRRDLFMBLHM1D £7.

Theorem 3.3 T, f € 4/(X) & infyex f(y) € R &L, b€ (0,00),u€ X TT. ZOLE Fizbld f
PERNREREONE S PEKIY £ A. UL, Theorem 3.3 &0, (E) 2ifi7=9 0 € A, WFEIELXT.
IZ & % perturbation & U7z g5 € Y/(X) 2FXET: gs(y) = f(y) + bd(d,y) for each y € X. ZD&
E,(E)BRDOZEH ERUET: e fOABRINRERTZRWE LTS, g FME—DR/INR O 2RD.

4. BUNDLE FIXED POINTS OF SET—VALUED MAPPINGS

Bundle fixed point DH#IEZ k7D T, FE&E% equilibrium problem (M) IZIREL 3. N TH
JL#i72 DT, Fan, Takahashi % Blum-Otteli 2342 U 72 AR TAEW & EON S IELEZRKD 7.

AREiD LI, Browder 12 (% 5 <) £ 0, Fan & Takahashi 23 F8/E &7z 2 2R O HilGm & #55
B LT W E Y. RO ®IZ, Banach ZEH] B & OI&ZEM B* [CmDOEAZ2BELET. £
LT, C% EDHMEALL, C x C LOERE 2 ZHEBEZBRNET; oo ZEE LEEA.

EAREIE . 512, KKM-lemma %7/ U £9. Brouwer DA E) SUEH % ffi 5 72 KKM-lemma D
AW T I DY, 2 TH 1 R—YRREIIBEZR O TRE % #I% U £ 97; Dugundji-Granas [3], Shioji [14]
& Z DXk %E S B, Brouwer O EBEDHIEH TREERLFEM I, Takeuchi-Suzuki [22], Kulpa [8] Z 28 L T
7Z&E W, KKM-lemma 1%, fFHHL T U £ 21X, Brouwer DEH L D VR TWIZ 300 H Y FHA.
AETIE, {y;}5en, & C OFBREBAER, co{y;}5en,) & {y;}5en, PHIMBORIE LET. KKM-
lemma, D FEARIZ /AT Brouwer DEZFHTE 2DV E . C % Banach 2] E DS ESE L L,
K =co({y;}Scn,) & K LOEBREAER g 2EX LY. TUT, {y;}5y, »oERINSE E OHRIKT
HaRp 2t L 25 A 3. RN B, BRIOLR S I, BBORL M EERBEET. Larl,
BIRRTCRE M L 28BN AHZERIZ T AN ARV 76T L DUPFEEL ERA. (o T, 725132
DOhifH%E Euclid MAHE ZEZTHhEVWERA. BB, E OMEAMEL SE2»NS L OMENAHE L O Euclid
PAHIE B L, (A K =co({y;}Sen,) C L 1& L @ Euclid fZ#H T compact, g ¥ L ® Euclid f2HH T &
EZTHWERA. ZOFHEIL, Banach 2 E OJEAFER EDEETH 2 0ITHEBI NI EA.

Lemma 4.1. Let C be a subset of a Banach space E and T be a mapping from C into 2F which satisfies
the following:

(K1) co({y; gCeNk) C Ujen, Ty; holds for each k € N and {yj}?GNk7

(K2) Ty is weakly closed for ally € C,

(K3) there is v € C such that Tv is weakly compact.

Then, Fg(T) # ¢, that is, NyecTy # 0.

C % Banach 2] E DR EAE Uy, € CELET. TDEE, [y1;592) = col{y1,y2}) & [y1;12]° =
{2 € [y1;592] : 2 & {y1, y2} } &, y1 & yo ZAEIEE DEIKTORKRS L BT T .
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CHEMEEGEL, LU % Chro RANDEBELUET. [ 5 convex & I&, IRDVKILT S Z & T
{(1-a)z+ay) <1 —a)l(z)+ally) forall z,yeC, ac(0,1).

Ty o6, IO <R < TEEMAONS L X, | % strictly convex EIFUE 9. —1 B3 (strictly) convex
THdL &, 1% (strictly) concave EIFFC, [ A% convex 72 concave TH 5 & & | % affine LIFO LT

[ %% quasi-convex & 1%, ¥RD (q) BEALT D Z & T . [ A% semi strictly quasi—convex & &, (ssq) 3L
THILTHY, | W strictly quasi-convex &1, (sq) BIKILT 5 Z & TY:

(q) For any y1,y2 € C, I(z) < max{l(y1),l(y2)} for all z € [y1; y2].

(ssq) For any y1,y2 € C, I(z) < max{l(y1),l(y2)} if z € [y1;y2]° and I(y1) # I(y2).

(sq) For any y1,y2 € C, I(2) < max{l(y1),(y2)} for all z € [y1;y=2]°.
1793 (q) & (ssq) 2729 & &, half strictly quasi-convex EFERZ L2 U EF. T H %, gconvex, ssq—
convex, sq—convex, hsq-convex & it U £ 9. —I ¥ g-convex, ssq—convex, hsq—convex, sq—convex D & &
[ % q-concave, ssq-concave, hsq-concave, sq-concave £ IEO 3. VR VWO TERAFERTE A
73, 1 %% convex 72 5 X hsq—convex, [ 2% sq—convex 74 5 | hsq—convex, [ 7* strictly convex %2 & I sq—convex
T ssq—convex B DN q—convex LB DBEIZAERBIEH Y FH¥A. (q) & (), () FFEMETY:

(@) 1(2) < maxjen, l(y;) for any k € N, {y; iCeNk’ z € co({yi}iceNk).

(@)"” Li<q(f) is convex for all a € R.
C ED convex HEABDEIIMEIZDWTEHETT; I & 1" D convex B oIX I =1'"+1" % convex TT. I
73 strictly convex, I %3 convex 7% 5 1E, [ X strictly convex T3. C _E®D g-convex 7B D %I convex 72
BEBOEZEEL TWETH, IMEIZDODVWTERETIEH D £HA. Convex REEIZODWTDH 5 EiED, &
%558 qconvex RO FIRIZELTEZ L BH b L LTH, A THN SRR ERZ KT 5121, #5
BB DBERNMEIZ D WTERHETRVE, LIXUVIEAHBER I L ITHRVWET.

C% EDHRNEARLELET. FECXC S RADOBIE L, TF & SF 2 ROMIZEHL £7:

TFy={x e C: F(x,y) >0} foreach ye C, SFx={yecC:F(x,y) <0} foreach z € C.
TE, SE X C»o C~OEGEGHETH Y, IITEFATT:
Fp(TF) =nyecT y={x € C: F(z,y) > 0 for all y € C},
Fp(ST) = NuecSTz={y € C: F(z,y) <0 for all x € C}.
Fp(TF) & F(ST) %, TNEN EP(C,F), ep(C,F) £ XKL UET. ep(C,F) % EP*(C,F) L KL L £
3. 2 € EP(C,F) 2k 5 Z &% equilibrium problem & IO F 3. Z OREIXE/IMEEE BERBH D
E9: x9 € Fp(TF) %5 infyec F(zo,y) > 0. £72, y € ep(C, F) &K 2 Z LT A(LRTE & BHRA
HYET: yo € Fp(ST) moid supyee Fz,y0) < 0. 2T, Bh7Bid, Fp(TF) # ¢, [Fp(ST) # o] %
Fp(TF) N Fp(ST) # ¢ ZMR5E T 2 5MICHIEDRH 0 £3. HELIZ, H5 2 2K f OB f 5
S5HEMUZ 2 BB F OR/MURIEIZBEEN T ONETH, w e EP(C,F)Nep(C,F) 2KDBZ &%
equilibrium problem & MERGAFREIIZRZ E3: we EP(C,F)Nep(C, F) = Fp(TY) N Fp(ST) 7613,
sup,cc F(z,w) = infycc F(w,y) = F(w,w) = 0.

AR CH»o E*~NDERLYLET. CxC»5 RANDOEBEF %2, IR E2HVTIRORIZESRL £
F(y,z) = (y —z,Az) foreach y,z € C. 2D L&, C 25 C ~NEAMHEGH T & SE IZIROBRIZA D £7
TFy={xecC:{y—x,Az) >0} foreach yc C, SFx={yeC:(y—x, Azr) <0} for ecach z € C.

Fp(TF) & Fp(SF) %, TNETNVI(C,A), vi(C,A) LRI LXT. Hib,
VI(C,A)={z€C:{y—x,Az) > 0forally € C} = Ep(C, F) = Fp(T") = NyecT"y,
vi(C,A) ={yeC:{(x—y Az) >0 forall z € C} = ep(C, F) = Fz(S") = Nypec St z.
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zg € VI(C,A) = Fp(TF) 23k % Z £ % variational inequality problem (Z4 A% XRHH) L IO F
9; Hartman-Stampacchia [7] 2. yo € vi(C,A) = Fp(ST) 2K 2%, Minty DREKTD
variational inequality problem X FERZ EA3H Y FF. {ye B : (v —y,Az) >0} ik, z € C & Az € E*

WWEoTHRESINDEEEMTYT. ZOFEME C 0BRSS SFr OFRIE THy OFR L @K
iq’ﬁ‘%&@f vi(C,A) # 0 ZIRFET BRBDELRIE, VI(C,A) £ 0 ZRIET 2REDERI VAT
T 7z, 0 # vi(CA) C VIC,A) EWSRHED NTo € vi(C,A) 280X, v € VI(C,A) TH DY,
v € vi(C,A)NVI(C,A) = Fg(TF)n Fp(SF) TF. HIH, v € vi(C, A) &3k 5 M#EIT equilibrium
problem & AREET. ZOBIRN O, ¢ £ vi(C,A) CVI(C,A) RIS 254N EETT; kL £ 7.
72U, BlEY & LT, [ UEREDPFABIZHE D R WEER vi(C, A) = VI(C, A) BREEL £ 7.

v € vi(C, A) Z3RD BRED, FIEEMOBEDOILEHFOZLRLEEL TWAS I LIFHONTL LS.
Banach %2t E OEHhE | 7Y E % 2 DOBFSIZ2EIL, 2 DOHAFIROILBEDERN | TH 5 case &5 X
3. ZOHHTIE, £ O EED, T Ok FHEEOED L “Bﬁ@%%fﬁﬁgibf\z‘i’é'

C % Banach %2ffl E OMHHESE, F,G%2 O x C 75 RAOEBE U, MO &% HREAL £ 7
T ={x € C:G(x,y) >0} foreach ycC, STz ={yecC:F(z,y) <0} foreach z € C.
FED 2,y € CIZDOWT G(a,y) = —F(y,z) 2ET S 51F, TC = ST TF;
TS ={xcC:G(x,y) >0} ={xcC: F(y,z) <0} =Sy foreach ye C.

ZDHIE, CEHMESGL LTERLET, 12 LT, C 5 compact THD case ZHFWFET. C #HY
BHELELU, hZE CD»S RADEKEUVET. CHHMBRDT, IROZEWENPNET. h D g-concave 78 5
X, hoWS B E hoAYeg BT (weakly upper semi—continuous) [ U Z & T 7z, GEHIZENK L
FIH, RO ERDAKAL U F£97: b HY NHEE T ssq-convex 7 51X hsqconvex TY. y,zc C &L FT. Z
DEE lim,((1- L)z + Ly) = 2 TF. p A EEERAR S imsup, h((1— )2+ 2y) < h(z) TH YO, b H
Mg 51 lim,, h((1— 2)z 4+ Ly) = h(z) TT. Bk 0 59V IRDEMZ RN E T For any 2,y € C,
liminf, A((1 — L)z + 1y) < h(z). BlEHHES 720 T, REITEELR 2 DOFRMHEEZ T
1) 0 < G(z,y) — F(z,y) for all z,y € C.

(F

(F2) F(z,z) > 0forall z € C.

(F3) F(x,-) is g—convex for each z € C.

(F4) G(-,y) is weakly upper semi-continuous for each y € C.

(F5) G(z,z)=0for all z € C.

(F6) G(-,y) is sq—concave for each y € C.

(B1) 0 < G(zx,y) + F(y,z) for all z,y € C.

(B2) 0 < G(x,y) — F(x,y) for all z,y € C. (F1)
(B3) G(-,y) is weakly upper semi—continuous for each y € C. (F4)
(B4) G(z,z)=0for all x € C. (F5)
(B5) G(-,y) is hsq—concave for each y € C. weaker than (F6)
(B6)

B6) For any z,y € C, liminf, F ((1 — %)z + %y,y) < F(z,y).

Lemma 4.2. Let C be a weakly compact convex subset of a Banach space E. Let F' and G be functions
from C x C into R. Suppose (F1)~(F4) hold. Then, Fg(T%) # ¢, that is, NyecTy # 6. Suppose further
that (F5)~(F6) hold. Then, Fg(T%) is singleton.

Rewriting results. There is w € C satisfying inf,cc G(w,y) > 0 if (F1)-(F4) hold. There is a unique
w € C satisfying infyecc G(w,y) = G(w,w) = 0 if (F1)~(F6) hold.

Proof. (F1) & (F2) 225, IIFEMATT: ye TFy c T for all y € C. T »8 KKM-lemma @ (K2)—(K3)
iz 2R LET. (F4) X0, TRTODy e CIZoWT, Ty IXBHAEAETT. C 145 compact T
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THh 6, T 5 compact TY. TY B KKM-lemma ® (K1) 2§72 32 L 2MERLET. LEIZke N
& {y iCGNk ZEE L, co{y iCeNk) C Uien,T%; 2 RUET. k=102 % 4 € T 28IZK->T
WET. k€ Noc L UET. BWHIETRT DI, OB E € Noc & 2 € EDFEERKEL £
z €co({y; ZCENk) CC,2z¢g UenT%;. TOLE, TRTD i€ N IZDWT 2 & T, B, $RTD
i€ N IZ2WT G(z,y) <0 TY. o T, (F1)-(F3) &0, FEZGET:

0 < F(z,z) <maxien, F(z,y) < max;en, G(z,y;) < 0.

KKM-lemma & 9, Fg(T%) =N,ecTC # 06 213% 3. w e Fp(T%) = NyecTCy BEFIMLLET.

BT, (F5)—(F6) ZIKE L, Fp(TC) = {w}* Z/RUET. w#£w THD w' € NyecT% PHFHET DL L
9. v=3F(w+uw) € [ww]> TN, w,w € NyecT% £, Gw,v) > 022 G(w',v) >0TT. f-o
T, G(v,v) =0 & G(+,v) » sq—concave & Y FJEZHFXT: 0 < min{G(w,v),G(w',v)} < G(v,v) = 0.

Fiz, we Fp(TY9) ¥ inf,ec Glw,y) > 0 ZFEIKL, (F5) £ 0, inf,cc G(w,y) = G(w,w) =0TF. O

Lemma 4.3. Let C be a weakly compact convex subset of a Banach space E. Let F' and G be functions
from C' x C into R. Then, the following hold:

(1) Suppose (B2) hold. Then, Fg(T*) C Fg(T%), that is, NyecT 'y C NyecTy.

(2) Suppose (B1)~(B2) and (B4) hold. Then, y € TFy C TSy and F(y,y) =0 for ally € C.

(3) Suppose (B1) and (B4)—~(B6) hold. Then, Fp(T%) C Fp(TF), that is, NyecT%y C NyecTTy.

Proof. (1) 22U 9. (B2) &0, HSMZ, TFy c TGy forall y € C. ZDIZ Lo, RBEVWE T,
Fp(TF) = NyecTFy C NyecT = Fp(TY). (2) Z/RLET. (Bl), (B2) & (B4) K& L 7D T,

0=-G(z,z) < F(z,z) < G(xz,z) =0 forall zecC.

WoT, (1) bEBETHEL, RLBELLET: ye TFy c Ty, Fy,y) =0forall y € C.

(3) #RUET. 2 € Fp(TY) = NpecT®r 2 LET. FRBIZy c CRBEL, 2 € TPy 230 %
T.neNIEIZ, 2, =(1-2)z+1lylLEd. IRTDn e NIZOWT, Gy, z,) <0 &KL
£9. y=z%0lF B4) &Y, Gly,z,) = Gly,y) =0foralln € N. y # 2z ULFET. (B4 &Y,
Gly,z1) = G(y,y) =0 THY, x, € [z9]° for all n € No<. G(y,Tpn,) > 0 £785 ng € No<c DIF{E%E
WELFEEEZET. 2 € MpecT% £V, G(z,7,,) > 0TT. FEIZ, (B4) £V, G(xp,y,7n,) =0T
. ZUT, G(z,20) = Gy, Tny) ET UK, (B5) £V G( -, 1y,) & g—concave LD T, 0 = G(xp,, Tny) >
min{G(z, 2, ), G(Y, Ty )} = G(y,Tny) > 0. G(z,20y) # Gy, 2p,) & TN, (B5) £V G( -, 2p,) 1F 55—
concave 7D T, 0 = G(Tpgy, Tny) > min{G(z,Tn,), Gy, Tny)} > 0. EBITFEEMRZDT, Gly,x,) <0
foralln € No<. ZZETO#FEamA S, (Bl) BEET 5L, 0< —G(y,z,) < F(xy,y) foralln € N.

ZORRIZLT, (B6) £ 9,0 < liminf, F(z,,y) < F(z,9), 1% 2 € TFy 218 £ 3. y JMEETT® 5,
2 €NyecT y = F5(TF) TF. ZOBIZ LT, Fp(TC) C Fp(TF) 285 0

Fan, Takahashi, Blum—Otteli Ot AMR. ZZFTOME - G52 EL 7.
WS W% 90U, Fan, Takahashi [17] 1£ G = F & U T (F1)-(F6) %% L, Blum-Otteli [2] IZIXRD
BRIRGAMED N T (B1)-(B6) 2E%E L E L7 G(o,y) = —F(y,x) for all z,y € C.

Theorem 4.4. Let C' be a weakly compact convexr subset of a Banach space E. Let F' be a function from
C x C into R satisfying the following conditions:

(1) F(z,z) >0 for allz € C.

(2) F(z,-) is g-convex for each x € C.

(3) F(-,y) is weakly upper semi—continuous for each y € C.
Then, Fg(TT) # @, that is, NyecT 'y # 0. Suppose further that F(z,z) =0 for all z € C and F(-,y) is
sq—concave for each y € C. Then, Fg(TT) is singleton.

Rewriting results. There is w € EP(C,F), that is, there is w € C satisfying infyec F(w,y) > 0.
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Suppose further that F(x,z) =0 for all x € C and F(-,y) is sq—concave for each y € C. Then, there is
a unique w € C satisfying infyec F(w,y) = F(w,w) = 0.

Proof. G=F & LT, (F5)-(F6) ##FLEL 3. (F1) IXHEBIZEKIILET. (1)-3) 2 G=F &Y, (F2)-
(F4) DENLEEBTY. I, §RXRTD 2 € CIZ2WT F(z,2) =0,y € C T&1Z F(+,y) I sq—concave,
ZIRETNE, G=F 2DT, (F5)—(F6) LU 9. Lemma 4.2 £V, #iiw %G E 7. O

Theorem 4.4 % %€ Fan, Takahashi DFEHR DWW < D9 & Blum-Otteli [2] D FEH & Corollary 1 (17)
X, ZORFIZWL DD EEEFEME L7, Theorem 4.5 1%, BB DARKEW R — o 2B L~-EDTY.

Theorem 4.5. Let C' be a weakly compact convex subset of a Banach space E. Let F' be a function from

C x C into R satisfying the following:

(1) F(z,x) =0 foralxeC.

(2) F(z,y)+ F(y,x) <0 for all z,y € C.

(3) F(x,-) is weakly lower semi—continuous and ssq—convex for each x € C.

(4) For any z,y € C, liminf, F (1 — 1)z + 1y, y) < F(z,y).

Then, there is w € C satisfying w € Fg(TT) = Fg(S¥). Furthermore, replace ssq—convex by sq—convex
in (3). Then, Fg(TT) = Fg(ST) is singleton.

Rewriting results. There is w € C satisfying sup,ec F(z,w) = infycc F(w,y) = F(w,w) = 0.

Furthermore, replace ssq—convex by sq—convez in (3). Then, such w is unique.

Proof. IROFRIZ G 2EHLET: G(x,y) = —F(y,x) for each z,y € C. (F1)-(F6) & (B1)-(B6) %
LEd. (BL) IFHEMIZENLLET; 0=G(z,y) + Fy,z). (1) 1% (F2) £ ViEVWERETT. GOEHEE (1)
£0,0=—-F(z,2) = G(x,z) for all x € C; (F5; B4) WAL L ET. (2) &V, TRTD 2,y € CITDNVT
F(z,y) < —F(y,z) = G(z,y), > T G(z,y) — F(z,y) > 0; (F1; B2) ML L £ 7. (3) &Y, (F3) A
WET. )L GDOEFELD, ye C TEIT, G(+,y) T35 LR, hsq-concave TT; (F4; B3) & (B5) »°
WAL U ES. F72, (4) & (B6) XA LE&MAERDT, F & G (F1)-(F5) RO (B1)~(B6) %7z L £7.

B L Lemma 4.2 X9, w € Fp(TY) BFEMELET. HIZ, £E L Lemma 4.3 £ 0, F(T%) = Fp(TF)
TT. GDEHLY TC =S TI» 6, we Fp(ST) = F(TY) = Fp(TF) 213 % 7.

(3) D ssq-—convex %, & DR sqconvex £ LET. GDEHL DY, G(-,y) I sq-concave TIT A5, (F6)
RN LU ET. BB, (F1)~(F6) TRTHEALL £F. Lemma 4.2 X 0, Fp(TY) 131 SHEATT. O

F 72, Blum-Otteli I%, & DRRAFRED N T, C 7358 compact £ WHIKER C BHAEAE L WHIKEIZTHD
SNDENEMARIZERZLUVE L. TOIZEDES DiEREEMECHETVWET. F 215560 ThIRMR NS
(' Banach Z2[H & 31X, E* £ 5 5 THIRHZKE ™ Banach 22 T9. ZOMEDORWEMTIE, HF

DHIERIZHE DN T ZBImHA T E 9. Theorem 4.5 2FET 5 &, ¥RD Theorem 4.6 K25 NFE T .

C H 5 RO f 55 coercive & 1%, C D iiF] {x,} DY limy, |z, || = oo 27272 51X lim,, f(z,) =
MWL T 5 Z £ TF. Theorem 4.5 D C 7359 compact & WIIRED C VFHELGL VWO RTIZEESHmZ 5N
TWET. $72, ZOROFHHRDBFEE D728, Theorem 4.6 D (3),(4) i&, Theorem 4.5 D (3),(4) & » WK
FEIZLUTWET. Theorem 4.6 DFFIHIFHEL < H D EHAPHEBOBERTEHEL £

Theorem 4.6. Let C' be a closed convex subset of a smooth strictly convex reflexive Banach space E.
Let F' be a function from C x C into R satisfying the following:

(1) F(z,z) =0 forallxeC.

(2) F(z,y)+ F(y,x) <0 for all z,y € C.

(3)
(4) For any z,y € C, limsup, F (1 — )z + 1y, y) < F(z,y).

Suppose that —F (-, a) is coercive for some a € C. Then, there is w € Fg(TT) = Fp(ST).
10
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Theorem 4.6 DFZET, 2 € E*, r >0, a € C L LET. O x C »5 R~NDOHEE f X Theorem 4.6
(1)-(4) 2Hi72F L U, IRDFRIR C x C D26 RNDE g, .« & F 2EZET:

_r

gr=(,y) = 5llyl* = 5llel? +rly —2,2%), Fla,y) = f(2,y) + grz-(2,y) for each z,y € C.
Gr 2 & Theorem 4.6 (1)—(3) 27z U, g o+ (-, y) 1E&EHE, —gy .+ (-, a) & coercive TY. f & g, .« ODHEEK
Y, F1E 0 Theorem 4.6 (1)—(4) %372 L, —F(-,a) \& coercive TT. ZDMEFIIBEZHTHY, g,.v & F
DEEPS, 2 OFMABERBBFOSNE T FlRIX (1], [19], [13] LEET 2HEREFONET.
C % Banach Z2[H] E DB DA, f,g% CxCHh o RADEKE L, RO F,G #1E0 £7.

F(z,y) = f(x,y) + 9(z,y), G(z,y)=—f(y,z) +g(z,y)  foreach z,y € C.
Blum-Otteli Difamid, 2D f,g DFEMEZHFHEI LT, G(z,y) = —F(y,z) WAL L, F(z,y) 7 Theorem 4.6
(1)-(4) ZW7=THRIZT D L 2FRL T0D, EFITIZEbIE T, f,g» Theorem 4.6 (4) Z 7=
FrogblizLETd. 7721, 15 D5 X 4L Theorem 4.6 (1)-(4) & ZREAHE Y $7.

C % Banach %[l E D HEGE L, A% C 26 E* ~OEHE LU ET. AD monotone (HiH) &I
DRV ZINEZ L TY: (v—y, Az — Ay) >0 forall z,y e C.

Theorem 4.7. Let C' be a weakly compact convex subset of a Banach space E. Let A be a mapping from
C into E*. Define functions F' and G from C x C into R respectively by

F(z,y) = (y —z,Az), G(v,y)=—-F(y,r)=(y —=,Ay)  for each z,y € C.

Then Fg(ST) is weakly compact and convex. Furthermore, the following hold:

(a) Suppose A is monotone. Then, Fg(T¥) C Fg(SF) and Fg(SF) # ¢.
(b) Suppose A is norm to weak continuous. Then, Fg(ST) C Fg(TT).

Rewriting results. vi(C, A) is weakly compact and convex. Furthermore, the following hold:
(a)" Suppose A is monotone. Then, VI(C, A) C vi(C, A) and vi(C, A) # ¢.
(b)" Suppose A is norm to weak continuous. Then, vi(C,A) C VI(C, A).

Proof. F,G DEFEL Y, IITHWTT: G(z,y) + F(y,r) =0 for each 2,y € C. f#t>T, TY = S TT.
C HEM, F,G DEH, EHRNOME LY, F & GIZoWT, RO ERITIFIFPHS 1T

o F(z,z) =G(xz,x) =0 forall xzeC.

o G(-,y) is affine for each y € C. F(z,-) is affine for each z € C.

o G(-,y) is weakly continuous for each y € C. F(z,-) is weakly continuous for each z € C.
C 7358 compact Til1& F(x,-) A affine TH#EHL & 0, ST x 1E55 compact Ti™y, /> T Fp(ST) % 55 compact
THTY. MiIr<HERALTHEET. G(-y) 2 affine XY G(+,y) IF hsqconcave, F(z,-) »" affine & 9
F(x,-) % hsqconvex TT. CIZEHAMES, G(,y) & F(z,-) 13 C ETEEBETT 26, 55 FEERE» D5
EPERRTT. F, G I3 (F2)-(F5) XUF (B1), (B3)-(B5) 27z L TW\WE T,

(a) ZRUET. F,GDEFEL A D monotone £V, G(z,y) — F(z,y) = (y — x, Ay — Az) > 0 for all
z,y € C. #->7T, F, G % (F1;B2) 27z LUET. #- T, Lemma 4.3 &Y Fp(TF) C Fp(T%) = Fp(ST)
ML UET. £72, F, G (F1)-(F5) 2372 LTWADT, Lemma 4.2 £ 0, Fp(SY) # 0 218% 7.

(b) ZmRUET. IKELD, Al EIZ/IVAGHH, EX IZ5AitHE B A5 & EHEGETT. (ERIZ 2,y e C %
FEL,ne NZ&ila,=(1-2)z+Ly & LEd. 20L&, lim, ||z, — 2| =lim, 2|y — 2| =0 TT.
AFERU7-EERTEE TS, IROBRAKLL £7:

(4.1) lim, (y — 2z, Az,) = (y — 2, Az), lim,(z —y, Ax,) = (z — y, Az).
(z—y) D, EEDn e NIZTODWT, IROFERDKLL £7:

—f,z—zp =1
F(rn,y) = (y — on, Azy) = (Y — 2, Axn) + (2 — 2, Azy) = (y — 2, Azy) + %<Z -y, Axy,).
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ZOMBE (41) &Y, lim, F(x,,y) = (y — 2, A2) = F(z,y) 218% 9. b, (B6) B LET. ’E- T,

F,

G 1% (B1) & (B3)-(B6) %217z L £9. Lemma 4.3 £ 0, Fg(SF) = Fp(T%) C Fp(TF) #13% 7.
Z D (b) DFEAHIE, A ¥ norm to weak continuous &\ 5% £ D FWVIRDEFIZRATEH, HS 2T

BRTS: EED y,z € CIZOWT, #89 [y; 2] LORF {2} = {(1 - 1)z + Ly} A¥(4.1) 2WixT. O

Kok Kok ok

This work was supported by the Research Institute for Mathematical Sciences, a Joint Usage/Research

Center located in Kyoto University.

Eif B REORE IO TEBEARITO L VWL ET. ZoMMERRT D22 EML T

W2\, RIERY MRS, FERY: Fil B E2 IO & T aREEICBHE L EITE Y.

(1]
(2]
(3]
(4]
(5]

[6]
[7]

(8]
(9]

[10]
[11]

[12]
[13]

[14]
[15]
[16]
[17]
18]
[19]
[20]

[21]
22]

REFERENCES

K. Aoyama, Y. Kimura and W. Takahashi, Mazimal monotone operators and mazximal monotone functions for equi-
librium problems, J. Convex Anal. 15 (2008), 395-409.
E. Blum and W. Oettli, From optimization and variational inequalities to equilibrium problems, Math. Student 63
(1994), 123-145.
J. Dugundji and A. Granas, “KKM maps and variational inequalities”, Ann. Scoula Norm. Sup. Pisa Cl. Sei. 5 (1978),
679-682.
P. Z. Daffer and H. Kaneko, Fized points of generalized contractive multi-valued mappings, J. Math. Anal. Appl. 192
(1995) 655-666.
W-S. Du, E. Karapnar, and N. Shahzad, The study of fired point theory for various multivalued non-self-maps, Abst.
Appl. Anal., Vol. 2013. Hindawi.
1. Ekeland. On the variational principle, J. Math. Anal. Appl., 47 (1974), 324-353.
P. Hartman and G. Stampacchia, On some nonlinear elliptic differential functional equations, Acta Math. 115 (1966)
271-310.
W. Kulpa, The Poincare-Miranda theorem, Amer. Math. Monthly 104 (1997), 545-550.
N. Mizoguchi and W. Takahashi, Fized point theorems for multivalued mappings on complete metric spaces, J. Math.
Anal. Appl., 141 (1989), 177-188.
S. B. Nadler Jr, Multi-valued contraction mappings, Pacific J. Math. 30 (1969), 475-488.
R. R. Phelps. Convex functions, monotone operators and differentiability, 1364, Lecture Notes in Mathematics.
Springer-Verlag, Berlin, second edition, 1993.
S. Reich, Some fized point problems, Atri. Acad. Nuz. Lincei 57 (1974), 194-198.
S. Saejung, Ray’s Theorem for Firmly Nonexpansive-Like Mappings and Equilibrium Problems in Banach Spaces,
Fixed Point Theory and Applications 1 (2010): 806-837.
N. Shioji, A further generalization of the Knaster-Kuratowski-Mazurkiewicz theorem, Proc. Amer. Math. Soc. 111
(1991), 187-195.
T. Suzuki, Mizoguchi-Takahashi’s fixed point theorem is a real gemeralization of Nadler’s, J. Math. Anal. Appl., 340
(2008), 752-755.
W. Takahashi, Fxistence theorems generalizing fized point theorems for multivalued mappings, Fixed Point Theory and
its Applications, J. B. Baillon and M. Thera Eds., Pitman Res. Notes in Math. Ser. 252, Longman, Harlow (1991),
397-406.
W. Takahashi, Nonlinear Functional Analysis, Yokohama Publishers, Yokohama, 2000.
W. Takahashi, Conver Analysis and Approzimation of Fized Points’, Yokohama Publishers, Yokohama, 2000.
W. Takahashi, J-C. Yao, and F. Kohsaka, The fized point property and unbounded sets in Banach spaces, Taiwan. J.
Math. 14 (2010), 733-742.
W. Takahashi and Y. Takeuchi, The Fenchel duality formula, The Ekeland variational principle, and Rockafellar’s
Theorem for mazimal monotonicity of subdifferentials, Optimization (2021) 1-19.
Y. Takeuchi, Shrinking projection method with allowable ranges, J. Nonlinear Anal. Optim., 10(2) (2019), 83-94.
Y. Takeuchi and T. Suzuki, “An easily verifiable proof of the Brouwer fized point theorem”, Bull. Kyushu Inst. Technol.
59 (2012), 1-5.

E-mail address: aho314159@yahoo.co. jp

12



