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1 Introduction

In this paper we are concerned with the magnetic Schrédinger operator with slowly varying
external electric potential :

1
H(e) := D2+ (D, + pz)*> + V(ex,ey), D, = ;31/7

where z = (1, ,2q) € Ag = TI0_,[—a;, a5, y € RY, = (1, , pa) With €, a;, p; > 0.
The non-perturbed operator

H=D+ + px)? ZDQ (Dy, + p1jz;)*

is defined on M, := {u € H*(Q); u|ao, = 0}, where H?(Qy) stands for the second order
Sobolev space on Q4 = {(z,y) € R? x R: —a; < x; < a;} = Ay x RY. The Fourier
transformation with respect to y reduces the spectral problem of H to an analysis of the
eigenvalues {e;(k)}7°, depending on k = (ky,- - , kq) of the operator

Ho(k) = D% + (k + px)? ZDQ + (kj + pjz;)?,

on Ay with Dirichlet boundary condition.

The spectrum of H is absolutely continuous, and coincides with [eq(0), +00[. The points
¢;(0) are thresholds in o(H). By the Weyl criterion, the essential spectra of H (¢) and H
arc the same, and discrete eigenvalues with finite multiplicities can arise in | — oo, eg(0)][.
Moreover, It is reasonable to expect that the electric field creates embedded eigenvalues



and resonances on the second sheet. The principal topic of this paper centers around
the effect of the slowly varying decaying perturbation V'(ez,ey) on the non-perturbed
operator H. Particular attention will be paid to the asymptotic behavior of the spectrum
near the thresholds e;(0).

The Schrodinger operator with magnetic and electric potentials on a domain Q of R2,
received considerable attention in the past. The spectrum of the non-perturbed Hamilto-
nian /7 on a bounded domain € C R? were considered by many others. In particular the
asymptotic behavior of the bottom of the spectrum of H as p tends to infinity has been
treated for different geometry of Q (see [23] and the references cited therein). In the case
where €2 is the semi-infinite plane or the disk, the WKB approximations of the energies
and the eigenfunctions are obtained in [8, 3]. In the case Q = R?, the literature is so vo-
luminous that we cannot possibly describe individual references and hence we primarily
refer to the monographs [21, 23] and the references given there.

S. De Bievre and J. F. Pulé [2] studied the perturbed operator H(1) on the half plane
with Dirichlet boundary condition. They showed that the spectrum of H(1) is purely
absolutely continuous in a spectral interval of size yu (for some v < 1) between the
Landau levels of the operator Hy. A similar problem has been considered in [5, 6, 7] for
H (1) on a strip ©Q; of R2. Moreover, Mourre’s theory and the spectral shift function near
the thresholds e;(0) were considered in [5].

In [11], the first author uses WKB approximations to study the dynamics and the
bottom of the spectrum of the operator H(e) on ;. With this method it is difficult to
recover all the spectrum of /{(¢). On the other hand, the multi-dimensional case (i.e.,
Qg with d > 1) is more complicated, since the thresholds ¢;(0) are in general degenerates
when d > 1. Our goal in this paper is to give a rigorous way to recover the spectrum of
H(e) on 4, (d > 1) near any energy level A, by studying systems of pseudodifferential
operators which have a principal symbol quite close to one of e;(eD,) 4V (0,y) — 2z, where
z is the spectral parameter. First, we give a complete asymptotic expansion in powers of €
of tr(V f(H(e))) where f € C§°(R) and VU is a multiplication operator by a real integrable
function ¥(y) € LY(R?). In particular, we obtain a Weyl type asymptotics with optimal
remainder estimates of the counting function of eigenvalues of H(€) in any closed interval
in | — 0o, e9(0)[. To investigate the effect of the perturbation on the continuous spectrum
of H, it is natural to study the spectral shift function (SSF for short). When V' vanishes
as ||y|]| — oo (see (12)), the SSF &(u; €) related to H(¢) and H is well defined in the sense
of distribution :

[f(H(e) — F()] = —(€(56). F()) = / O (du, feCR®R). (1)

The function &(u; €) is fixed up to a constant by the formula (1), and we normalize &(u; €) so
that £(u;¢) = 0 for p < inf(o(H (¢)). The operator H (¢) could have embedded eigenvalues
and then the derivative of the SSF could be locally a Dirac distribution. The spectral
shift function may be considered as a generalization of the eigenvalues counting function.
It is one of important physical quantities in scattering theory, and it plays an important
role in the study of the location of resonances in various scattering problems. We refer to
28] and references cited there for comprehensive information on related subjects.

Under the assumption (12), we give a complete asymptotic expansion in powers of e



of the left hand side of (1) in Theorem 3.3 and moreover in Theorem 3.4, we establish a
complete asymptotic expansions in powers of € for &(yu;€).

The paper is organized as follows: Section 2 is devoted to the study of the fibered
operator Hy(k) on Ag. In Section 3 (respectively section 6), we give the main results
(respectively the proofs) of this paper. In sections 4 and 5 we describe general mainly
well-known results on the effective Hamiltonian and on the ¢-pseudodifferential operators
with operator-valued symbol.

Notations : We shall employ the following standard notations. Given a complex function
[ depending on a small positive parameter h, the relation f, = O(h") means that there
exist Oy, hy > 0 such that |f,| < Cnxh™ for all h €]0, hy[. The relation f, = O(h>)
means that, for all N € N:={0,1,2,...}, we have f, = O(h"). We write fj, ~ E;’io a;jh’
if, for each N € N, we have [}, — E;V:O a;jhi = O(hNT). We adopt the notation N* :=
N\ {0}.

Let H be a Hilbert space. The scalar product in H will be denoted by (-,-). The set
of linear bounded operators from H; to Hs is denoted by L£(H1,Hs) and £ (H;) in the
case where H; = Ho.

2 The non-perturbed Hamiltonian H

In this section we establish the basic spectral properties for the non-perturbed operator H.
We focus on a diagonalization of Hy(k) and the corresponding generalized eigenfunction.
Moreover, we introduce an integrated density of states, p, corresponding to H.

The operator H is unitarily equivalent to

52
FHF = [ Hy(k)dk, (2)
Rd

where F is the partial Fourier transform with respect to y given by

1 —1
(Fu)(z, k) = e /Rd e~ Wru(x, y)dy,
and
Ho(k) = Dy + (k + p)*, (3)

is the operator defined on Hy, := {u € H*(Ay); ulopa, = 0}. In what follows, we will
consider H,, as a Hilbert space equipped with the standard scalar product of H%(A,).

We first examine the two dimensional case (i.e, d = 1, ; = [—a,a] X R). From the
Sturm-Liouville theory (see for instance [25]), it is well-known that H(k) has a simple
discrete spectrum : eg(k) < e;(k) < ---. The change of variable © — —z implies that
ei(k) = e;(—k). Since the eigenvalues are simple, an ordinary analytic perturbation theory
shows that ¢;(k) (and the corresponding eigenfunction) are analytic functions in %k (see
22, 27]).



Theorem 2.1. The eigenvalue e;(k) satisfies :

ke;(k) >0 (k#0), and 6;(0) =0, e;’(O) > 0. (4)
Moreover, for every fixed j € N and any a,p > 0, the following properties hold :
ej(k) = e;(0) + Y k™ (k—0), a1 >0, (5)
=1
ej(k) = k* — 2apk + v;(2uk)*3(1 + o(1)),  (k — +00), (6)
where 0 < vy < vy < --+ < v; < --- are the eigenvalues of the operator D2 + x on RT.

The normalized eigenfunctions U, (-, k) corresponding to e,(k) can be chosen real-valued
and analytic with respect to k satisfying :

a

Vp e N, 3C,, such that /

—a

2
(8,f\lln(x,k)) dr < Cp U0 B2y =1 (7)

Proof. (4) is proved in [15] (see Theorem 2 in [15]). Formula (5) follows from the fact
that e;(k) is an even real analytic function with €7(0) > 0.

To prove (6), consider the operator H (k) = D2+2uzk-+k* Replacing z by t = u(z+a)
and rescaling ¢ +— \t/u (with A = (2uk)/?) we transform H (k) into \2G — 2auk + 2k?,
where

G =D?+1t:L*[0,b]) — L*([0,1]), b= 2)a,

is the Airy operator with Dirichlet boundary condition. The general solution of the
equation D?u(t) + tu(t) = 0 can be written as a linear combination of the Airy functions:

u(t) = CLAi(t) + C_Bi(1).

We recall that Bi(t) = Ai(e?/3z). Thus, the eigenvalues v; of the operator i are the
roots of the equation

Ai(—Vj + b)

Bi(—Vj + b) '

Since the right-hand side of the above equality tends to zero as b tends to +oo0, —v; are

approximated (when k& — +4-00) by the zeros of the Airy function Ai(z). Consequently,
the eigenvalues \g(k) < A\1(k) < --- of H(k) satisfies

Ni(k) = k% — 2apk + v;(2uk)*3(1 + 0(1))  (k — +00). (8)

Ai(=v;) = Bi(—v;)

On the other hand, since —a < z < q, it follows that !
Hy(k) — p2a® < H(k) = Hy(k) — pi22® < Ho(k).
which together with Theorem XIII.1 in [27] yields
ej(k) — pPa® < (k) < e;(k).

'Let A and B be selfadjoint operators that are bounded from below. We write A < B if and only if D(B) C D(A) and
(Au,u) < (Bu,u) Yu € D(B).




Thus (6) follows from (8) and the above inequality.

The only point remaining concerns the estimate (7). Let W, (-, k) be the normalized
real-valued analytic function corresponding to e, (k). Since ¥, is real and ||V, (-, k)| = 1,
it follows that

o [ o a 9
%/_a U, (z,k)de=0= 2/ \Ifn(m,k)ak\lfn(oﬁ,k)dx. (9)

—a

Put H (k) = Ho(k) — k%, and let T, be a simple closed contour around e, (k) — k? such
that dist(T',, o(H (k))) > C' > 0 uniformly on k. Let P, (k) be the orthogonal projection
onto the eigenspace spanned by W, (-, k), that is for u(x) € Ha,
I
Po(kyu(e) = 5— [ (H(k) = 2)""dz = (u("), Oa(-, k) Un(z, k). (10)

27 Jr,

From (9) we deduce that P,(k)0xW,(-,k) = 0. Combining this with the fact that
P (k)U,(-, k) = U, (-, k) and using (10) as well as the fact that 0, H (k) = 2ux, we get

WU, (z, k) = 0P, (k)T 27”/ H(k) — 2) " 2uz(H(k) — 2) " 'dzW, (x, k), (11)

which yields
10k (- )| = OM)[[Wal-, K)|| = O(1).

We now proceed by induction using (11). O

Let (e{(kj))leN and (0] (x;, kj))leN be the eigenvalues and eigenvectors of the operator
Df.j + (kj+p;25)* given by Theorem 2.1. For J = (ji,- -+ ,ja) € Nand k = (ky,--- . kg) €
R?, we denote

6](]{}) = e}l (kl) + -+ G?d(kd), @J(QZ, k) = \Ijjll ([L’l, k’l) X e X \If;id(xd, kd)
By Theorem 2.1, we have

Corollary 2.2. The spectrum of the operator Ho(k) on {u € H?*(A4);ulan, = 0} is
discrete and coincides with {e;(k); J € N}, The family (9 (-, k)) ;cne 5 an orthonormal
basis in L*(Ag).

Now let us return to the non-perturbed operator H = D2 + (D, + px)? as an un-
bounded operator on Hé’d. According to Theorem 2.1, Corollary 2.2, and the theory of
decomposable operators (see Theorem XIII. 85 in [27]) the spectrum of H is absolutely

continuous, and given by
= U U esk) = [eo(0). o0l
JEN keRd

The points ¢,(0) are thresholds in o(/1). From now on we denote this set by

2= | es(0) = o(Ho(0)).

jeNd



For ty € 3, we let Sy, := {J € N% ¢;(0) = to} and my, := #8;, be its multiplicity. To end
this section, let us introduce the function p : R — R related to the non-perturbed H by

dk
o =2 /{exk)g} (2m)¢

JeNd

Obviously, p(t) = 0 for ¢ < ey(0) = info(H). In an appendix, we shall prove that the
function p() is analytic except near . More precisely, we have

Theorem 2.3. The function p is analytic except at 3. Moreover, near any point tg =
e;s(0) € X, there exists analytic functions f and g such that :

p(t) = [t —1o) + Y (L —1o)g(t — L),
for |t — to| small enough with

vol(S9-1)

9(t) ~t-0 Z
JeSry dy/det(Le )

Here Y () is the Heaviside function and St stands for the unit sphere in R%.

.

3 Perturbed Hamiltonian

In this section, we investigate the effect of the slowly varying potential on the spectrum of
the non-perturbed operator Hy. First, we give a complete asymptotic expansion in powers
of € of tr(¥f(H(e))) where f € Ci°(R) and ¥ is an L'(R{)-function. In particular, we
obtain a Weyl type asymptotics with optimal remainder estimates of the counting function
of eigenvalues of H (¢) below the essential spectra. Finally, we give a complete asymptotic
expansion in powers of € of the spectral shift function corresponding to (H(¢), H).

We suppose that V' is regular, and there exists 6 > 0 such that :

Va,3 € N% 3C,5 st supxeAd|858§V(x,y)| < Coply) ™. (12)
First, we derive a local trace formula.

Theorem 3.1. Assume (12) with 6 > 0, and let VU be a regular function such that 05V €
LY(RY) for |a] <2d+1 . Then for all f € C5°(R), the operator (¥ f(H(e))) is trace class
and the following asymptotics holds :

b (F(H(e) ~ D age™™, (13)
with
a0 = — / / VOO0 = VO.)dyit (14)

Let N([a,b];¢) be the number of eigenvalues of H(¢) in [a,b] C|] — 00, e0(0)] counted
with their multiplicities.



Corollary 3.2. Assume that V' tends to zero at infinity, and let f € C§°(] — o0, e0(0)[; R).
We have

() ~ Db, (15)

with

by = — / / . 00l = VO (16)

In particular,
iy [V (. 85)] = [ [p6 = V10.09) = pa = V(0.5 (7)

e\,0

Theorem 3.3. Assume (12) with 6 > d. For f € C$°(R) the operator f(H(¢)) — f(H) is
trace class. Moreover, the following asymptotics holds

tr(f(H(e)) — f(H)) ~ Z e (18)

with

co = / / PO = plt = V(0.9) dyit. (19)

The above theorem, enables us to define the spectral shift function £(-,¢) € D'(R),
related to the operators H(e) and H (see (1)). Theorem 3.3 tells us that (-, €) converges
to [(p(t) — p(t — V(0,y))dy in the sense of distribution. Under a non-trapping condition,
the following result gives a pointwise asymptotic expansion in powers of € of £'(-;€).

Theorem 3.4. Fiz A > ¢9(0) with A & {e1(0), e2(0), ...}, and assume that *
EVest) =y VV(0,0) 2 e > 0 in {(5h) € R () + V(0,9) = AL (20)

There exists n > 0 such that the following complete asymptotic expansion holds uniformly
on X EJN—=n, A+ n[:

€10~ Do m( (21)

with

olt) = / (A1) — 4t — V(0,4))dy.

4 Effective Hamiltonian

We need some basic result about pseudo-differential operators with operator-valued sym-
bol (see [14] and the references cited therein). We shall consider a family of Hilbert space
Ax, X = R?! satisfying :

Ay = Ay, VX,Y € R, (22)

2By (4), this assumption is satisfied under the assumption : —y- V4V (0,y) > 0and —y - V,V(0,y) > 0, on {y €
REV(0,5) = A — ;(0)}.




there exist N € N and C' > 0 such that for all u € A, and all X,Y € R?? we have
[ullay < CX=Y)Vlulay- (23)

Notice that (47) means that only the norm of Ay depends on X, not on the space itself.
Let By be a second family with the same properties. We say that p € C>(R?; L( Ay, By))
belongs to the symbol class S°(R*; L(Ax. Bx)) if for every a € N?* there exists C,, such
that

195 pll ceax.x) < Car ¥X € R (24)

If p depends on a semiclassical parameter ¢ and possibly on other parameters as well, we
require (24) to hold uniformly with respect to these parameters. For e-dependent symbols,
we say that p(y, k; €) has an asymptotic expansion in powers of ¢ , and we write

p(y, k;€) ~ ij(y,k)ﬁj in S°(R*; L(Ax, Bx))

J

if for every N € N, 6_N_1(p(y, k) — Ejvzopj(y, k)(?) € SO(R*; L(Ax, Bx)).
We can then associate to p an e-pseudodifferential operator

w iy y+t dtdk
P Dy utn) = [ [ 00 ke ult) g v e Ao

Here we use the Weyl quantization. Similarly to the scalar case, the following results

hold.

Theorem 4.1. Let p € S°(R*; L(Ax,Bx)) where Ax,Bx satisfy (47) and (48) then
pY(y, €Dy, €) is uniformly continuous from S(R% Ag) into S(R%; By).

Theorem 4.2. Assume Ay = Ao and Bx = By for all X € R*. Ifp € SO (R L( Ay, By))
then p*(y, eDy; €) is bounded from L*(R%, Ay) into L*(R%, By).

Let Cx be a third Hilbert space which satisfies (47), (48).
Theorem 4.3. Let p € S°(R*; L(Bx,Cx)), g € S°(R?*%; L(Ax,Bx)). Then
P (Y, €Dy) 0 ¢*(y.€Dy) = r"(y, eDy; ),

where r 1s given by

1. .
rly ki) ~ 3 5 (5 0(Dy Dis D DYYply, o, 6)| (25)
]:0 . T=Y,K=

4.1  Grushin problem: brief description

In this paragraph we recall the basic results about Grushin problem. Let H;, Hs and H3
be three Hilbert spaces, and let P € L(H1, Hs) be self-adjoint. Assume that there exist
R, € L(H1,Hs) and R_ € L(Ha, H3) such that the following operator

P<Z) = (PRZZ R0_> T Hy X Ho — Hsg X Ho

8



is bijective for z € 2. Here 2 is an open bounded set in C. Let

E(z) = <EE_((Zz)) 51;(@)))

be its inverse. We refer to the problem P(z) as a Grushin problem and the operator Eqg (%)
is called effective Hamiltonian. Notice that, an effective Hamiltonian is a Hamiltonian
that acts in a reduced space and only describes a part of the eigenvalue spectrum of
the true Hamiltonian P. Morally, effective Hamiltonians are much simpler than the true
Hamiltonian and hence their eigensystems can often be determined analytically or with
little effort numerically.

The following useful properties (relating the operator P and its effective Hamiltonian)
are consequences of the identities EoP =1 and Po & = I:

26
27

(P — 2) is invertible if and only if FE.(z) is invertible,
dimker(P — z) = dimker(Feg(2)),

(P— 2 = B(z) — (=) B (:)E_(2), 238

E (z)=—-R.(P—2)"'R_. 29

The last two equalities hold for all Iz # 0. On the other hand, since z — (P — 2) is
holomorphic, it follows that the operators F(z), Fi(z) and Feg(2) are also holomorphic
in z € €. Moreover, we have

(26)
(27)
(28)
(29)

0. Lo (2) = E_(2)F4(2). (30)

This identity comes from the fact that R, are independent of z.

5 Spectral Reduction to an e-pseudodifferential operator

Throughout this section we assume that V' is independent on x. The proof of the general
case is quite similar with minor modifications (see Remark 6.2). Fix an interval I = |, ],
and set

U= {J €N%esk) < A+ |V}

According to Theorem 2.1 and Corollary 2.2, e;(0) (respectively e;(k)) tends to in-
finity as |J| — oo (respectively |k| — o0). Therefore U is finite. In what follows,
(W1(-, k), -, Un(-, k)) denotes the family (V;(-, k)) ey, where N = #U.

To shorten notation, we omit the index d in Q4 and Ag4. For k € R?, let Har = Ha be
the Hilbert space with k-dependent norm: [lu[l3 ,, = [[ullF2() + [5[*[lullZ2y)- We denote
by C¥ the space CV equipped with norm (1 + |k[?)| - |c~.

By the change of variable y — y/e, the operator H(e) is unitarily equivalent to

Hy = Hi o+ V(y), (31)
where

d
Hl,O = Z Dz] —+ (EDyj —+ /Ljil?j)Q.
j=1

9



Let G(y, k) = Ho(k)+V (y) be the linear bounded operator from H, into L*(A), where
Hy(k) is given by (3). Obviously, G € S°(R%*¥; L(Hr, L?>(A)). Thus, by quantizing G we
have

G(y,eD,) = H;.

More precisely, I1; can be viewed as an e-pseudodifferential operator on y with operator
valued symbol G(y, k).

For k € R, and N € N*, define R, (k) : L*(A) — C~, R_(k) = R%.(k) : CV — L*(A)
by

Ri(k)u = ((u, Uy(-, k)Y, -+, (u, Un (-, k))),

R_(k)(cy,--- ,en) = chxpj(.,k).

According to Corollary 2.2 the family (¥,(-, %)) ey 18 an orthonormal basis in L?(A).
Hence, a simple computation yields

Ri(k)R_(k) = Icv,

R_(k)Ry(k)yu =Y (u, U;(-, k) T;(- k) = Myu, Yu € L*(A).

J=1

(32)

The following proposition reduces the spectral study of the operator G(y, k) : Har —
L?(A) near the energy z, to the study of an N x N-square matrix Feg(y, k, 2).

Proposition 5.1. Fiz a bounded interval 1. There exists N € N* such that for all z € T
the operator

Py, k) = (G%ﬁ)k)‘ 2 R—OU“)) Hap x CF o [2(A) x €Y, (33)

18 bijective with bounded two-sided inverse

 (Gnly, K,z R_(k
£9.k.2) "( i Eeff(yfk),z))' (34

Here a(y, k,2) = (G(y, k) —2)"' (1 —Ily) and Eeg(y, k, z) is the square diagonal matriz
(z —e;(k) = V(0,9))0i)1<ij<n. Moreover

P e SOUR?™:; L(Hap x CV; L2(A) x CY)). (35)
E € SP(R*™; L(L*(A) x Cy;Hap x CVY). (36)
Proof. By construction, we have
es(k) +V(y) —z=c>0,
uniformly for (z,k,y) € I x R* and J ¢ U. Thus, the operator
(Gy, k) —2)7H(1 = TIy) : LX(A) = Hay,

10



is well-defined and uniformly bounded on (2,7, k) € I x R*. Using (32), an easy compu-
tation shows that P(y, k) o E(y, k,z) = I and E(y, k,z) o P(y, k) = 1. On the other hand,
it follows from (7) that (y,k) — R_(k) € SO(R*; L(CY; L*(A)) and (y,k) — R, (k) €
SOR?; L(Hp g; CY))

O

Proposition 5.2. The operator

= (G(J%’f@y))y; ) R_(SDy)> CHE x HARYGCY) - L(Q) x LARECY),  (37)

18 bijective with an inverse

EY(y,eDy, zy¢)  EY(y,eD,, z;¢€)
. . Ccw . _ 7 Y~ +\J Yy~
E(zie) = E%(z0) = <ET(y,€Dy,z; €) Eg(y,eDy, z€) )’

uniformly bounded with respect to z € I and ¢ small enough. Moreover, £(z;¢€) depend
holomorphically on z, and E(y, k, z; €) has an asymptotic expansion in S°(R?%; L(L2(A) x
CNiHar x CYY), dce.,

. — E(y7k727€) E+(y7kvz;€) . . J
g<y7 k,Z,E) — (E_(y,k,Z;E) Eeff(y,k72;€) ~ 2;5J<y7 k,Z)E . (38)
iz

In particular Eeg(y, k, 2;€) ~ 3222 Eerr j(y, k, 2)el in SOR2; L(CN;CN)). The leading
terms E(y, k, 2) and Eero(y, k, 2) are given by Proposition 5.1, i.e.,

Eo(y, k,z) = E(y, k,2;0) and Eego(y, k,2) = Fe(y, k, 2;0).

Proof. The fact that P can be viewed as an ¢-pscudodifferential operator valued symbol
P(y, k) and Theorem 4.3 show that

P (y,eDy) 0 E¥(y,eDy, z) = 1 + eR™(y, Dy, 2;€) (39)

where R(y, k, z;¢) ~ 372 Ry, k, 2)¢l in SO(R; L(L2(A) x CN; L2(A) x CN)). Tt follows
from Theorem 4.2 that R"(y, eD,, z; €) is uniformly bounded for z € I and |¢| < 1. Thus,
for € small enough the right hand side of (39) is invertible. On the other hand we know
that if P = p“(y, k, €) is an invertible e-pseudodifferential with p(y, k; €) ~ E;’io pi(y, k)€
then its inverse ¢" is also an e-pseudodifferential operator with ¢(y, k; €) ~ Z;io qj(y, k)e.
Consequently, £¥(y, €Dy, z;€) = E¥(y,eDy,2z) o (I + eR¥(y,eDy, z;¢)) " satisfies all the
desired properties. O

Remark 5.3. Let & (z) be the operator given by Proposition 5.2 corresponding to the
non-perturbed operator Hy (i.e., V- =0). Since P(y, k) = P(k) is y-independent, we have

@N eDy7Z ES)F eDy
&o(2) = ( Eg((gpy)) ESH(EDy,)ZD 7

where E9 (k) = R_(k), E° (k) = Ry (k) and E%(k,z) = (2 — ¢j(k))dij)1<ij<n

11



6 Proof of the main results

6.1 Proof of Theorem 3.1

In the following we fix a bounded interval I containing supp(f), and we apply Propo-
sition 5.1 and Proposition 5.2 on I. For the simplicity of the notation we ignore the
dependence of E,E,, E_, E on (y,k, z,€). We denote by E°, EQ, E°, ES; the operators
given by Proposition corresponding to We shall sometimes use the same symbol for an
e-pseudododifferential operator and for its Weyl symbol.

Applying formulas (28) and (29) to Proposition 5.2 we obtain

(Hy—2) ' =E— E,E;E_, (40)
0,Feg = E_F,. (41)

_ Assume that f € Cg°(R) is real-valued, we can construct an almost analytic extension
f € C§(C) of f satisfying the following properties (see [14]) :

f(z) = f(2),Vz € R, (42)
for all N € N there exists C'y such that
oF
8—§(z)| < Cy|Sz2|V. (43)
Let I be any self-adjoint operator, the Dynkin-Helffer-Sjostrand formula reads [14]:
af . . .
f(H):—— o —(2)(z — H)""L(dz), with z =z + iy, (44)
z
which yields
of 1
7y = —— [ ZL)e ) D). (15)

Here L(dz) is the Lebesgue measure on the complex plane C ~ R? oy
Inserting (40) in the right hand side of (45) and using the fact that = — E*(y, Dy, z; ¢)
is holomorphic, we get

fim) = -2 [ Lm0 L) (46)

Here and in what follows we use the fact that [ 0, f(2)K(z)L(dz) = 0 provided that K (z)
is holomorphic in a neighborhood of supp(f). We recall that the principal symbol of F.g

is given by
Eego(y, b, 2) = (2 = V(y) = ¢;(F)dijh<ij<n,
and that e;(k) ~ |k|? at infinity from (6) in Theorem 2.1. For j = 1,---, N, let é;(k) be
a regular function such that é;(k) = e;(k) for |k| large enough and
12 = V(y) — & (k)| > co(1 4 |k*), ¥ (2,9, k) € suppf x R? x R?. (47)
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Put

Eeg(y, k,2;€) = Feg(y, k, z;€) + Eog(y, k, 2) — Eeg(y, k, 2),
where B (y, k, 2) = ((2=V (y)—&;(k))di)1<i j<n- We conclude from (47) that Eeg(y, k, 2; €)
is elliptic for e small enough, hence that E.g := E;‘f’f(y, eD,, z; €) is invertible and holo-
morphic for z € supp(f), and finally that

of

52 (BB E_L(dz) = 0.

Combining the above equality with (46), we obtain

af

LB, (B — B E-L(dz). (48)

fHy) =
Let ¥ be as in Theorem 3.1. Writing E 4 ! — B! = EZ} (Bt — Fog) B and using the
fact that Eeg — Fog = ((F;(k) — E](k:))lgz,]SN has a compact support, we deduce that the
operator ¥ (E+Ee}fl(Eeff — Eeﬁ)Ee_ﬂ}E_) is trace class. Thus, by using the cyclicity of the
trace we get

tr(\l!f(Hl)) S gﬁ( )u(Eeﬂ} - Ee_ffl)E_\I‘E+)L(dz), o
—tr( gf( )Ee_fflE_\I/E+L(dz)).

In the last~ equality we have used the fact the operator ENE_HIE_\I/ I/, is holomorphic on
» € supp(f).

According to Proposition 5.2 and Theorem 4.3 the operator A = E_VFE, is an c-
pseudodifferential operator on L?(R% CY) with A = A“(y, €Dy, z; €) where A(y, k, z;¢) ~
Z;io Aj(y, k, 2)éd in SO(R*; £(CN; CY)). Moreover, from Proposition 5.1 we have Aq(y, k, z) =
U(y).

The proof of the following lemma is similar to the one in [10].

Lemma 6.1. Fiz 6 €]0,1/2[. There exists r € SO(R*¥; L(CN,CN) such that v(y, k;€) ~
> 2oy, k)€ and

w . _ 1 (r)f -1
r(y,eDy;€) = _;/Jz|>eﬁ 82( VE s E_VE,L(dz),
with

o) =2 [ 2Ly (= B0 - vas) L))

1<i j<N

We now turn to the proof of Theorem 3.1. If we restrict the integral in the right hand
side of (49) to the domain [3z| < ¢’ then we get a term O(e*) in trace norm. Here

we have used the fact that |%§(z)| = O(|S2|M) for all M € N (see (43)). If we restrict

13



our attention to the domain |3z| > €’ then by Lemma 6.1 we get a complete asymptotic
expansion in powers of €, which yields (14). To finish the proof let us compute ay. We

have
dydk_ N _1 afNZ L. _ 1 . dydk
(2m)d Z.:l // < m / 5z )~ etk = Vi) L )> "

o= [ [ ol )
.-
)

Here tr stands for the trace of square matrices. Since = 0(- — 2p), it follows that

—L [ B () (2 = (k) = V() E(dz) = fles(k) + V(Y

_ S o dydk . dydk
w=3 [ et + vy =3 [ st + v g

Combining this with the obvious equality

2 [ s+ v 3 [ 1 /( v, it = - [ - v,

we get (14).

1
) Consequently,

6.2 Proof of Corollary 3.2

Let f be as in Corollary 3.2, and fix 7 > 0 small enough such that supp(f) C]—o0, E1(0) —
n]. Put w, = {y € R:3(j, k) € N* x R? s.t. e;(k) + V(y) € supp(f)}. Since V tends to
zero at infinity and e;(k) > €;(0) for all 7, &, it follows that w, is a compact set.

Let V be a regular function such that V(y) € [-n/2,1/2] for all y € R? and V(y) =
V(y) for |y| large enough. Put

Eer(y, k, 25 €) = Be(y, k, z6) + (V(y) = V(9) I
By construction of V, we have
|2 = e;(k) = V(y)| = O+ |kP),

uniformly on (j,y, k) € N* x R?*! and z in small complex neighborhood of supp( f f).
Hence, the principal symbol Eu(y, k,2) = ((z — V(y) — ¢;(k))di,)1<ijen Of Eeog is
elliptic. We can now proceed analogously to the proof of (48), and obtain
: of 1 el
s === [ Lem gt - Badyp-Lee) (50)
Let ¢ € COO(]Rd) be equal to one in a neighborhood of supp(V — V = Feg — Eu).
Writing 2, (B — B )5 = By By (Eeg — Feg) B 15— and using the fact that supp(1 —

(&

¢) Nsupp(V — V) = 0, we deduce from (50) and (25) that ||(1 — ) f(H)|[e = O(e).

Consequently,
tr(f (1)) = tr(pf (H1)) + O(c), (51)
3We recall that for j & {1,..., N} ej(k) 4+ V(y) € supp(f) for (y,k) € R? x R4,
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which together with Theorem 3.1 yields (3.2) and (16).*
It remains to prove (17). For every small > 0, choose f,, Jfn € G (R; [0, 1]) with

Vatnpn) < o < lap) < Fo < Lamnpin)-
It then suffices to observe that
tr | fy(H()] € N0l e) < tr (1 (0))],
which yields

lion lim ((27¢)"tr | ,(H(0)]) < lm(2re)"'N([a. i) < limlim ((2r0)%r [7,(H(0))] ).

and to apply Theorem 3.1.

6.3 Proof of Theorem 3.3

We only mention the steps in the proof of Theorem 3.3 which are the same as in the proof
of Theorem 3.1. Fix zy < inf(o(H;)) (j = 0,1), and let m > d/2+1. From the assumption
(12) the operator (1 — z9)~™ — (Hy — 2z9)~™ is trace class. Therefore, f(1;) — f(H) is
trace class for all f € C§°(R). In contrast to the proof of Theorem 3.1, we don’t need to
introduce the function U, since f(Hy) — f(Hy) is trace class.

As in the proof of (46), Proposition 5.2 and Remark 5.3 yield

1 af -1
f(Ho):—; 5(2)E3(ngf) EY L(d2),
which together with (46) gives
1 8f 1 -1p1 0 (770 \~1 0
tr(f(Hy) = f(Ho) = tr | = [ S2(2) [BY B BL = EQ(ER) B |L(d2) |, (52)
Next, analysis similar to that in the proof of (49) shows that
1 8f —1p1 ol 0 \~1 0 10
t(f(H) = [(H0) = tr | == [ L) [Ba™ BLBL = (B4 BUER|L(d2) | . (59)

According to (30), Proposition 5.2 and Remark 5.3, we have
0.Fg = B'E', 0.E% = EOE°.
Combining this with (54), we obtain
1 [0f . -
tr (f(Hy) — f(Hp)) =tr <—— —f(z) (Bt ™0, Bt — (Edy) 16ZESH]L(dz)> . (54)

T ) 0z

We now apply the same arguments after Lemma 6.1, with (49) replaced by (54), to obtain
Theorem 3.3.

4Notice that the right hand side of (51) is independent modulo O(¢*) of the choice of ¥, since ) = 1 near the
characteristic set Xy, of Eeg.
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6.4 Proof of Theorem 3.4

The starting point is formula (54). Let 6 and g be C*°-functions with compact support
such that # = 1 near zero, g = 1 on ]\ — n, A + n[ and supp(g) C|A — 2n, A + 2n[. We
choose 1 > 0 small enough so that (20) holds on |A — 21, A + 2n[. Applying (1) and (54)
to the function f(z) = g(x)(F.'0)(A — x), we obtain

— (€' (10, g(NFON =) = tr (g(H1)(F0) (A = Hy) — g(Ho)(F.0) (A — Ho))

i ( / 32 () F 0N - 2) [Fug 0. Bugr — (ESH)_lazESH}L(dzO |

(55)
Here g is an almost analytic extension of g, and F, ! is the semiclassical Fourier transform

of 0 :
1 1 étT
(F00) = 53 /R 701 dt.

According to Proposition 5.2, g is an e-pseudodifferential operator. On the other
hand, the assumption (20) means that the classical symbol corresponding to Feg is non-
trapping®. The asymptotic expansion with respect to ¢ of an integral similar to the
right-hand side of the second equality in (55) have been studied by many authors (see
[1, 12, 13, 14, 28] and the references given therein). In particular, under the assumption
(20), it follows from the arguments in the proofs of Theorems 2.5 and 2.6 in [12] (see also
[1]) that the left-hand side of has a complete asymptotic expansion in powers of ¢, and

€'(r.0)g(r) = (§'(6), g(NFO) (T — ) + O(e>),

uniformly for 7 €]A — 2n, A + 2n[. This implies (21). The explicit formula of xy(t) follows
from (19).

Remark 6.2. We will now show how to treat the case when V depends on x. The only
modification to be made is the proof of Proposition 5.1. Fix m € N*. By Taylor’s formula
we have

m

E|oz| le}
Viex,y) = V(0,y) + Z —.m 0 V(0,y) +e™O(1) = V(0,9) + W (z,y;¢), (56)

uniformly for (z,y) € Qq. Let Py, k) and E(y, k, z) be the operators given in Proposition
5.1 corresponding to the operator V(y) = V(0,y). Now, consider the Grushin problem
related to G(y, k,€) = Gy, k) + €W (z,y,€)

P(y,kﬂ)—(G(y]’%’ie_ZR ) Ply, k) (VOV 8>:HA,kchﬁL2(A)x<c{X,

5A symbol (y,k) — Ay, k,z) € L(CV;CY) is non-trapping at the energy z = 2o if and only if there exists a scalar
escape function G € C* (R29; R) such that

oG 0A 9G 9A
IC >0, — - — — — - — >C, VY(y, k) with detA(y, k, =0
R s (4. k) with detA(y, k. 20)
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Since W (-,y,¢) : Har — L*(A) is uniformly bounded with respect to y € R? and
e € [0, 1], it follows from Proposition 5.1 that, for ¢ small enough the operator P(y, k, , €)
is bijective with bounded two-sided inverse

o (G0 2i00) -t (3 )]

(57)
From (56) and the above equality it follows that, modulo O(¢™*1), £(y, k, z;€) has an
asymptotic expansion in powers of ¢ in SO(R4; L(L%(A) x CN;Hyp x CV)). This gives
Proposition 5.1 when V' depends on (z,y).
We can now proceed analogously to the proof of the case V =V (y).

7 Appendix : Proof of Theorem 2.3

Fix J = (j1,J2,* ,Ja) € N* and let e;(k) = e;,(k1) + - - + ¢j,(kq4) be one eigenvalue of

the operator Hy(k). Set
k(t) = / dk.
{k€Rd;e (k) <t}

Lemma 7.1. The function k is analytic in a neighborhood of R\ {e;(0)}.

Proof. Fix ty # e;(0), and let € be a small positive constant such that Ve;(k) # 0 when
k € S(to) = e, (Jto — &, 1o + ¢[). Without any loss of generality we may assume that
O, es(k) # 0 for all k € S.(ty). By the change of variable U : k — k = (e;(k), ka, ..., ka),
we have

/ dk = / Jac(U7Y(k))dk,
(k€ (t0) e ()<t} {REU (Sc(t0)) sFa <t}

where Jac(U~!(k)) denotes the Jacobian determinant of U~!. Clearly the right-hand side
of the above equality is analytic. Combining this with the fact that |, (keRO\S.( dk
is constant for ¢ near {y, we get the lemma.

to);es(k)<t}

Thus, the function p is analytic in a neighborhood of ¥ = R\ 0(H(0)). The remainder
of the proof of Theorem 2.3 is a simple consequence of the following lemma.

Lemma 7.2. There exists an analytic function g with g(s) ~ Msd such that
Y f g g( ) 5—0 d\/m

R(t) =Y (t = es(0)g(V1 = es(0)),

for |t —e;(0)| small enough. Here Y (t) is the Heaviside function, and S*' stands for the
unit sphere in R%,

Proof. By Morse Lemma there exist a neighborhood V of k = 0, ¢ > 0 and a local analytic
diffeomorphism D : V — B(0, ¢) satisfying D(k) = k + O(k?) such that

;0D (k) = e;(0) + %(v%](om k).
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On the other hand, for |t — e;(0)| small enough we have
{keR% e (k) <t} ={keV;esk) <t}

Thus making the change of variable k = D~!(£) and using polar coordinates, we obtain

2 —1/2
K(t) = / dk = (det (VB—J(O)> ) / Jac(DL(€))d¢
(heV;es(b)<t} 2 {6€B(0.0); [¢[2<t—e,(0)}

_ (det (@) )—1/2 /\/m/

0 Sd—1

Jac(D 7 (rw)) r*drdw,

which yields the lemma since Jac(D™!(rw)) =1+ O(r). O

We now turn to the proof of Theorem 2.3. For ty € ¥, welet Sy, := {J € N% e,(0) = 0}
and my, 1= #S;, be its multiplicity. Writing

dk + Z /keRd dk .

p(t) = /
(1. Jd) €, {kGRd§ej1 (k1)+~-~+€jd(kd)§t} (1, ja) €Sty sejp (Kk1)+ +e]d(kd)<e}

4 4

) @)

It follows from Theorem 2.1 that Ve (k) = Vi(ej, (k1) + - +¢e;,(kq)) # 0 on X, (o) for
n small enough and (ji,- -, ja) € St,- Combining this with Lemma, we deduce that (1)
is analytic for |t — to| small enough. Thus applying Lemma 7.2 to each term of (2) we get
Theorem 2.3.
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