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ABSTRACT. This article is a survey on the author’s preprint [HN1], where the author con-
structs a p-adic Asai L-functions for irreducible cohomological cuspidal autmorphic repre-
sentations of GLs over CM fields.

1. INTRODUCTION

1.1. Motivation. This article is a report of the author’s talk at the conference “Automorphic
forms, Automorphic representations, Galois representations, and its related topics ” , which
was held at RIMS, Kyoto university between 25th to 29th, January, 2021.

The author’s talk was based on our preprint [HN1], where authors study a detailed re-
lationship between cup product pairings and zeta integrals for Rankin-Selberg L-functions
for GLs x GLgo. Namely, this work deduces a rationality results for the critical values of
Rankin-Selberg L-functions for GL3 x GLs.

The study of rationality of critical values of Rankin-Selberg L-functions is firstly developed
by Manin [Man72] and Shimura [Shi76], [Shi77]. Mahnkopf [Mah05] generalized their work
for GL,+1 x GLy,(n > 1), based on the generalized modular symbol method by Kazhdan,
Mazur and Schmidt ([KMS00]). Mahnkopf gives a relation between cup product pairings for
certain symmetric spaces and zeta integral for Rankin-Selberg L-functions, however he did not
introduce a notion of periods and his final formula contains unspecified constant. Raghuram
and Shahidi formulated a notion of Whittaker periods in [RS08, Definition/Proposition 3.3],
and as a continuation of his work, Raghuram ([Ragl6]) gives a rationality result for Rankin-
Selberg L-functions with respect to their Whittaker periods. However, there still exists an
unspecified constant psZ (i, ) in Raghuram’s rationality statement in [Ragl6, Theorem1.1
and 2.50]. See [Ragl6, (2.49)] for the definition of pe. (i, \) and its detail. Here we use the
same notation with [Ragl6]. The analysis of the constant pS (i, A) is one of fundamental
problem in the generalized modular symbol method. B. Sun ([Sunl7], [KS13] if n = 2) proved
that the constant psl(j1, A) is non-zero, however no further property about the constant is
known so far. One of the motivation of Hara and the author’s work in [HN1] is to compare
Raghuram’s rationality result with Deligne’s conjecture on rationality of critical values of
L-functions for Rankin-Selberg motives by giving a precise evaluation of this unspecified
constant ps/(u, ). Acutually we prove that psl(u, A) is given by the product of a I-factor
and an explicit easy constant.

There is another motivation in [HN1] which is coming from the construction of p-adic
Rankin-Selberg L-functions due to Januszewski [Jan]. One of important expected properties
of p-adic L-functions is Kummer type congruence, which is called as the Manin congruences
in [Jan]. The Kummer type congruence yields that congruences between different critical
values, however, the work of [Jan] is based on the rationality results of Mahnkopf [Mah05] and
Raghuram [Ragl6], and hence the interpolation formula in [Jan] still contains an unspecified
constant pso/(p, A). Since the constants depend on the critical values, the study of Kummer
type congruence is still difficult problem so far. In [HN1], we give a precise relation between
cup product pairings with critical values, which makes possible to formulate the congruences
between critical values with respect to Raghuram-Shahidi’s Whittaker periods.
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1.2. Statement of the main theorem. To state the main result, we introduce some no-
tations in detail. Put Xq as the set of all places of Q, and denote by oo its unique infinite

place. For n = 2 or 3, let (™ = ®;EEQ m(,n) denote a cohomological irreducible cuspidal
automorphic representation of GL,(Qa). Since 72 is cohomological, the archimedean part
72 of 72 is a discrete series representation D,,;, of GLa(R) of weight lo > 1, and (the

archimedean part of) the central character w_(2) of 72 satisfies wﬂ(z)m(t) = t?2 for every

t € R* with ¢ > 0. Since 7 is also cohomological, the archimedean part 7T((>i) of 7 is a

generalized principal series representation of GL3(R) parabolically induced from the direct
product of a discrete series representation D,, ;, of GLa(R) (I3 > 2, I3 is even) and a char-
acter xJ, : R* — C* such that xJ,(t) = sgn(t)°[¢|3. We always have to assume that the
inequality (1 <)l < I3 holds, since our method is based upon the modular symbol method
adopted in [Mah05]. We also normalize the parameter v, as v, = —%” + ”T_l The for each

m € Z, L(m + 3, () % 7)) is a critical value if and only if

{%—1§m§%+lz—2, (

l2§%)7
b 1<m<byin-2 (B<

ls < lg).

We call these m critical points for 7(3) and 7(2). We are interested in algebraicity of the
critical values L(m + %, 7 x 7(2)).

Our strategy to study the critical values L(m + %, 7(3) x 7r(2)) is the generalized modular
symbol method in [KMSO00], [Mah05], [Ragl6] and [Jan]. So we introduce a setting on sym-
metric spaces and its cohomology groups. Let K, be an open compact subgroup of GLn(Z)
and Y,é:) the corresponding symmetric space GLy,(Q)\GL,(Qa)/RZ,SO(n)K,. Suppose
that Ko = GLQ(Z) and that K3 is the mirabolic subgroup of GLg(Z) consisting of matrices
whose bottom rows are congruent to (0,0, 1) modulo an ideal D of Z. We also assume that
72 has a Ko-fixed vector and that 9 is minimal among ideals of Z such that 7@ has a
JCs-fixed vector.

Since 7(™ is cohomological, there exist certain local system £ (C) with coefficient C

such that 7(™-isotypic component of the cuspidal cohomology group Hsp (Y,é:), LM(C)) is

non-zero. Let E be a sufficiently large number field so that F contains the field of rationality

of 7 and 7® in [Clo90, Section 3]. Put b, = 1,2 for n = 2, 3 respectively. We can define
(n)

cohomology classes 77:(2) and 7, in 7g -isotypic component of HEgSP(Y,éZ),E(”) (E)) for

n = 2,3 respectively. Raghuram and Shahidi define their periods €_) and Qf@) attached to
73) and 72 in [RS08] as the ratios of 7, (s) and 77:(2) to the images of appropriate cusp forms

of 7®) and 7 under the Eichler-Shimura maps 6 and §(?) respectively. The definition of
periods €2 3 and Qf@) depends on a normalization of Whittaker functions associated with
cusp forms. We adapt a suitable normalization of Whittaker functions so that the local zeta
integrals of the Whittaker functions give local L-factors. In particular, at archimedian place,
we use an explicit formula of archimedean zeta integrals in [HIM]. It is also necessary to
write down Eichler-Shimura maps for GL,, to clarify the relation between periods and zeta
integrals. If n = 2, the explicit description is well-known ([Shi71, Section 8]). In [HN1], we
give an explicit description of Eichler-Shimura map for GL3. See Section 2 for more details
on these cohomology classes.

Recall the cohomological interpretation of zeta integrals, which is given in [KMS00] and
[Mah05]. Let us consider the natural projection

Pn : VX = GLA(Q)\CLA(Qa)/SO(n)K, — Y.
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Consider GLgy as a subgroup of GL3 via the embedding g +— (g 1). Then the branching

rule for irreducible algebraic representations of GL3 and GLgy induces maps V™ which is
indexed by critical points m, from local systems on y,(g’g) to local systems on y}fj. See [HN1,
Section 3| for the explicit branching rule and the maps V"™,

Let I(m, 7T(3),7T(2)’i) be the cup product of V"™ *pin 3 and pgn:(z). The generalized
modular symbol method yields [ (m,ﬂ'(3),ﬂ'(2)) is described by a certain zeta integrals for
Rankin-Selberg L-functions. By our detailed construction on Eichler-Shimura maps and the
branching rule, we found the following explicit formula for I(m, 73), 7T(2)), which is the main
theorem in [HN1]:

Theorem 1.1. (i) Suppose that (—1)5+L21 = +(—1)" holds. Then we have
I(m, 7 7(2+)

—272(—1)°/—1 lzg—m—1< %3 - ) < %3 -1 )L(m+ %,w@) X 7T(2)).

13 —2—-m m — 12 +1 Qﬂ_(g) Qi:@)

Here (Z) denotes the binomial coefficient. Furthermore the right-hand side gives an
element n E.
(ii) If (=1)°t3 = +(=1)™ does not hold, then we have I(m,n® %) = 0.

The above theorem deduced from the evaluation of the unspecified constant ps(u, \) in
[Ragl6, (2.49)] and hence Theorem 1.1 refines the rationality result in [Ragl6, Theorem
1.1 (2), Theorem 2.50]. The study of p&'(u, A) is done by a detailed analysis of Eichler-
Shimura maps for GL3 and an explicit formula for archimedean Rankin-Selberg zeta integral
of GL3 x GL2 due to Hirano-Ishii-Miyazaki ([HIM]). In [HN1], we found an appropriate form
of Eichler-Shimura maps for GL3 for the study of cup product pairings. In this article, we
briefly explain our description of Eichler-Shimura maps for GL3 in Section 2.

We are also interested in the motivic nature of periods € ), Qf@) in Theorem 1.1. From
the definition and the usual modular symbol method, it immediately follows that Qj@) are
given by Deligne’s periods in [Del79]. By using Theorem 1.1 and assuming the conjectural
motive attached to 7). we found an explicit relation between ) and Deligne’s periods.
See Section 3 for the motivic interpretations of the Raghuram-Shahidi’s Whittaker periods
Qﬂ_(g) .

1.3. Organization of this article. All the details about Theorem 1.1 can be found in
[HN1]. Hence, in this article, we focus on Eichler-Shimura maps for GL3, since it is one of
main ingredients in [HN1] and it might be useful beyond the scope of [HN1]. We describe
Eichler-Shimura maps in Section 2. The proof of Theorem 1.1 is done by detailed study of
Eichler-Shimura maps. The detail of the proof can be found in [HN1, Section 7]. We also
discuss the motivic background of Raghuram-Shahidi’s Whittaker periods €2 s, in Section 3.
In particular, see Corollary 3.2 for the result.

1.4. Convention. In this article, if we say L-functions, it implies “complete” L-functions.
For instance, for a pure motive M, L(s, M) is the product of I'-factor of M and local L-factor
of M at finite places. We sometimes write L(s, M) = Lo (s, M)Lgn (s, M), where Lo (s, M)
denotes the I'-factor of M and Lgy,(s, M) denotes the product of local L-factor of M at finite
places. The similar notion is applied to automorphic L-functions.

2. EICHLER-SHIMURA MAPS FOR GLj3

Let 73 = ®;€ZQ7T1(;3) be a cohomological irreducible cuspidal automorphic representa-

tion of GL3(Qa). Recall that wéi) is a generalized principal series representation, which is
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parabolic induction from D,,;, and Xy In this section, we describe an explicit form of

Eichler-Shimura map for 73, which we used in [HN1].

We prepare some notatlons Let A a (commutative) integral domain of characteristic 0.
For non-negative w € Z, Alz1, 22, 23], denotes the set of homogeneous polynomials of degree
w of variables z1, 29, z3 with a coefficient A.

2.1. Model of representations of O(3). Set Ag = {(\,0) | A€ Z,X>0,0 € Z/2Z} and
let A = (\,0) € As. Define an action 7x of O(3) on Clz1, 22, 23] by

Ta(u)P(z1, 22, 23) = (det u) P((21, 22, 2z3)u)

for each u € O(3) and P € Clz1, 29, 23]5. Define subspace Vy of Clz1, 22, z3]) to be V) =
(22 + 23 + 22)CJz1, 22, 23]A—2 for A > 2 and V) = 0 otherwise. Since Vj is stable under the
action 7y of O(3), we put Vi = C|z1, 22, 23], /Vx and we also denote by 75 the action of O(3).
Then cach irreducible representation of O(3) is classified as 7 for some A € As.

We introduce an explicit basis of the representation space V;d). For every u € Z with

0< <A let v(d)’ be elements of V( ) defined as
vf&’)‘ = (£z1 + \/—12'2)“2'3_“ mod Vx (double sign in the same order).

Let Mx(u) € GLax41(C) be the matrix representation of the action of u € O(3) on V>E3) with
respect to the above basis, in particular we have

D N D
(2.1) (e P o P we?)
= (vg\g))‘ v@’f‘ . v(_3>)\’>‘> My (u).

Note that the minimal O(3)-type of 78 is 7 for A = (I3+1,0). Let
ALY = {(\3,0) | \3€1+2Z,)\3>3,0¢cZ/2Z}.

We also note that 7 is cohomological if and only if X € AR,

2.2. Model of finite dimensional representations of GL3. Set w = (v}, w; ,ws) with
wi, w ,we € Zand wi,w; > 0. Define A[X,Y, Z; A, B, C]wf wy to be the set of homogenous

polynomials of degree wf in variables X, Y, Z and of degree w; in variables A, B, C. Define
an action Q( ) of GL3(A) on A[X,Y, Z; A, B, C]wj wy 88 follows:

0w (9)P(X,Y, Z; A, B,C) = (det g)* P((X,Y, Z)g; (A, B,C)'g ™)
for Pe A[X,Y,Z; A, B, C]wj wr and g € GL3(A).
We also define a differential operator bt op to be
0? 0? 0?

"wiwi ToxoA T ovoB | 9zC
AX.Y, Z;A,B,Cl,+ - — AX,Y, Z; A, B,C]

w;r—l,wl_—l'
We note that ¢ wi wT is equivariant with respect to the actions Q( ) and QS)_(l 1,0) of GL3(A).
Hence define L(d)('w A) as the kernel of ¢ wihwp s 1018 known that L®)(w; A) is an irreducible
algebraic representation of GL3(.A) when A is a field ([FH13, Section 13.2]).

Recall that 77&0) has the minimal O(3)-type 7. Then later we will only use the case that

w = w)y = (%3 — ,%3 — ,%3 — 1) for even [3 > 2. In this case, assuming that A is a field,
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then the dimension dim4L®) (wy;.A) of L(?’)(w)\; A) is give by the following formula:

3
dimAL(3)(w,\;A) = <l§3> .

2.3. Lie algebras. For the construction of Eichler-Shimura isomorphism, we also need to
write down the adjoint action of O(3) on differential forms on ngz)- So we have to prepare
some explicit formulas about Lie algebras of GL3(R).

Let P3 = gl3(R)/Lie(K3) and define P3¢ to be its complexification. We consider the

adjoint action of SO(3) on Ps . It is immediately checked that Ps ¢ is isomorphic to 7'((23 )0)

as SO(3)-modules. For i = 2 and 3, the wedge product /\Z Ps.c is of dimension 10, and we
readily observe that its C-linear dual A’ P35 ¢ is isomorphic to T((f )0;/ a1 as SO(3)-modules

(3,0)
(here 7'}(\3)’\/ denotes the contragredient of T)(\d)). Furthermore, we have the following lemma:

Lemma 2.1. Suppose that i = 2 or 3. Then there exist explicit elements wé» (=3<j<3)
in \' P3¢ such that
NAd*(u) (wh ... wly) = (wh ... wiy) tM(?,,o)(u)_l
for each u € SO(3).
For each g € GL3(R), by Iwasawa decomposition, we write g as follows

Y1y2 Yyir2 I3
0 y1 x| -k for k € R* SO(3).
0 0 1

g

Consider 1, z2, 23, y1, Y2 as a coordinates of Y,é‘?yoo = GL3(Q)\GL3(R)/R*SO(3). Then we

can write down the differential i-form (i = 2, 3), which is determined by w§- (=3<j<3) as
follows:

Lemma 2.2, Set ¢o = dy1, 1 = dys, <o =dx1, -1 =dxg and o =dx3. Fori =2 and 3,
define ¢" as

2
S =(§2,1 62,0 62,-1 62,-2 61,0 S1,-1 S1,-2 S0,—1  $0,—2 §—17—2)7
3
S =(§2,1,0 62,1,-1 62,1,-2 62,01 $2,0,-2 $2,-1,-2 61,0,~1 61,0,~2 61,—-1,—-2 §0,—1,—2),

where ¢; ;1 and S i abbreviate ¢; A Gy and ¢; A e A gy respectively. Then the differential

. . . . 3 . .
forms (wg e w’_3) is described on Y,é;oo as §'Q" for
1 1
0 2y1y2 0 0 0 2y1y2 0
0 0 _ w2tV —lyz \/2—12 0 _ $2—V2—1 2 0 0
2y1 Y2 2y1 Y2
V=1 V=1
0 2y1y2 (1) 0 (1) 2y1y2 0
0 0 0 — 0 0
2yfy2 2yfy2
_:C2+\/—ly2 0 T2 —5v/ —1y2 0 245/ —1y2 0 _xg—\/—lyg
9 8y1y3 8y1y3 8y1y3 8y1y3
Q"= 0 v_l 0 vl 0 V=l 0 ;
T 4y2 2y2 T 4y2
2 Y2 Yo
_1 0 __1_ 0 __1 0 _1
8y1y3 8y1y3 8y1y3 8y1y3
_ V=lzo—yo 0 3(\/—112+y2) 0 _3(\/—1$2—y2) 0 vV—lzo+yo
8y1y3 8y1y3 8y1y2 8y1y3
0 0 0 TZ;; 0 0 0
1
_ V=1 0 3v—1 0 _3v-l1 0 V=1
8y1y32 8y1y32 8y1y32 8y1y32
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za+vV =1y 0 zoa—V—1lyo 0 z2+V -1y 0 z2—vV—1ys
24y3y3 8yiy3 8yiy3 24yiy3
0 0 0 = 0 0 0
Y1Ys
_ 1 0 _ 1 0 _ 1 0 _ 1
24y1 Y3 8y1 Y3 891 Y3 24@/1 Ys
vV—lzo—yo 0 vV—lzotyo 0 _ V—lzo—ys 0 _ V—lzotys
24 2,2 8 2,2 8 2,2 24 2,2
Y1Y3 Y1Yys Y1Ys Y1Ys
0 0 0 v 0 0 0
Q3 — 6y7y2
V-1 0 V-1 0 _ V-1 0 _ V1
24y1 Y3 8?/1 Ys 891 Y3 24@/1 Ys
vV —1.’[2—3!2 0 Vv —1.’[2—33!2 O \ —1%2—{—33!2 0 vV —1%2—{—3!2
3 3 3 3
48y1y5 16y1y5 16y1y5 48y1y5
0 s 0 o, 0 s 0
8y1 Y3 12y1 Y3 8yl Y2
V=1 V= 0 V=1 0 /T
48y1y3 ) 16y1y3 16y1y3 . 48y1y3
0 ——— 0 0 0 —— 0
8y1 Y3 8?/1 Ys

The proofs of Lemma 2.1 and Lemma 2.2 are done by direct calculation using Mathematica
and Maxima.

2.4. Space of cusp forms. We introduce the space of cusp forms S&S)(IC;;) associated with
73, which is necessary to define Eichler-Shimura maps. Since Homo(n)(r)(\?’), m(g)) has di-

mension 1 by Schur’s lemma and the theory of minimal K-types, we find a tuple
R A A A
-f T (f)\g f)\g—l f—)\3)

consisting of cuspidal automorphic forms f2: GL3(Q)\GL3(Qa) — C for —X3 < a < A3
associated with 7(3) satisfying

(R gtw) £ _1(gtu) ... AL (gtw) = (9 i) o A, (9) 3 Ma(u)

for each g € GL3(Qa), t € R, and u € O(3). We call tuples f satisfying the above

identity as cusp forms associated with 7(3). For each A € AR, define S;S)(Kg) to be the C-
vector space spanned by cusp forms associated with certain cohomological irreducible cuspidal
automorphic representations of GL3(QAa ), which are invariant under the right translation by

3)

K5 and whose archimedean parts have the minimal O(3)-type 7'>\3 .

2.5. Definition of Eichler-Shimura map. Suppose that A is a field of characteristic 0 and
let £&)(wy; A) be the local system on Y,éz) associated with GL3(Q)-module L®) (wy;.A). In

this subsection, we introduce our description of Eichler-Shimura map:

61 SP(Ks) — Higp (Yo, L (wx; €)) (i = 2,3).

cusp

Although only i = 2 case is necessary for the proof of Theorem 1.1, we include ¢ = 3 case
here, since the explicit description of Eichler-Shimura maps is important itself and might be
useful for further study.

We firstly recall the basic fact about (gls(R), K3)-cohomology, which is originally worked
out by Clozel ([Clo90, Lemme 3.14]). Here we introduce slightly modified statement as
follows:

Theorem 2.3. ([Mah05, Section 3.1.2] and [GR14, Section 5.5]) Let K3 = RZ;SO(3) and
define H, ) g, to be the (gl3(R), K3)-module associated with 7. Then we have

1

- C fori=2 and 3,
Hi(gly(R), K3; H, (3 i, ® L® (wy; C)) { f

0 otherwise.
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Let ¢« = 2,3. By using [BW80, II, Proposition 3.1], we obtain a natural isomorphism
H'(gly(R), K35 H o) e, ® L® (wi; C)) 2 Homgos) (/\ Ps.c, Hoo g, ® LB (w; C)> .

Hence the 7®)-isotypic component of Héusp(Y,é?;), LB) (wy; C)) is given by

i SO(3)
. K
(2.2) (Hﬂ(:s),KS ® L¥(wy;C) ® /\P{C) ® (Wi(ﬁi)> 3 ’

where Pj o is the linear dual of P3c. For each cusp form f € S;g)(ng), we construct an

element 6®)7(£) in the above space.
Let us consider an element

P(X,Y,Z,A,B,C,z1,2,23) € (C[X,Y, Z; A, B, Oy, ® Cl21, 22, 23)x5/VA)""
as follows:

P(X’ Y7 Za A,B,C, 21,22,23)

21 e zZ1 2
= (XY Z)|= © | (A B C)|2 (v§3‘5) U(_gé(s)).
z3 23

Then matrix P(X,Y, Z, A, B,C, z1, z2, z3) of polynomials satisfies the following distinguished
properties:
Lemma 2.4. Let P(X,Y,Z, A, B,C, z1, 22, 23) be as above.

(i) There exists a unique matrix

P(X,Y,Z, A B,C)
Pr3(X, Y, Z,A,B,C) ... Py, -3(X,Y,Z,AB,C)

73_)\373(X, Y,Z,A,B,C) ... 73_)\3y_3(X, Y, Z, A, B,C)

S M2z\3+l,7(C[Xa Y7 Z7 Aa Ba C]wk,w)\)
such that P(X,Y,Z, A, B,C,z1,2,23) = (v}, ... v, )P(X,Y,Z,A B,C) holds.
Moreover every entry of P(X,Y, Z, A, B,C) is an element of L'® (wyx; C) all of whose

coefficients are contained in Z[271,/—1].
(ii) For each u € SO(3), we have

(0 (W)P)(X,Y, Z, A, B,C) = M5 (u)P(X,Y, Z, A, B,C) M 0 (u).

For a cusp form f = (f/f‘3 f/{‘g_l fi‘Ag) € S;g)(ng), we define 6)7(f) to be
¥
5O f) = (fA}‘g f§3_1 fﬁ‘M) P(X,Y,Z, A B,C) :
w4

Then Lemma 2.4 shows that 6©)(f) is invariant under the O(3)-action. This implies that

5BV f) gives an element in (2.2), and hence it gives a class of Héusp(Y,g), LB (wy; C)).
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3. MOTIVIC INTERPRETATIONS

Assuming the existence of the conjectural motives attached to cohomological automor-
phic representations, Theorem 1.1 implies that the product €2 Qf@) of Raghuram-Shahidi’s
Whittaker periods is related to Deligne’s period of motives of Rankin-Selberg product. In

this section, we clarify this relation by introducing the pure motives which is conjectured by
Clozel ([Clo90]).

3.1. Conjectural motives. Notations are as in the previous sections. We briefly recall the
conjectural description of motives attached to (™).

Conjecture 3.1. ([Clo90, Conjecture 4.5]) There exists a pure motive M[r™] of rank n and
of weight —(2v, —n + 1) which satisfies

L(s, M[x™]) = L (S . ; 1,77(”)> .

Since we normalized v, = —%" + 2 M[x™] has weight I,. Let M(x® x 7(3)) be
the tensor product motive of M[r®] and M[r®]. Then we find the following identity of
L-functions:

L (s + % 73 x 7r(2)> = L(s, M(7® x 7(2)(2)),
where M(7(3) x 7(2))(2) denotes the 2-fold Tate twist of M(7®) x 7(2)),

3.2. Period relations. We introduce a description of Raghuram-Shahidi’s Whittaker peri-
ods €)_(3) in terms of motives.

We write a ~g b for a,b € C and a number field F if a = bc for some ¢ € E*. For a pure
motive M over Q, let 6(M) and ¢*(M) be the periods in [Del79].

By calculating the I'-factor, we find the following relation of critical values:

i _
(3.1) V—1° ~q V-1 P

—m—1L(m+ %,77(3) X 71'(2))
Qn(S)Qf(z)

Lgn(m + 3, 73) x 7(2)
(2my/ )P0k 0%,

where (—1)5+l73Jrl = +(—1)™. Note that Theorem 1.1 yields that the right-hand side of the
above equality is algebraic.
On the other hand, [Del79, (5.1.8)] implies that
(3.2) Lgn (0, M(x® > 7)) (m +2)) L (0, M(x®) x 7)) (m + 2))
' FMTB) x 7@)(m+2)) (2ry/—=1)3mF2 D™ (M(73) x 7(2)))
and [Del79, Conjecture 1.8] yields that the above quantity is an algebraic number.
Combining (3.1) with (3.2), we obtain the following

i(_1)5+%1+1
w(2) :

M) x 7)) g 2ryV=T) 302,00

By [Yos01, Proposition 12], ¢5(M(n(®) x 7(?))) can be written a product of periods of
M[r®)] and M[7®)]. Hence we obtain the following corollary:

Corollary 3.2. We have the following period relation:
Qo ~g rV D) Tt M) (M)

Remark 3.3. Independently of our work, S.-Y. Chen [Che] also obtains the same formula
in Corollary 3.2.
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Remark 3.4. Analogue of the period relation in Corollary 3.2 for general n is deduced from
an explicit formula for the unspecified constant p(p, A) in [Ragl6, Theorem1.1 and 2.50).
Assuming p! (i, A) is given by the product of a I-factor and an algebraic number, we clarified
a motivic background of Raghuram-Shahidi’s Whittaker periods for general n and general
base fields. Our assumption on the evaluation of ps(u, ) is recently proved in [IM] if the
base field is totally imaginary. Hence in this case, the motivic interpretation of Slf(n), which
is the generalization of Corollary 3.2 for general n, is obtained in a similar manner. The
detail will appear in our forthcoming paper [HN2].

ACKNOWLEDGEMENT

The author is sincerely grateful to the organizers professor Takuya Yamauchi and professor
Kazuki Morimoto for giving him the opportunity of the talk at the conference and the op-
portunity of writing this article. The author was supported by JSPS Grant-in-Aid for Young
Scientists (B) Grand Number JP17K14174 and for Scientific Research (C) Grant Number
JP21K03207.

REFERENCES

[BW80] Armand Borel and Nolan R. Wallach, Continuous cohomology, discrete subgroups and representations
of reductive groups, Ann. of Math. Stud., 94, Princeton Univ. Press, Princeton, 1980.

[Che]  Shih-Yu Chen, Algebraicity of the near central non-critical values of symmetric fourth L-functions for
Hilbert modular forms, preprint available at arXiv, arXiv:2012.00625.

[Clo90] Laurent Clozel, Motifs et formes automorphes: applications du principe, de fonctorialité, in: Automor-
phic forms, Shimura varieties and L-functions (L. Clozel et J.S. Milne edit.), vol. 1, 77-159, Acad.
Press (1990).

[Del79] Pierre Deligne, Valeurs de fonctions L et périodes d’intégrales, in: Automorphic Forms, Representa-
tions, and L-functions (Proc. Sympos. Pure Math., Oregon State Univ., Corvallis, Ore., 1977), Proc.
Symp. Pure Math., 33 Part II, Amer. Math. Soc., Providence, (1979), 247-289.

[FH13] William Fulton and Joe Harris, Representation Theory: A First Course, Graduate Texts in Mathe-
matics, 129, Springer—Verlag (2013).

[GR14] Harald Grobner and Anantharam Raghuram, On some arithmetic properties of automorphic forms of
GLy, over a diwision algebra, Int. J. Number Theory, 10 (2014), 963-1013.

[HN1] T.Hara and K. Namikawa, A cohomological interpretation of archimedean zeta integrals for GL3 x GL2,
preprint, arXiv:2012.13213.

[HN2] T. Hara and K. Namikawa, A motivic interpretation of Whittaker periods, in preparation. .

[HIM16] Miki Hirano, Taku Ishii and Tadashi Miyazaki, The archimedean zeta integrals for GL(3) x GL(2),
Proc. Japan Acad. Ser. A, 92 (2016), 27-32.

[HIM] Miki Hirano, Taku Ishii and Tadashi Miyazaki, Archimedean zeta integrals for GL(3) x GL(2), to
appear in Memoirs Amer. Math. Soc.

[IM] Taku Ishii and Tadashi Miyazaki, Calculus of archimedean Rankin—Selberg integrals with recurrence
relations, preprint available at arXiv:2006.04095.

[Jan]  Fabian Januszewski, Non-abelian p-adic Rankin—Selberg L-functions and non-vanishing of central L-
values, preprint available at arXiv:1708.02616.

[KS13] Hendrik Kasten and Claus-Giinter Schmidt, The critical values of Rankin—Selberg convolutions, Int.
J. Number Theory, 9 (2013), 205-256.

[KMS00] David Kazhdan, Barry Mazur and Claus-Giinter Schmidt, Relative modular symbols and Rankin—
Selberg convolutions, J. Reine Angew. Math., 519 (2000), 97-141.

[Mah05] Joachim Mahnkopf, Cohomology of arithmetic groups, parabolic subgroups and the special values of
L-functions on GLy, J. Inst. Math. Jussieu, 4 (2005), 553-637.

[Man72] Juri I. Manin, Parabolic points and zeta-functions of modular curves, Math USSR IZV., 6 (1), (1972),
19-64.

[RS08] A. Raghuram and Freydoon Shahidi, On certain period relations for cusp forms on GL,, Int. Math.
Res. Not., 2008 (2008), 1-23.

[Ragl6] A. Raghuram, Critical values of Rankin—Selberg L-functions for GL, x GL,_1 and the symmetric
cube L-functions for GL2, Forum. Math., 28 (2016), 457-489.

[Shi71] Goro Shimura, Introduction to the arithmetic theory of automorphic functions, Kand Memorial Lec-
tures, No. 1. Publications of the Mathematical Society of Japan, No. 11. Iwanami Shoten, Publishers,
Tokyo; Princeton University Press, Princeton, N.J., 1971. xiv+267 pp.

9



[Shi76] Goro Shimura, The special values of the zeta functions associated with cusp forms, Comm. Pure Appl.
Math., 29 (1976), 783-804.

[Shi77] Goro Shimura, On the periods of modular forms, Math. Ann., 229 (1977), 211-221.

[Sunl7] Binyong Sun, The nonvanishing hypothesis al infinily for Rankin—Selberg convolutions, J. Amer. Math.
Soc. 30 (2017), 1-25.

[Yos01] Hiroyuki Yoshida, Motives and Siegel modular forms, Amer. J. Math., 123 (2001), 1171-1197.

Facurry oF MATHEMATICS, KYUSHU UNIVERSITY, 744 MoOTOOKA, NisHI-KU, FUKUOKA, 819-0395

JAPAN
Email address: namikawa@math.kyushu-u.ac.jp

10



