Convex minimization problems on geodesic spaces

and improvement of approximating sequences
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Abstract

In 2021, Hidaka and Kimura proved a A-convergence theorem in CAT(1)
spaces. In this paper, we modified the coefficient condition and obtain another
A-convergence theorem.

1 Introduction
In [1], the authors proved the following theorem.

Theorem 1 ([1]). Let X be an admissible complete CAT(1) space.  Let
f X — |-00,00] be a proper convex lower semicontinuous function and sup-
pose that argmin f # 0. Let {B8,} and {y,} be real sequences in [0,1] such that
S Bn = oo and that both {B,} and {y,} converge to 0. For an initial point
x1 € X, generate a sequence {x,} as follows:

Yn = szcn,
Qn € [mln{ﬁrmd(xrmyn) - ")/n}, 1] N [O, 1] ,

Tn+1 = (]- - an)xn O anyn.

Suppose that one of the following conditions holds:



o inf,cnay, > 0;
o >, <oo.
A .
Then, x, = xo € argmin f.

In this paper, we try to remove the condition that inf,cya,, > 0 in Theorem 1. In
order to this, we modify the coefficient condition.

2 Preliminaries

Let A be a positive real number. A metric space X is said to be A-geodesic if for
each z,y € X with d(x,y) < A, there exists a mapping ¢ : [0,/] — X such that
c(0) = z,c(l) =y, and

d(c(tr), c(t2)) = [t1 — L2

for all t1,t5 € [0,1], where | = d(z,y). The mapping c¢ is called a geodesic from z to
y. If a geodesic ¢ from z to y is unique, the geodesic segment [z,y] is defined by

[z,y] = {c(t): 0 <t <}

Let X be a uniquely geodesic space, and z,y,z € X. Let z,y,z € X with d(x,y) +
d(y, z)+d(z,x) < 2m. Theset A = A(x,y, z) is defined by A = [z, y|U]y, z]U[z, z]. We
take Z,7,z € S? such that d(z,y) = ds2(Z,7),d(y, 2) = ds2(, 2),d(z,x) = ds2(Z, T).
The set A = A(Z, 7, 2) is defined by A = [Z,9] U [, 2| U [2,Z]. X is called a CAT(1)
space, if for all A and p,q € A with p,7 € A,

d(p,q) < ds:(p, q)-
We say that a CAT(1) space X is admissible if

d(w,w") <

bo |

for all w,w’ € X.
The definition of the resolvent of f is as follows [4]:

Jyx = argmin{ f(y) + tan d(y, ) sin d(y, )},
yeX

where f : X — ]—o00,00] is a proper lower semicontinuous function. We denote by
argmin y f the set of all u € X such that f(u) = inf f(X). For a bounded sequence
{z,} C X, the asymptotic center A({z,}) of {x,} is defined by

A({z}) = {u e X

lim sup d(u, x,,) = inf lim sup d(y,xn)} .

n— oo y€X nooo

A sequence {x,} is said to be A-convergent to a point p € X if

A({zn;}) = {p}
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for each subsequence {x,,} of {z,}.
We know the following lemmas.

Lemma 1 ([4]). Let X be an admissible complete CAT(1) space, f a proper convex
lower semicontinuous functions of X into |—oc,00]. Let Jy,r be the resolvent of nf
for alln > 0 and C,, . the real number given by

Cy.> = cosd(Jpsz, 2)

for allmn >0 and z € X. Then

(AC3 (1 +C% )Cuy + nCh (1 + CF )Cz) cos d(Jagm, Jupy)
> ACF (1 + Cﬁ,y) cosd(Jxrx,y) + ,u,Ciy(l + C5 ) cosd(J sy, x)
for all x,y € X and A\, u > 0. Further,
1
% (C’T + 1) (Cxzcosd(u, Jysz) — cosd(u,z)) > M f(JIxnrx) — f(u))
A,z
and

(1) cosd(Jxrx,x)cosd(u, Jyrx) > cosd(u,x)

for all x € X,u € argminy f and A > 0.
Let X be a metric space such that d(v,v") < w/2 for all v,v’" € X, T a mapping of
X into itself, and C, the real number given by
C, =cosd(Tz, z)

for all z € X. The mapping 7T is said to be vicinal [5] if

(C2(14CH) +Co(1+ C2)) cosd(Tx, Ty)
> C?%(1 + C,i) cosd(Tz,y) + C’;(l + C?) cosd(Ty, x)

for all z,y € X.

Lemma 2 ([5]). Let X be a metric space such that d(v,v") < 7/2 for all v,v' € X,
T a vicinal mapping of X into itself, p an element of X, and {z,} a sequence in X
such that A({z,,}) = {p} and d(Tx,,x,) — 0. Then p is a fized point of T

Lemma 3 ([3]). Let X be a complete CAT(1) space such that d(v,v") < /2 for all
v,v" € X. Let f be a proper lower semicontinuous convex function of X into |—o00, 0],
J¢ the resolvent of f. Then F(Jy) = argminy f.



3  Main result

The following theorem is the main result of this paper.

Theorem 2. Let X be an admissible complete CAT(1) space. Let f : X — |—00, 0]
be a proper convex lower semicontinuous function such that argmin f # 0. Let {y,}
be a real sequence in [0,1] converging to 0. For an initial point x1 € X such that
f(z1) < 00, generate a sequence {x,} as follows:

Yn = fony

1
ap € id(xnayn)_'ynal ﬂ[O,l],

Tn+1 = (1 - an)xn D nYn-

Then, x, A xo € argmin f.
Proof. Take {d(xn,,yn;)} C {d(xn,yn)}. There exists {anij} C {an,} such that
an, — ap €[0,1]. If ag = 0, then

'3

1
§d(xnij , ynij) < o, + Vi, = 0.

We get d(n,,Yn, ) = 0.
If ag € ]0,1], for u € argmin f, using (1) in Lemma 1, we have

cosd(u, xpt1) > (1 — ap) cosd(u, x,) + oy, cosd(u, yp,)
cos d(u, )

> (11— n s n n
> (1 — ay)cosd(u, z,) + « cos d(gn . 70

1
= cosd(u, x,) + o, cosd(u, ) <T - 1).
cos d(Yn, Tn

It implies
cosd(u, Tp41)

1
1>ay| — 1),
cos d(u, x,,) =« (cosd(yn,xn) )
We know that d(u,z,) — [0,7/2[. In fact, since
cosd(u, Tpt1) > (1 — ap) cosd(u, ) + ay, cosd(u, yn) > cosd(u, xy,),

we have
d(ua xn-l—l) < d(u7 xn)

Thus d(u, x,) — [0,7/2]. Hence we get,

1 cosd(u, Ty, +1
0< ) W n) g

Q. —
- (COSd(ynijaxnij)
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cos d(u, Tn,, )



We get d(:cnij ) ynij) — 0. It means that d(z,,y,) — 0.
Let {z,} C {x,} with w = A({zp,}). There exists {xnzj} C {zp,} such that

T,

¥

A .
= z. In fact, since

d(u, p+1) < d(u, ) < d(u,z1) < g,
we have limsup,,_, . d(u,x,) < 7/2. Using Lemma 2 and Lemma 3, we have z €

F(J¢) = argmin f. We put v = A({z,}). Then,

lim d(z,,2) = lim d(z,,, 2)
n—>00 11— 00

= lim d(z,, ,2)
J—>00 J

< limsup d(z,, ,w)
j—oo J

< limsup d(z,,, w)
1—>00

< limsup d(x,,,v)
1—>00

< limsup d(z,,v).

n—oo

A .
We get v = w = z. Hence, x,, = v = z € argmin f. U
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