The orthogonal decomposition of Banach spaces and its applications
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B B Alber[1,2]. Sl [4, 5] 512 & D Banach 24125t L Hilbert 220 X 5 721324
MO RZEA L7z, 43 Hilbert Z2[# T O E A2 7 D HIFE 2455 T, Banach Z2RNCI51T 5 B
HIESRR2 & ZRR-Ek8 [6] 1T X DA S —RACIHERGZ L DM@ 2B DTH S, D, Banach
22 DE A 7 R OIS HB & LT, SRERR SN, WEBBHEBIT e 0 HLFEIE (9] 12fi
N,

1 ELHIC

Alber [1, 2], Eff-2E#H [4, 5] 512 & DEA X417z Banach 222 B 1) 2 ERHH LM 5 fRIZD W
TN T %, INTIE, E 2% Banach Z£ffj & 3%, E %185 27 Banach Z8fH, J % ERRLX0
H4& (normalized duality mapping) & 52 &, UTD X5 RN ¢ :EXE >R ZERTZ %,

0(x,) = [Ixll* = 2, Jy) + Ily[I*.

AT B 15 J 13
Jx)={x" € E": (xx") = |lx]* = |"*}

TERINDHLKRZER E* IMERZFOEEMEEMR T, YA Bnach ZEE E TH —fRICTRTOE
LYCE TEHRTZX2, X512, E DB S Banach ZEH OB EIZ—MEGRTH 3, DM
X [8] 2B, C% E OB EEL L, BIRT :C — C HAREHE 2L, %R

O(Tx,y) < ¢(x,y)

EIRTOCOEZx T OREEye F(T) 2iTBWTfiT &=, ZOEHE—BILIEEK
(generalized nonexpansive) Eff & FER, KAR-EfE (6] 25, L E O, ZETRVWHLEH7E
BDEANDHEFZE RV ZOMEZFRDOE 2. R 2 —MR(LIFIE RS (generalized nonexpansive
retraction) ¥ PR, X 5T, TARTDxeE, t > 0BV TEK R(Rx+1(x—Rx)) = Rx S D 37
D ¥ % R % sunny generalized nonexpansive retraction ¥ FER, E DIEZEFHHPES C D EAD
EEER Rc 7 sunny generalized nonexpansive retraction TH2 Z ¥ &, FEDxcE, yeC I
BWT, AFERX (x—Rex,Jy—JRcx) <O DRD IO L e DFRMETH %, #HiZ. E DDHZETE
B E D5 ZDESE EAD sunny generalized nonexpansive retraction 2oL %, ZOEEL E
@ sunny generalized nonexpansive retract & FER, E H3E H 00Ty BUEIZIMTR 7V D %2 R0 R

Banach £ D ¥ &, E OIEZEH 7S C 73 E O sunny generalized nonexpansive retract 1274 % 7z
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D DRET DML, BR-EE [7]1 12X D, C DIEFRINERR J 12 X218 JC 25 E OH-ZZE/ E
TORAMEETHLZ PN T VWD, ¥ E O—MBLIEIERL b5 27 b (generalized
nonexpansive retract) TH 2 METDEETHDH D, DL Z, E D C D EAD sunny generalized
nonexpansive retraction R¢ (&, Re =J TljcJ ¥ EHTE2, 2T e lZE* D JC DEAD
—fRILHETDH 5,

Z T, W T. WEITMR /v b 7% R0 RGHH) Banach ZE[H] E DIEZERIDEE CI2BWT,
JC=Y* P E TOMEHDIZEHTH2HEE2EZ %, ZOLE, EEDxcE 3,

X = Pij—FRJ—lex

ERBTES, CIT Y ={xeE:ERBD Y €V BT (x,)") =0} B: BEQY D FE
NDOFEBESE 2R T, 0, Y 2 E OB ERM 5. FED xCE 3.

X = Pyx+RJ_1YLx

YRETE2, 22T Y =X cE FBDycY IZBWVWT (yx*) =0} 2 L. YL & E* O
%Mo T, EDJ 'Yt @ EAO sunny generalized nonexpansive retraction R -1, DMFFES
%, Tz, Banach ZEMENC I T 2 EAIMHZER 7% L FECX, Hilbert Z2fE Tl3@E O B3/ 22 [ 77 fif
o TWae #lliE [1,2,4,5] 228, ZhzHwT, #EHNEBRD Mann 2 0 58ICRE
[9] #EBNTAS,

AW TIE, FHCELZEE R TAE, ElE LTES 2T, BB R 2 VA ZHEOREHIE
Banach 25l E ZFHH W2 b D §2, ZOFRMTFTE. EFRCBNERIE E 20 & HEZEM E* D
SHHEEBRICRZ ZePHLNTVS [8], £y R TEIERIE /L 212 X2 I0R GRINR) %
RI L33, ¥7. WEHENEBROTFHEROREIUATOERNEEZ A72F [10],

Corollary 2.1. T : E — E i/ NEHR e L 2, EED x€E. veF(T) IZBWVT,
ITx[| < |lxl 2> (x—Tx,Jv) =0
DD 3D,

Lemma2.1. T:E — E 2B HNEH,. F(T) 2 T ODREETXRTOEEL T D, 2Dk &,
JF(T) % E* OB CTIF(T)=F(T*)={z—Tz:z€E}* BB DD, ZIT. T IET D
HIREAR,

Lemma2.2. S,T:E — E 2 BM/NEHe L, F(S),F(T) & 4. S,T DREE TN TOESY
Lz &, J(F(S)NF(T)) i E* OEAER 22T,

J(F(S)NF(T)) =F(SYNF(T*)={z—Sz,z—Tz:z € E}*
DD D, ZZTy ST 3&E% S, T DHENEHZE,
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Proof. J 1 E — E* 38K LT, JFS)NF(T)) =JF(S)NJF(T) T, Lemma 2.1 X D,
JE(S),JF(T) & E* OB 22D T, J(F(S)NF(T)) & E* DEHED 22, X 512,
fEJ(F(S)NF(T)) & f € JF(S)NJF(T)
& fEF(S)NF(TY)
o fe{z—Sz:z€E}Y n{z—Tz:z€E}*
& fef{z—Sz,z2—Tz:z€E}*
DI D LD, O
FoT. UTFD IS BREELERT %,
Definition 2.1. x € E ¥ E DIFEFHLREER F ITBWT, E DEFDEE R(;F) ZLITFD L 5I1TE
EI 5,
R(x;F)={z€E:|z]| < ||x|| T, 222, IRXTD ue FIZBVT (x—z,Ju) =0}
ZDrE, ZORERIUTOMEZR [10],

Lemma 2.3. (EED x€E & E DIFZEHTEE F ITBVT, £E R(:F) 3ZETRL, BRI
EETH B, Eh FORMGF) 3ZETRIIL DRI —THEETH B,

sV UToEHEZIAY 2,

Theorem 2.1. #EHE/ NG S, T E — E &, $REH/NEGEDH] {S,}, Sy :E—E T, $XTDH
BB nICBWTF(S)NF(T)CF(S,) £%2b02EZ %, 2o % UTNIRETDH,

(1) TEDXxCERXBVT, Sxhn—0Dr & F(S)NF(T) DdHZERIINEKT %,
2) FED xc (J(F(S)NF(T))), KBWT, SxDn—00 DX E0IIKT %,
(3) FEDxECEWZBWVT, Sx—S8,08x & Syx—S,0Tx D n—00 DX EOICINKT 2,

EHI. B (1) DIRD LD S, Sux i& Rps)np(ryx € F(S)NF(T) ICIRY %,

Proof. (1) VDD ERET %, RELD. EED x € E IZBWVWT, Spx € R(;F(Sy)) C
R(x;F(S)NF(T)) T, Lemma 2.3 XD, (F(S)NF(T))NR(x;F(S)NF(T)) &2 TiRIF NI
DEDL—TERETH S, R(GF(S)NF(T)) I3PAEAET, Sxldn—0c DX F(S)NF(T) D® %
BRICRT 20T, (FS)NF(T)NR(x;FS)NF(T))={z} ¥ %%, Fx€cEWXBVT, Z
Dz RxFELZLIZTZ. 2O E, REESFSNF(T) 2 x 26 Re MR EE2EHBET
2%, RIZEDF(S)NF(T) D ENOEFEBERIIK > T3, X5, S, BWEEM/INERTH %
Zr kb, Corollary 2.1 T, fFED x€E. uc€ F(S,). ne NIZBWT, (x—S,x,Ju) =0 2D
VODT, EEDOveEFS)NF(T) ZBWVWT,
(x—Rx,Jv) =0 (2.1)
DD LD, Rx € F(S)NF(T) DT, (x—Rx,JRx) =0 72D, KRy LT, %FRX
(x—Rx,JRx—Jv) =0 (2.2)



BELNZ, . BEBEBRRE—-FS)NF(T) 2. E D FS)NF(T) ®_EA® sunny
generalized nonexpansive retraction TH 2 Z & ZEHKL TW5, Ko T,

R =Rp(s)nr(r) = J_IHJ(F(S)mF(T)J

THDBIEDVTND, TIZT xe(J(F(S)NF(T))), 32, REDveF(S) NF(T) BV
Ty FX (0, Jv) =025 D DA, (2.1) &b, —IZ (x—Rx,Jv) =0 bEDILDODT, {EED
VEF(S)NF(T) IZBWT, (Rx,Jv) =0285N 3, Zhid. Rxe (J(F(S)NF(T))), ZE%KT %,
£oT. Ree (FS)NF(T))NI(F(S)NF(T))), ¥7% 2%, (F(S)NF(T))NJ(F(S)NF(T))), =
{0} XD, Rx=001"ohNd, 2%D. x€ (J(F(S)NF(T))), £3d&. Sxldn—oeoDr X
Rx=01IRT 2, £oT. 2 »MFbhN 5,

) DD ILDEARET %, J ZREGRDT, J(F(S)NF(T))=JF(S)NJF(T) T. Lemma 2.1
&b, JF(S),JF(T) & E* ORAF2ZEE DT, J(F(S)NF(T)) \& E* OBAER5 22/ <. Banach
ZEZEDERZMEMPELD, FED xe E BT, FX

X = Re(s)nr ()X + Pur(s)nF(r)) X

PEEN B, T Pyrs)nrmry)), FED JFES)NF(T))), DENDHEHRZTHZ, LoT,

Spx =S, <RF(S)0F(T)X+P(J(F(S)mF(T)))Lx)
= SuRp(s)nF ()% + SaP(F(5)nF(T))) | X
= Rp(s)nr ()X + SuPy(F (s)nF (1)) | X

DD SLOD (2) KD n— 00 DEE SuPy(p(s)nr(r)) X 0 ZPERT %, DD, EEDx€E
CBWT, n— o0 DX E Sx & Rp(s)npr)x € F(S)NF(T) IIERT %, ZHUd, (1) BSRH LD Z
LEREH®T 5, E6IC, Lemma22 &Y EEDOxe EIXBWVWT, x—Sx,x—Tx € J(F(S)NF(T)) .,
MEZD: 2T, 2 D n—>o00 DL &E S, (x—5x),S,(x—Tx) F&bICOIKPIKT 2, 0F
D, FEDXxECEIXBVWT, n 300 DEE S,x—S,08x%,S,x—S,0Tx 1T BITOIWKINET 2, =
AU, Q) BEDILDOZ L ZEKT %,

Q) DBEDIUDERET S, FEDxEEWXBWVWT, n—00 DX X S, (x—5x),S,(x—Tx)
BB ORINERT 2, £oT, FED ye {x—Sx,x—Tx:x€E} KBWVWT, S,y X0
INHRT 2, spn{x—Sx,x—Tx:x€E} % {x—Sx,x—Tx:x€E} O T2 . Zhid
{x=Sx,x—Tx:xcE} DEREOEROBLAME T RTOEELEHN, 2o Ib, EED
yespn{x—Sx,x—Tx:x € E} IZBWVT, Sy X0 IR T %, Lemma2.2 XD,

UFES)NFT)), = ({z=Sz2-Tz:z€ B} ) ={z—Sz,2~Tz:z€ E}

(ZZC. spn 3EHREEERT) RDOT, xe J(F(S)NF(T))), 2EZ22L. EEDe>01CB
WT, H2BEZRyespn{x—Sx,x—Tx:x€E} BFEEL. |x—y|<eDPHMDIDLHIITE 2,



ORP I )N

[Snx]l = [1Sny =+ (Snx — Suy) |
< [[Suyll + [[Snx — Suy||
< [Suyll 4 llx =yl
< ||Suyll+ ¢

MEDILHE, n—0DEE Syl 0IZERT 2DT,

limsup ||S,x|| < hmsup(HSnyH +e)=¢

n—oo

BELNZ, e>0 EEERDT, limoo|Swx]| =0 2G50 2, 2FH, £EED
x€ (J(FS)NF(T)), KB WVWT.n—>0 DL E Sx 30 RINKTZ2DT, (2) 298D
AYASN

EoIT, b L. () BHEDILDE S, Spx i Rpsynr(r)x € F(S)NF(T) WIBRT 2 221k, 3T
IR 7, O

Corollary 2.2. ##EM/NEBRT :E— E &, #EMENEBZRDY] {S,}, Sy E—E T, $XTDH
REnICBWTF(T)CF(S,) £%2b0%E2 %, 2O &, LITNEIFMETH 3,

(1) FEDOXxEEXBVT, Sxdn—0oDrx F(T) DdHZERIZINKT %,
(2) FED x€ (JF(T)), TBWT, Sxhn—00 DL X 0IWIERT 2,
(3) FEDXxCEIZBWVWT, Sx—S,0Txn—0 DX 0GRS %,

EBIT, BL. (1) D ILDE S, Sux iE Rpgryx € F(T) ITURT %,

COEEEH WS Z & T, Banach ZEfE TORFEEMRD Mann R DFEIVEERE 9] i§F SN 5,
3. MIFD Lemma & [3] 12X %,

Lemma 2.4. {o,} % [0,1] NOEFIL L

Z 1 —a,)=oo
EBETODLT 2, E7o. {(ba), {62) 2% [0,00) HORHI L L,
bn+1 < anbn+(1 —Oln)En, VneN
Y. lim, 4e&,=0%A72FdDE T3, ZOLE, lim, seb, =0 D I,

Theorem 2.2. S,T : E — E Z A/ NGIRE T2, 720 {a,} % [0,1] HOEHIE L

i (I1—a,)=o



BARETDIDETE, O, EEDxCE ITBWT,
X|=x

1
Xpi1 = Oc,,x,,+(1—oc,,)( ) Z ZS]‘T X,, VneN

e LTARE NS R {xa} W& F(S)NF(T) DEH RF(S)ﬁF(T)x WHRINRS %,

Proof. fEE®D ie NIZBWT, U= l+12):k oXi_ ST =l +(1—a)U; (22T TIRE
FOEEER) LERT I, COLE fEEDOneNIZBWT, S, =T,0T,_ 00T} £5 3
¥y Xup1 =Sx T FAR S, E — E 3REHVNGGTH 2, Fh S, T I3 MNEB LD T,
F(S)NF(T) 3 E OB ZEETH 5, EED i e NITBWT, (S)NF(T) C F(T;) #
DT, ThHED FRDOneNIZBWT, |IS,|| <1, F(S)NF(T) C F(S,) 2D 12,

X o T, Theorem2.1 &b, EED x€ E IZBWVWT,

|Snx — SuSx|| — 0, ||Sux—S,Tx|| =0

MDD Z e 2R K0, S, T IR NEBRZ DT, SoS, =S,08, ToS, =S,0T %

%41 = SpSx|| = 0, [[xn41 — SuTx[| =0
ZREIEE Ve xp01 = 04X, + (1 — 0 Upx, Ty S DERIEIZ DT,
%011 = Sxnr1]] < @lxn — Sxa || + (1 — @) || Unxn — SUpx, | (2.3)
DD ILD, T HIT,

111 = [l 0twxn + (1 — 0 ) Upxa|
< Ot |xa | 4 (1 = ) [ Up x|
< Ot a |+ (1 = 02) [ |

= xll

B TTOD T limyyyeo ||| BTFE L 25 {x,} BERTHZ, ST=TS k.

n n

1 n n
| Unxp — SUpxa || = SkT!x,, SkT!x
nin nin n—l—lzkzzo (n—l—l)zkgol;o n

Y -

k=01=

1 n
— e ZZ()(STlxn + Ty, — ™27 x, + 5" T!x,)

BEOLND, {x,} WERLDT, 2O XD |[Uwxy—SUxn|| 0 7%, (2.3), Lemma 2.4,

|Unxn — SUpxp|| — 0 £ D\
”anrl — SXp41 H —0
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DD ALD, [FIRRIC,
%01 = Txpy1 || = 0.

1§ 6N 5, Ko T, Theorem2.1 XD, {x,} & F(S)NF(T) DEZHE Rx AR T 5, Z T,
R =Rr(s)nr(r) = Wyrs)nrrnd T Mypinrr) & E* O J(F(S)NF(T)) ® L~o—fR{tht

WRRRT %, O
3 fEEm

AIFFEIX,. KED DM EBHBRBEBIROPEF DR ICEINT WS, EELEDHTEE ZD
BB THRRTIBEEZTEWEZ I LICASICEH L TWDE, MITIEH 20, S%bILEEDIHE
PMERLTOVEWEEZTWS,
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