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1 Introduction

We consider the global well-posedness of the compressible viscous fluid model of Korteweg
type which describes two phase flow with phase transition between liquid and vapor as
diffuse interface models. More precisely, we investigate the following system in the N
dimensional Euclidean space RY, 3 < N < 7,

Op + divm = 0,
dm + Div (p"'m ® m) = Div (S(p~'m) + K(p) — P(p)I), (1.1)
(p, m)|i=0 = (p« + po, mo).

Here, 0; = 0/0t, t is the time variable, p = p(z,t), © = (x1,...,2y) € RY and
m = (my(z,t),...,my(z,t))? are respective unknown density and momentum, where
M7 denotes the transposed M. P(p) is the pressure field satisfying a C*° function de-
fined on p > 0, where p, is a positive constant. Moreover, S(u) is the viscous stress tensor
and K(p) is the Korteweg stress tensor read as

S(u) = 2pD(u) + (v — p) divul,

K
K(p) = 5(A&p" = [Vo[)I = kVp @ Vp,

D(u) denotes the deformation tensor whose (j,k) components are Dji(u) = (0juy +
Oru;j)/2 with 0; = 0/0x;; in addition, divu = Zjvzl Oju;. For any N x N matrix field
L with (j, k)™ components Lj;, the quantity Div L is an N-vector with j® component
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Zszl OkLji; 1 is the N x N identity matrix and a ® b denotes an N x N matrix with
(4, k)™ component a;b for any two N-vectors a = (ay,...,ay)" and b = (by,...,by)".
We assume that the viscosity coefficients p, v, the capillary coefficient k, and the mass
density p, of the reference body satisfy the conditions:

>0, 2u+v>0, and &k >0. (1.2)

Furthermore, we assume that the pressure P(p) satisfies
P'(p.) = 0. (1.3)

Models describing two phase flow with phase transition are classified into two different
types: sharp interface models and diffuse interface models. In sharp interface models, two
fluids are separated by a phase boundary of zero thickness and physical quantities, such
as density or pressure, allow for discontinuities across the interface. On the other hand,
in diffuse interface models, the phase boundary is regarded as a narrow layers, which
are called transition layer. In this region, physical quantities vary smoothly across the
interface. Therefore, it is enough to consider a single system in a single spatial domain.
To consider liquid-vapor flows as diffuse interface models, Korteweg [13] proposed the
stress tensor including Vp & Vp based on Van der Waals’s approach [21], later, Dunn and
Serrin [7] derived the system (1.1).

An important aspect of diffuse interface models is that the pressure is non-monotone
in general because we assume that the Helmholtz free energy is a double-well potential
(cf. [6]). Solving the linearized problem around the equilibrium, we can expect the case
P'(p«) < 0 is unstable; hence we mention mathematical results for P'(p,) > 0 below.

There are many results on global strong solutions for P’(p.) > 0. Bresch, Desjardins,
and Lin [2] proved the existence of a global weak solution, later, Haspot improved their
result in [8]. Hattori and Li [9, 10] first showed the local and global well-posedness in
Sobolev space. They assumed that the initial data (pg, ug) belong to H*T1(RY) x H* (RN )N
(s > [N/2] + 3). Hou, Peng, and Zhu [11] improved the results [9, 10] for small total
energy cases. Wang and Tan [22], Tan and Wang [18], Tan, Wang, and Xu [19], and
Tan and Zhang [20] established the optimal decay rates of the global solutions in Sobolev
space. Li [14] and Chen and Zhao [3] considered the Navier-Stokes-Korteweg system with
external force. Bian, Yao, and Zhu [1] obtained the vanishing capillarity limit of the
smooth solution. We also refer to the existence and uniqueness results in critical Besov
space proved by Danchin and Desjardins in [5]. Their initial data (pg, ug) are assumed to
belong to BQ{Q(RN) N BQ{Q_I(RN) X BQ{Q_I(RN)N. Recently, Murata and Shibata [15]
proved the global well-posedness in the maximal L,-L, regularity class.

In contrast, only a few results are available for P'(p,) = 0. Kobayashi and Tsuda
[12] proved the existence of global Ly solutions and the decay estimates. Chikami and
Kobayashi [4] improved the result [5]. In particular, for P'(p.) = 0, they proved the
global estimates under an additional low frequency assumption to control a pressure term.
Furthermore, they showed the optimal decay rates of the global solutions in the Lo-
framework.

In this paper, we discuss the global existence and uniqueness of strong solutions to
(1.1) for small initial data under the assumption (1.3). Consequently, we also prove the
decay estimates of the solutions to (1.1). The main tools are the maximal L,-L, regularity
and L,-L, decay properties of the linearized equations.
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1.1 Notations

We summarize several symbols and functional spaces used throughout the paper. N,
R and C denote the sets of all natural, real, and complex numbers, respectively. We set
No = NU{0}. Let ¢’ be the dual exponent of g defined by ¢’ = ¢/(g—1) for 1 < ¢ < co. For
any multi-index a = (o, ..., ax) € N, we write |a| = a1+ - -+ay and 9% = 9 - - - 93N
with = (x1,...,2x). For scalar function f and N-vector of functions g, we set

0pf =0 f | lal =k), Og=(9g;|lal=k j=1...,N),
Orf = 0.f, Oig = 0.8.

For any 1 < p,q < 0o, Ly(RY), W;*(R"), and B; (R") denote the usual Lebesgue space,
Sobolev space, and Besov space; respectively, || - ||, &v), || - ||Wm ry), and || - | By (RN)
denote their norms. We set W2(RY) = Ly(RY) and Wi (R"Y) = B}, (]RN) if s € R\N.
C>=(R") denotes the set of all C* functions defined on RY. For Banach spaces X and
Y, Ly((a,b), X) and W"((a,b), X) denote the usual Lebesgue space and Sobolev space
of X-valued functions defined on an interval (a,b), respectively. The d-product space of
X is defined by X4 ={f = (f,...,fa) | fi € X (i =1,...,d)}; for simplicity, its norm is
denoted by || - || x instead of || - || xa. We set

W RY) = {(f.8) | f € W"(RY), ge W (RY)"},
10/ g)”WgM(RN) = ||f||qu(RN) + ||gHW§(RN)-

Let F, = F and .7-"5_ L' — F=1 denote the Fourier transform and the Fourier inverse
transform, respectively, which are defined by setting

FO=RQ = [ e fadn, Flale) = g [ o€ de

The letter C' denotes generic constants and the constant C,p . depends on a,b,.... The
values of constants C', and C,; . may change from line to line. We use small boldface
letters, e.g., u, to denote vector-valued functions and capital boldface letters, e.g., H, to
denote matrix-valued functions, respectively. To state our main theorem, we introduce a
solution space and several norms:

Dy,p(RY) = B3 2/P(RN) x B2O-1P(RV)N,
Xpar ={(p.m) | p € L,((0,1), WIRY)) N W}((0,t), W, (RY)),
m € L,((0,t), WZ(RM)M) n W ((0,), Ly(RM)Y),  pu/4 < p+ p(t, z) < 4p.},
[ulg,(ar) = sup ( Yl )|l p, @y (@=0,2), g = [Uge0m,

a<s<
1
N(pm)(t) =Y {[(@p, %m)]wg%J (1.4)
+ [ a:jcp’ 8§3m)] l+l ¢t [(aj 8jm)] i+1+it
+ [I{s > “(p, m)HLp ((0,6), W (RN)) + I{s > H(0sp, sm>||Lp ((0,1), WlO(RN))}

where (s) = (1+5), {4 = N/2¢y — 7, by = N/2gs+ 1 — 7 ;7 is given in Theorem 1.1 below.
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1.2 Main theorem

Setting p = p. + 0, we can rewrite (1.1) to the following formulation:

90 + divm =0 in RY for t € (0,T),

1
Oym — p—Div S(m) — kp, VAO = g(6, m) in RY for t € (0,7), (1.5)
(0, m)|i=0 = (po, my) in RV,

where

: 1 1 1
g(0,m) = —Div [,0* _I_em@m— S ((,0* i E) m) — K(0)
1
+ / P/(p. +760)(1 — 7) dre°1]
0

We now state our main theorem.

Theorem 1.1. Assume that conditions (1.2) and (1.3) hold and that 3 < N < 7. Let ¢,
G2, and p be numbers such that
1 1 2 N

2<p<oo,  <N<q, 2<q¢ <4, — +—=, - +—<1. (1.6)
q1 @2 N p @

Let T be a number such that
N 1
- <7< —+-. (1.7)
p g2 P

Then, there exists a small number ¢ > 0 such that for any initial data (pg, mgy) €
M2, D, (RN N W (RN satisfying

q1/2

2

Z:=> [l(po;m0)llp, e~y + Il(po, myp) |y 10y + ||no||L%(RN> <e
i=1 2

with my = 0,ng, problem (1.5) admits a solution (6, m) with

(97 III) € rjflzlgx;%QiyOO’
satisfying the estimate

N (0, m)(c0) < Le

with some constant L independent of €.
Remark 1.2. (1) In Theorem 1.1, the constant L is defined from several constants
appearing in the estimates for the linearized equations and the constant ¢ will be chosen
in such a way that L% < 1.
(2) We only consider the dimension 3 < N < 7. For N =2, ¢; <2, and so ¢;/2 < 1. In

this case, our argument does not work. Furthermore, we need a restriction N < 8 by the
condition ¢; < 4.



2 Analysis for the linear problem

In this section, we consider the maximal L,-L, regularity and decay properties of solutions,
which are the key tools for the proof of Theorem 1.1.

2.1 Maximal L,-L, regularity

In this subsection, we state the maximal L,-L, regularity for the linear problem:

9,0 + divm =0 in RY for t € (0,7),
1

Om — —DivS(m) — kp, VAl =g  in R for t € (0,T), (2.1)
Ps

(6, m)|;—0 = (po, my) in RV,

If we extend g by zero outside of (0,7), by Theorem 2.6 in [16] and the uniquness of
solutions, we have the following result.

Theorem 2.1. Let TR > 0 and 1 < p,q < oo. Then, there exists a constant oy > 1
such that the following assertion holds: For any initial data (po,mg) € D,,(RY) with
| (po, mo)||p, vy < R satisfying the range condition:

P/2 < petpolz) <2pc (z € RN)v (2.2)

and right member g € L,((0,T), L, (RM)N), problem (2.1) admits a unique solution
(0,m) € X, ,r possessing the estimate

E,q(0,m)(t) < Cpno.r€”" (I[(00, mo)llp, @y + 182, (0., 0,mN)N)) (2.3)
for any t € (0,T] and 6 > &y. Here, we set
Epq(0,m)(t) = [|050]| L, 0.0, wa@~y) + 10|, (0.0) w2 @)
+ ||3sm||Lp((o,t),Lq(RN)N) + ||m||Lp((0,t)7W;(RN)N)'
Constant C), 4 n.s5o.r 15 independent of § and t.

Remark 2.2. Using Theorem 2.1 and employing the same argument as in the proof of
Theorem 3.1 in [15], we also have the local well-posedness for (1.1).

2.2 Decay property of solutions

In this subsection, we consider the following linearized problem:

00+ divim =0 in RY for t € (0,T),
om — a,Am — 3,Vdivm — kp,VAO =0  in R for ¢t € (0,T), (2.4)
(6’7 m)lt:O = (fa g) n RN)

where a, = p/p, and S, = v/p,. Then, by taking Fourier transform of (2.4) and solving
the ordinary differential equation with respect to t,

Si(t)(f.8) =10, S:(t)(f.g) :=m (2.5)

satisfy the following formula



(i) If 6, := (v + B:)?/4 — per # 0, we have

A Y )\_t
0=-F;" [ e/\ )\je 1 Zf_ {p* 5 Zﬁkgkl :
m = Fr e Zf— et - [ =S
- 24 A Jer — f(on + BIER + Ay Yt
N [{(a* + B.)IE1 + t B ' X } ’
27 R0, — ) e
where
— @*;ﬁ*m? +/6EP 6 >0,
A S (2.6)
- =P EiVIaiEP b <0,
(i) If 6, = 0, we have
N
6= F" [ert(l ~ot) f} ST F [teind]
k=1
N
~17p—an — —au ¢ &8k . - 0 EAG
m — ‘7:6 €Ptg Z]:5 1 { l€] t|§|];gk1 — 7 ! { A t|£|2z§f1 (2.7)
N
+Y F! {ekotl JH;AOéék k:| :
— €]
where —I—ﬁ
A = 04* * |£|2

To state decay estimates of # and m, we divide the solution formula into the low and
high frequency parts. For this purpose, we introduce a cut off function (&) € C°(RY),
which equals 1 for |£] < e and 0 for [£] > 2¢. Here, € is a suitably small positive constant.
Let ®¢ and ®, be operators acting on (f,g) € W;’O(RN ); they are defined as

Do(f,8) = Fe ') (F(£).8(0)],  Poo(f.8) = F¢ ' (1 — 0(€))(f(€), 8(8))

(
Theorem 2.3. Let S;(t) (Z = 1,2) be the solution opemtor’s of (2.4) given by (2.5) and let

J:

)
SU)(f.) = (SUE)(F.8). SUH)(f.8)) and S=(1)(f.g) = (SF(1)(f. &), S (D)(f,g)) with
SP()(f,8) = Si(t)Po(f, &) and S(t)(f, 8) = Si(t) P (f, 8)- Then, S ) and S*(t) have
the following decay properties

(i)
; _N(1_1y_j
10.S° () (£, )11,z < Ct 227 2|(f, h)|, vy (2.8)
with g = 0,h, j € Ny, and some constant C' depending on j, p, q, c and By, where
1 <qg<p<ocoand(p,q)# (00,0) if0<t<l, (2.9)
l<g¢g<2<p<ooand(p,q)# (c0,00) ift>1. '
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(ii) '
1025 ()(f. 8) o) < O FG P H|(£,@) o) (2.10)

with j € Ny and some constant C' depending on j, p, q, o, and B, where

1 <qg<p<ooand (p,q) # (00, 00). (2.11)

Proof. First, we consider the case 0, # 0. The difference between the cases P'(p.) = 0
and P’'(p,) > 0 is that Ay satisfies (2.6) not only for the high frequency part, but also for
the low frequency part. Owing to this difference, the second term of S;(¢) given by (2.5)
is troublesome because Ay — A_ = C,|¢]?, where C, = 2+/0, for §, > 0 and C, = 22'\/|<5_*|
for 0, < 0. Due to the condition g = d,h, the second term of S;(t) satisfies

N A A At
;-7:51 |:/0*)\+—Z§kgk} Z]: {*W(Zﬁk)(lf) hi |

so that we can employ the same calculation as in the proof of Theorem 4.1 in [15].

Next, we consider the case J, = 0. By using the condition g = d,h and the estimate
(JE|t1/2)Te=olelt < Ce=(Co/2IEPt for j € Ny with some constant Cy depending on o, and
Bs, the solution formula (2.7) can be estimated in the same manner as in the proof of
Theorem 4.1 in [15]. This completes the proof of Theorem 2.3. O

3 A proof of Theorem 1.1

We prove Theorem 1.1 by the Banach fixed point argument. Let p, g1, and ¢, be exponents
given in Theorem 1.1. Let ¢ be a small positive number and let AV/(6, m) be the norm
defined in (1.4). We define the underlying space Z. as

.= {(97 m) S Xp,th,oo N Xp#]z,OO | (‘9’ m)|t=0 = (PO, mO)a N(Q m)(oo) < LE}) (31)

where L is a constant that will be determined later. Given (0§, m) € Z,, let (w,w) be a
solution to the equation:

Oyw + pxdivw =0 in RY for t € (0,7),

1
ow — —DivS(w) — kp,VAw = g(f,m)  in RY for t € (0,7), (3.2)
(w, W)[t=0 = (po, my) in RY.

We shall prove the following inequality in several steps:
N(w, w)(t) < C(Z + N (6, m)(t)?), (3.3)
where Z is defined in Theorem 1.1. Throughout the following steps, we use the estimate
% < po +0(t,2) < 4p,, (3.4)
which is obtained by (0, m) € X, ;, « N X} ¢5.00-
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3.1 Estimates of (0/w,d’w) for j =0,1
3.1.1 Case: t >2

In order to estimate (w, w) for ¢t > 2, we write (w, w) by Duhamel’s principle as follows:

(wMzﬂmmmwﬁéﬂF@@ﬂm%- (3.5)

Because S(t)(po, mp) can be estimated directly by Theorem 2.3, we only estimate the
second term for low and high frequencies below. For t > 2, we divide the second term
into three parts as follows:

t t/2 t—1 t '
An&wu—@@a@mw¢=<4 +LQ+L;)mw%—ngmmu@

=y Iy (3.6)
k=1

where d =0, oo and X = o0, ¢, ¢s.
Estimates for the low frequency part in L

Using (3.4) and Theorem 2.3 (i) with (p, q) = (00, ¢1/2) and Holder’s inequality under
the condition ¢; /2 < 2, we have

t/2 N t/2 N
ﬁfSCK/ (t—s) “2WM%mde8§C/“(ﬁ‘$q12M¢+BO$, (3.7)
0 0

where
A = ([0, m)|17, vy + 110, m)| 2, @) (00, Dem)l| 1, vy + 1020117, @y
B, = ||‘9||Lq1(RN)||a§‘9||Lq1(IRN)-

A; and By satisfy:

A () RO, e+ () S0 m)], e (0.6, 0,m)

N 1
Q3475 T1y54; 30t

+ (s)" @ 0,012

N 1
Q1vm+§yt

< ()7 (O m)2 v +[0.m)], s (2,0, 9pm)

1’%’

+ [0,0)? v 1,) (38)

o s
By < (s)" @[], x ,(s)7 |6z (ar (3.9)
- Q1,m7t qu(R ) :

Because 1 — N/g; < 0 and 1 — (N/q; — 7)p’ < 0, which follow from ¢; < N and 7 <
N/qs + 1/p, using (3.7), (3.8) and (3.9), we obtain

N_g [t? N
<o [C T aso.m
0

q1, 2q1 it

N 1
T34 T30t lhym‘l'%vt)

+ [(97 m)]ql,%,t[(aﬂﬁev a’b‘m)]

N

1/p
. 2
ver S [ [T E I as) e )
. 5 a1, 2 tI1\S Lp((0,6), W2, (RN))

< Ot RN, (3.10)



where
2

Ey(8) = [0, m)[5, v, + 10, m)],, x ,[(0:0, 0om)]y, vy s +10u0]0 v s

’2q7 ’

L—T
+[0]q1,%,t||<5>2q1 (7'||Lp((o,t),wq21(RN))-

Similarly, we have
N
120 < Ot 2EO(1). (3.11)

We now estimate I2". Using (3.4) and Theorem 2.3 (i) with (p, q) = (00, ¢2), we obtain

t . t .
B <c / (t— )% 2|, @~ ds < C / (t—s) % 2(Ay + By)ds,  (3.12)
t—1 t—1

where

Ay = [[(0, m)|| @y ([[(6, m) ||, @n) + [[ (08, Oom)|| L, @x)) + 1020 L. &) 10:0]| ,,, )
By = 0]l @3 1030]|L,, &™)
Ay and B, satisfy:

(N4 N
Ay < ()" 3 (0, m)] v [0 )]

_(ﬂ+l+§)
‘|‘<3> a2 [(‘97m)]oo,%,t[(a’ce»8xm)]Q27%+%vt

(N4 N 4o
_I_ <S> (q1 +2q2+ )[axe]oo’%+%’t[(ax9, axm)]q%%_l_%’t, (313)

By < (s)" 0 2 G w (s) 0w . (3.14)
7q17

Because 1 — (N/2¢x +j/2) > 0, 1 — (N/2¢2 + j/2)p' > 0, and N/2¢s +1—17 > j/2 as
follows from N < ¢, 2/p+ N/q2 < 1 and 7 < N/go +1/p, using (3.12), (3.13) and (3.14),

we obtain

t .
]géo S Ct_(%+%+l) / (t — 3>_(%+%) dS[(@, m)]oo ﬂyt[(eﬂ m)]qg,%"rl,t

-1 q1

(NN L3 ¢ (N4
b Gt / (t =) R ds[(6, m)] 5 (0,8, Dm0, s
t—1

t .
_ ﬂ+i+2 _ l_l’_l
+ Ct (ql 292 ) /t_1<t — 3) (2q2 2) dS[ax‘g]oo,%-&-%,t[(axe’ 8zm>]Q2v%+%7t

. 1/
+ Ct_(%-‘r%—l—l—T) ' (t _ )—(%"F%)Pl d . [9] ||< >%+1—79H
i1 S S OO,%J S LP((Ovt)yW(?Q (RN))

< ot ED), (3.15)

where
B3(0) = [(0,m)] . A0 )], 1+ (0,0, 00m0)], e o}

N1
+ [axe]oo,%—l—%,t[(aze’ axmﬂqg,%—l—%,t + [e]oo%,tH ()220l 0.0, w2, (@) -



Using (3.10), (3.11) and (3.15), we obtain
t .
/0 1928°(t — $)(0, &(5))l|1... ds < Ot 3 (E(t) + E2(t)). (3.16)

Estimates for the low frequency part in L,
Using (3.4) and Theorem 2.3 (i) with (p,q) = (¢1,¢:1/2) and employing the same
calculation as in the estimate in L., we obtain

M0 4 120 < Ot m B EQ(1), (3.17)

Using Theorem 2.3 (i) with (p,q) = (¢1,¢:) and employing the same calculation as in the
estimate in L., under the conditions 1 — (j/2)p" > 0, and 3N/2¢; — 7 > N/2q: + j/2,
which follow from p > 2 and 7 < N/¢s + 1/p, we obtain

120 < ot mEEN (1), (3.18)
where
E?(t) = [(0, m)]oo,%,t{[(07 m)]ql,%,t +1(9.0, axm)]ql,%—s—%,t}

3N

+ [810]00,%—&—%,1&[(8%‘97 azm)]ql,%-s-%,t + [e]m,%,tn<5>H_T0||Lp((0,t),wq21(RN))-
Using (3.17) and (3.18), we obtain
t .
| 102" =)0, s < €A B0 + B0 (3.19)

Estimates for the low frequency part in L,
Using (3.4) and Theorem 2.3 (i) with (p,q) = (g2, ¢1/2) and (p, q) = (g2, ¢2), we obtain

/0 1695°(t — 5)(0,&(s)) 11, ds < Ct™2 " "H(ED(1) + EY(t)). (3.20)

Estimates for the high frequency part
Employing the same calculation for the low frequencies, we have estimates for the high
frequencies under the conditions (1.6) and (1.7) as follows:

102.5(t — 8)(0,(s))lr,, ds < Ct™ 2 3(E2(t) + E°(8)), (3.21)
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where

Eg(t) = [(0, m)],, ~ ,[(8:0,0,m)]

N 1
Ty T34, T30t

2
O e 4100, Ol
N,
+ [e]qh%,tH (s)2a (0, m)HLP((o,t),ng(RN))

L—T
+ ([m]ql,%,t + [3279](11,%%,0” ()21 0|1, (0.0,w2 ®Y));

1
=t

.m)]ooy%vt[((‘i@«9,(’i?gcm)]qh%+2

>
-
>

2
+ ]ql,%—‘r%,t[m]oo,%,t + [aﬂﬂe]oo,%-l—%,t[amm]ql,%—&—%,t

N
+[0]oo,%,tH<S>2ql (9:m)HLp((o,t),ij(RN))
_|_

([m]oo,%,t + [aze]oo,%—s—%,t) [(s) m_79||Lp((0,t),wq21 (RN))
B (1) = [(0.m)] (04, 0un)
[

N 43
q2y2q2+2yt

2
az‘g]qQ,%-s-g,t[m]oo,%yt + [ame]oo,%—l—%,t[azm]qg,%—&-%,t

N1
[0]007%,75” (s) 2 (6, m) ||Lp((0,t),W§1’2(RN))

+ o+ o+

N7
([m]oo%,t + [a:ce]oo,%+%,t)||<3> 203" ‘9||Lp((0,t),W32(RN))-

Using (3.5), (3.16), (3.19), (3.20) and (3.21), we obtain

1

> 10w, 0w))g x4 0y < CClP0m0) [0 + 0024y + Eolt) + Ea(t)),
=0 z

S 105, 029) 5 14 2y < CUl010) o + [mollay + Eo() + Br(6), (3:22)
2

§=0

1
> (@, 0o 2 14,200 < Clll(p0, mo)lyyo + (Mol 2y + Eo(t) + Ex(2)),
i=0 :

where E;(t) = EP(t) + E(t) with i = 0,1, 2.

3.1.2 Case: 0<t<?2

Estimates in L, for i =1,2
Using Theorem 2.1 and the following estimate

&1l (0.0)., Yy < CEF(),

which is calculated in 3.1.1, we obtain

10, W)l .20 w2 2@y + 1005, OW) 1 0.20 w0 vy
< C{ll(po, mo)l p,, @~y + Ei(2)} (3.23)
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forv=1,2.
Estimates in L.,
Using Lemma 1 in [17] and Lemma 3.3 in [15], we obtain

[[(w, W)l Lo (020w @)y < C{Il(p0, m0) | p,, , &) + Ea(2)} (3.24)

3.1.3 Conclusion
Combining (3.22), (3.23) and (3.24), we obtain

1

> (0w, 2w

Nia, < C(Z + Eo(t) + Ex(1)),

j=0

1
D [(Ow, w Wl &g S CT+ Eo(t) + Ea(2)), (3.25)
j=0

D @, 0w)l, v 1y, < C(T+ Eot) + Ba(t).

=0

3.2 Estimates of the weighted norm

In order to estimate the weighted norm in the maximal L,-L, regularity class, we con-
sider the following time shifted equations, which is equivalent to the first and the second
equations of (3.2):

05 ((s)iw) + 6o (s)iw + p, div ({s)w)

= do(s)"w + (9 (s)")w

Os({s)w) + 6o (s)iw — . A({s)w) — B,V (div (s)“w) + kp, VA(s) w
= (5)"'g(0, m) + o (s)" W + (9s(5)")w,

where i = 1,2, {4 = N/2¢q; — 7 and {5 = N/2q; + 1 — 7. By Theorem 2.1, we have

[(s)" (w, Wiz, 0.0, wi2®Ny) T 1) (Do, W)L 0., WO ®RN))
< C([(po, mo) || p,, , &™) + [|{s Yig(0, m) ||, ((0,),L,, (BY))
+ ()" (WaW)HL,,((o,t),quf(RN)) + ||(as<s>gi)(wvW)HLP((O,t),qui’O(RN))' (3.26)

We can estimate the left-hand sides of (3.26) by the same calculation as in [15], we have

) (s W)l 00, w2y + 1480 (O, QW) 0. Wt ey

)
< O(T + Bo(t) + Ei(1)). (3.27)

3.3 Conclusion

Combining (3.25) and (3.27), we have (3.3). Recalling that Z < ¢, for (,m) € Z,, we
have

N(w,w)(00) < C(Z + N (0, m)(00)?) < Ce + CL*e. (3.28)
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Choosing € so small that L?¢ < 1 and setting L = 2C' in (3.28), we have
N(w,w)(o0) < Le. (3.29)

We define a map ® acting on (§,m) € Z. by ®(#,m) = (w,w), and then it follows
from (3.29) that ® is the map from Z. into itself. Considering the difference ®(6;, m;) —
O (6, my) for (0;,m;) € Z, (i = 1,2), employing the same argument as in the proof of
(3.28) and choosing € > 0 samller if necessary, we see that ¢ is a consraction map on Z.,
and therefore there exists a fixed point (w, w) € Z, which solves the equation (1.5). Since
the existence of solutions to (1.5) is proved by the contraction mapping principle, the
uniqueness of solutions belonging to Z. follows immediately, which completes the proof of
Theorem 1.1.
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