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In the classical Littlewood’s two-period model of static revenue management for airline
seat reservation as well as its extensions to multi-period models by other researchers, it is
assumed that the demands in each period are independent and that customers whose request
for reservation are once rejected disappear immediately. This assumption does not reflect
a common behavior of customers in practice such that they tend to seek booking again
at higher fare. The theoretical treatment of such buy-up behavior is not simple because
of the resultant mutual dependence of the demands over several periods. Some literature
heuristically (incorrectly) treats the two-class model with customers’ buy-up behavior.

In a series of papers, we study the optimal booking limits in the two- and more-period
static revenue management models with customers’ buy-up behavior. In the RIMS Pro-
ceedings of Symposium 2158 (paper 19) [9], we showed an analysis for the three-period
model with numerical results. In the present paper, we proceed to study the four-period
model (without numerical results) based on a newly found technique to derive the expres-
sions for the first partial derivatives of the expected number of reserved seats with respect
to the booking limits in each period.

1 ELC®HIC

LARZ21—TRI AV N (revenue management) (BARTIEA —IL R RI AV b (yield manage-
ment) & 5O N7) DOFhlE, 1978 FFITKRE THIZE LTI (Airline Deregulation Act)
WAL L, FZEHGH LI N TRE U722 HiZE 211D PeopleExpress #1: D 2 B4 (¢
P9 2720, KFMZERHED American Airlines thABEFED A > T 1 VPERE F#)2 A7 L SABRE

IZEAONEFPHEB» SRROFHNEZ FHL, FHHIZXoTREEZASZ L Z2fAHL
tﬁﬁW&EVXX%TWT%6H[7pﬂ ZDH, LRZa2a— 3TV AV MIMZEERIC
LEESY, ATV, VYR —F, LETLIHEIIN U THEMREVEELTWLDT, X
WMRTFEIZLXODRED LW IRMEZ S OERORE ICHEHAINTE 2.

BEDLVRZa—<3x I A Y NOHEMBL R 2B ET VDR E VI, %4, British Airways
#:4ZJ8 U 7z Ken Littlewood (1972) 2L L7 2 I ET IV TH S [4]. ZTOETFIV T, kfT
EEANCEIETE S LYY —FITIZLZWEKRE TR Y, EREMNEODVWTPINEZRDOLIEIXAE
ZiFE RS I LITE D, TRBERKLT 2D TR, EEERAETSZ L 2HEYT. F
Ik Z <DL Yy —RIZLEED L, BIZRS>THVWEETHEROBRVWE Y X AEHIRTE
ZEREMIR N E WO KRR RN, LYY —KIZTE o TH KV ERZ#EITS. LaL,
ZOEREMMKT ED L, EVRABENPMGFLZIF LRI, iz < oM akL
EFEHELRINER SRS, 5T, LYY —REUEIRXAKDEDARIEER & 212,
RSP R ARICRD K5 L Uy =I5 TR RO RE M (BT vy F 2T I v K,
optimal booking limit) % k& 2 MEMNE ML N 5.

4 H, Littlewood MER (Littlewood’s rule) & IE XN 5 AN, HEFEHRE C, FHDOTH
Bl&% ry, BIHOTHREE ri (> re) &L, EVRXAROE (HEREE) D) DR HEDEZ



LN EZ, LYY —RICFNELZ 2 EIROREWE by 25157 2K

:—f = P{D, > C - b}} (1)
Thd. TIT, ro/r; ZHEL (fare ratio) &\ 5. BHNZTNGR - 72 BEREIZBIZ r FIToE
LNd VS RAMKT Y F VY (nested booking) FRZIKEL TW5B. ZORIE, by ALY
PAEDE Dy ZIFITHAFEL, LYy —EOE Dy ITHREFEL TWRWT L ITHEET 5.
ZDRAANTI, FRTERDP VY Yy —RIITRTGEHT LI 2FHEE LTWVWEA, &b
BEMIIE, T0oB80—BIEEWEaETHFNLELIETH5DT, EVXAFENMALLD
RPN 72 5. Z O & D RBEETENE (B0 R T) N4 Ty 7 (buy-up), (HZEathr 5 RT)
sell-up, & %\ & vertical shift, upgrade 72 & L XN, KXW TZDOHENRZTLZINT WS, N
1Ty TEDEFED LDV Yy —EBUIKEST 20T, HEwKIZIE, 2 00HICE T 2H/EMN
BN THEHABAVWLRZa =X VAV MEHBEE 2D, ZHIFE TV OBE 2T IR TR0,
FRTERDP o712 Yy —BDBINT T % RD 28 E % /84 7 v TE (buy-up factor) & 5\,
aTRT (0<a<l). bRZa—IxIAY FORKNSEEZTH S Phillips [6] & Talluri and
van Ryzin [7] 121&, EAR (decision tree) D LR MEFEAMfE (expected marginal value of
capacity) DHIKIZ& D, V¥ vy K P RER O K E by 2515H 9 52X

1 T9 _ o
1—a<r_1_a>_P{Dl>C b5} (2)
WRINTWD., ZORDLEMIFEFRELL (modified fare ratio) £ FEIEH 5 [6, p. 168].

KXQ2)lFa—=0 (N1 TyITWw) ok, Q) ICRETS. Lrl, X(2)iF X177y
TNHLGRIHEEGEZDFITOVY Yy —EH Dy ZEATVWRVWDT, FEbLLWI LIS
"THb. A (2) 23l IETHK

1
- a(:—Q—a):P{ Di+a(Dy—b3)>C—b; | Dy>bi} (3)

- 1
1 PRI Z RD D BB EFER L DLW

1% Takagi (2021) [9] IZRTNT WD, ZDIELWRIE Pleifer (1989) [5] % Brumelle 5 (1990) [1]
Lo TEPNT W ZEDTH DD, AR HEEDIEARKIZE R [6, 7, 8] (ZEIHINT VAR,
1R - FEAR (2020)[10] (26, 2 BRI OFTEAEN Tl RV —f D 2 HIFE 7§ 5 IEHEZR &
W7y X227 Iy hOEHMNRINTWS.

3HARIE 7OV OIRERASERIE, BUEFHARER & L B2, #2158 [11] ITRINTH Y, £F
BEBHIZRD X HizkRI N 5.

1 (T‘Q )
— —
l1—« T
P{D3 < b}, Dy + D3 > b}, D1 + a(Dgy + D3 — b3) > C — b3}

+ P{D3 > b3, Dy + B(Ds — b%) > bl — b, Dy + a[Dy + B(Ds — b%) — b + b5 > C — b3}
P{Ds < b5, Dy + D3 > b3} + P{Ds3 > b5, Dy + B(D3 — b%) > b} — b}

(4)
ZORNCEHNDFHFIE, BIIRTEHEZSHINZVL. ZOROAELDHEEHE, 28 KT 3D
TyF ) Iy NOREENPZENETN D KO THDHEEL, LI T vy 781D 50
RThd. £z, 71, 1HICFHNERODIEHBPEFEHRLDELVERTHD, TD BN
D3Sb§ D&%, —FEIL‘XiPD3>b§ DEEEHRLTNWS.
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(T HopEss ) fRH
ry <T3 r3 < T2 ro <1

TR LR by TR LR bs TR LR by fRHEE R C
4/ﬁﬁ (T4 IIJ) 3/ﬁﬁ (T3 IIJ) Q,E\ﬂ (TQ PH) 1,ﬁﬁ (Tl Fq)

N N N IRFE AV HE 5 517
NAT TRy | "ATYTRB | NMT v TR

4HNTRSE Dy 3HNTKDE Dy 2HWITKRSE Dy 1 HNTRSE Dy

LN T Y THH25 AWRHHNL RZa -2V A Y FET .

3 I E TIOVIT R 3 2 T 2 /R U 7255 508% 2158 [11] i, TH U A, BN 4 FEM R
DETIVIZHIERTE D0, MR D ] LBR7ZD, ERICIETEhho7z. 2D, 4 M
PEDETFTNMZOWTH, RET Yy F 7)) Iy bOBEHICMHb S #N HRACEH NS L EHE
B3 % D FRIPEFRE DO RB A0 S BB Z e TE S SiEE RO 7-0T, ARIZEW
T, TOHEZISHUZAMBET VOERMZRET 5.

NAT Y TIRHLEHEL RZa =X VA Y METIVIE, KMOBEIMHEMKFTLET LD
R TH 5D, T DMITIEAES TIE\W. Gallego and Topalogue (2019) [3] 1% TEHEKIL,
LD, FMOFTEVPHEMKF T 25 E 1259 5 Littlewood DIERIX EMSR, (expected
marginal seat revenue) EEIIEDILR Z KO T &7z, U2 L, Littlewood D¥EHI% IE U < HLEE S
5, BozX0ELWZ B nhrolz] LBRTWVWS.

A AT E TIVICR 252 EEH£T 2 (M1 22R). HoFFIL, FEOED Hie 3
ANz, 1V (#E®HE) , 28, 38, 4 (PHFEK) R ¢ RISk 50 (FE)
ZIFADHBGNRMEEZINS (ZORER, BEAEITVIXEMMIZEL W) #RERH D, TKRT
(t =1,2,3,4) . TNHIEFAEWVIMYTHD EIRETD. t TR ERDDEIE, ¢ HITH L
kDKL, t —1HIZFHNTERDPSTZEDI BN Ty TRRADETHD. t HIITFHNT
ELED LRI tMO Ty X7 ) IV b THE. BHONA Ty TEZRDESIZEDS. 4
HIZPNTERD o B8N 3N THNERD DHERZ v U, 3IZTFHTEah o7& 2]
PR ERDDMEEREZ L, 2MICFNTERP BN 1THICTFRNERDSHERE o &F
5. WMEFEHE CLL, tHO7yFxF Y7 UIvbhEb (by <b3s<b<O)rd5. tHO¥F
RIS Z r, (ra<rms<ro<nr)&3d. 7YXV IY NERET D72ODHAN SR
RNEMITINZERTERICIE, WREH D, OB %E Fi(z) .= P{D, < z} & L, BEHE%
fi(z) == dFy(z)/de,2 >0 &L, F0)=0,F(cc)=1%KET 2 (t=1,2,3,4). SHOFEED
RV L > THEZONTVWHEWVWIRKEILLY, ZOETFNVE K] IR,

2 FBHICFH SN BEFEI

SR TRISNZ IR, ZOMICHZCEHET2EOM, Tyx 20 Iy b, KU
7o FRCET. AT TRIENDIEREEE Sy(by) THU, 3 TS NBIERIE Sy(bs, bs)
CEL, 2 FRIZNBIEREIE So(bs, by, ba) TEL, 1 FRIZNDIERERE S, (bs, by, ba)
THET. S1(b, by, ba) FRFEREE C ITHAZT 50, THCBHRLA. 2A MR T v F V2 H
R T, BHNC TS NDWEEE, TORBOZNUAHOBIZ B 2HEL Ty %22
Iy hzkD, UFOLScRkEN5.



4B T E N D EEERUE
Dy Dy < by,
Si(by) = min{by, Dy} = 5
1(ba) {bs, D4} {b4 Dy > by (5)

SHNZ TR E N2 PR EE

Sg(bg, b4) = min{b3 — by + max{O, by — D4}, Ds + ’ymax{O, Dy — b4}}

4 fIZ FNFE o 72 RS 3T TR % KD B FEK
) min{b3 — Dy, D3} Dy < by,
min{bg — by, D3 + "/(D4 — b4)} Dy > by
Ds Dy < by, D3 + Dy < b3,
_ Jbs—=Dy Dy < by, D3+ Dy > by, (©)
D3—|—’}/(D4—b4) Dy > by, D3 —|—"/(D4—b4) < by — by,
b3 — by Dy > by, Dy +”/(D4—b4) > by — by

Thbd., Z Z T, ’y(D4 — b4) = 4/ﬁ\ﬂf {D4 > b4} DEEIZHETS 3,ﬁ\ﬂ7§“5®/“’f Ty 7‘}%@
MThdZeiziEEd 5.
2N PRSI ND BREBUITIRD X HIzERKIND.

Sa(ba, b, ba)

min{bg — D3 — D4, DQ} D4 < b47 DS + D4 < b37
min{by — b3, Dz + B(D3 + Dy — b3)} Dy < by, D3 + Dy > bs,
= min{bg — D3 — b4 — 7(D4 — b4), DQ} D4 > b4, D3 -+ "/(D4 — b4) S b3 — b4,

min{bg — b3, Dy + B[D:g + ’}/(D4 - b4) — (b3 — b4)]}
Dy > by, Dg +”/(D4 — b4) > by — by

D, Dy < by, D3+ Dy < b3, Dy + D3 + Dy < by,

by — D3 — Dy Dy < by, D3+ Dy < b3, D2+ D3+ Dy > b,

Dy + B(D3 + Dy — b3) Dy < by, D3 + Dy > b3, Do + B(D3 + Dy — b3) < bg — b,
by — b3 Dy < by, D3 + Dy > b3, D2 + B(D3 + Dy — b3) > by — b3,
Dy Dy > by, D3 +~(Dy — by) < bg — by, Do + D3+ y(Dy — by) < ba — by,

by — D3 — by — (D4 — by)

Dy > by, D3+ ~v(Dy — by) < bg — by, Do+ D3+ y(Dy — by) > by — by,
Dy + B[D3 +v(Dy — by) — (b3 — b4)]

Dy > by, D3 4 (D4 — by) > b3 — by,

Dy + B[D3 + ~v(Dy — by) — (bg — by)] < by — b3,
by — b3 Dy > by, D3+ v(Dy — by) > bg — by,

Dy + B[D3 +(Dy — by) — (b3 — bs)] > by — b3




LIz PRI N2 BIEBIIIRD L5152 o,
(i): A AP S DNA T TR WEE (Dy < by):

S1(ba, b3, bs)
min{C — Dy — D3 — Dy, D1}
Dy < by, D3+ Dy < b3, Dy + D3 + Dy < by,
min{C — ba, D1 + a(Da + D3 + Dy — ba) }
Dy <byg,D3+ Dy < bz, Dy + D3g + Dy > by,
min{C — Dy — b3 — 3(D3 + D4 — b3), D1}
Dy < by, D3+ Dy > b3, Dy + B(D3 + Dy — b3) < by — b3,
min{C — by, D1 + a[D2 + 5(Ds + Dy — b3) — (ba — b3)]}
Dy <by,D3+ Dy > b3, Dy + (D3 + Dy — bsg) > by — b3

D, Dy < by, D3+ Dy <b3,D2+ D3+ Dy < by, D1 + Dy+ D3+ Dy < C,
C—Dy—D3— Dy
Dy <by,Ds+ Dy <bs,Ds+ D3+ Dy < bo,D1+ Do+ D3+ Dy > C,
D1 + a(Dy + D3 + Dy — by)
Dy < by, Ds+ Dy < by, Dy + Ds+ Dy > by,
Dy + a(Da+ D3 + Dy — by) < C — bo,
C—by Dy <by, D3+ Dy < b3,Doy+ D3+ Dy > b,
D1+ a(Dy + D3 + Dy — by) > C — by,
D, Dy < by, D3 + Dy > b3, Dy + B(D3 + Dy — b3) < by — b3,
Dy + D3 + B(D3 + Dy — b3) < C — b3,
C — D3y —b3 — B(D3 + Dy — b3)
Dy < by, D3+ Dy > b3, Dy + B(D3 + Dy — b3) < by — bs,
Dy + Dy + B(D3s + Dy —b3) > C — bs,
Dy + a[Dy + B(D3 + Dy — b3) — (b2 — b3)]
Dy < by, D3+ Dy > b3, Dy + B(D3 + Dy — b3) > by — bs,
D1 + a[Dy + (D3 4+ Dy — bg) — (ba — b3)] < C' — bo,
C —by  Dy<by, D3+ Dy>bg,Dy+ B(D3+ Dy —b3) > bz — bs,
Dy + a[Dgy + B(D3 + Dy — b3) — (b2 — b3)] > C' — ba.

(8)

K B)~ () RSN EINT TR I NS PEFERICS U, % OHRHMEZ FEO AR O E
BEBOLEEEN TRITZLIFARETH S, LI L, RS Z2RAMET2BE Ty X 27D 3y
NERDBEDIZIE, FOERBREBRELLEVDT, ZIIZIERIRV E3ffionksr Sl .



Case (ii): 4 DS DNA T v Thd 2556 (Dy > by):

Sy (b2, b3, bs)
'min{C — Dy — D3 — y(Dy — by) — by, D1}
Dy > by, D3+ ~v(Dy — by) < bg — by, Do + D3 +(Dy — by) < ba — by,
min{C — bg, D1 + a[Dy + D3 + (D4 — by) — (ba — by)]}
Dy > by, D3 +~y(Dy — by) < bg — by, Do + D3 +(Dy — by) > by — by,
min{C — Dy — b3 — B[D3 + v(D4 — bs) — (b3 — ba)], D1}
Dy > by, D3 +(Dyg — bs) > bz — ba,
Dy + B[D3 + (Dy — by) — (b3 — by)] < ba — b3,
min{C — bg, D1 + a(Dy + 3[D3 + v(Dy — by) — (bg — bs)] — (b — b3))}
Dy > by, D3 + v(Dy — by) > bz — by,
Ds + B[Ds + 7(Ds — bs) — (bs — ba)] > ba — b

,

Dy Dy > by, D3 4 v(Dy — by) < bg — by, Do+ D3 +v(Dy — by) < by — by,
Dy + Dy + D3+ ~(Dy — by) < C — by,
C — Dy — D3 —vy(Dy — by) — by
Dy > by, D3 +~y(Dy — by) < bg — by, Do+ D3+ (Dy — by) < by — by,
Dy + Dy + D3+ ~v(Dg — by) > C — by,
Di + a[Dy + D3 + y(Dyg — by) — (ba — bs)]
Dy > by, D3 +v(Dy — by) < b3 — by, Do + D3+ y(Dy — by) > by — by,
D1+ a[Dy + D3 + y(Dy — by) — (b2 — by)] < C — ba,
C—by  Dy>by,D3+~y(Dyg—by) <bg—by,Dy+ D3+ ~v(Dg — bg) > by — by,
D1+ a[Dy + D3 +(Dyg — by) — (b2 — bg)] > C — b,
D, Dy > by, Dy ++(Ds — by) > b — b, Da + B[Ds +~(Ds — by) — (bs — b)) < by — bs,
= D1+ Dy + B[Ds + (Dy — ba) — (bs — ba)] < C — b,
C — Dy —bs — B[D3 + v(Dyg — by) — (bg — by)]
Dy > by, D3 4 v(Dy — by) > b3 — by,
Dy + B[D3 + v(Dy — by) — (b3 — by)] < ba — b3,
Dy + Dy + B[D3 + y(Dyg — by) — (b3 — bs)] > C — b3,
Dy + a{Ds + B[D3 + vy(Dy — by) — (bg — by)] — (b — b3)}
Dy > ba, Dy + 7(Da — ba) > b — b,
Dy + B[D3 + ~v(Dy — by) — (bg — bg)] > by — b3,
D1+ oDz + B[D3 + y(Dyg = bg) — (b3 — ba)] — (b2 — b3)} < C' = by,
C —by Dy >byg,D3+~(Dyg—bg) > bs— by,
Dy + B[Ds + v(Dy — by) — (b3 — ba)] > bz — b3,
D1+ oDy + B[Ds + v(Dy — by) = (b3 — ba)] — (b2 — b3)} > C — b.




3 HEFNREHEXLETHEETYFVIYI Y b
IR, 3 D2DTwFVITY I b ba, b3, by DL LT,
E[R(b2,b3,b4)] = 14E[S4(ba)] + r3E[S3(b3, ba)] + roaE[S2(b2, b3, ba)] + r1 E[S1(b2, b3, b4)] (10)

THEALND. 5T, E[R(by,bs,bs)] % BAALT 5 Bl b, b3, bf 13, BEHME LT, Mz
HrER

OE[R(ba, b3, bs)]
Oby

OE[R(b2, b3, by)]

by =b3 b3 =b% ba=b}; dbs ba=b3,b3 =3 ,ba=b;

_ OFE[R(b2, b3, b4)]
Oba

=0 (11)

ba=b3,bs=b,ba=b}

DTHB. NG E[R(by, b3, ba)] @ by, by KT by (BT 3 1 BHRBAMRENE, &2 THY
SN WIFHEREIED by, by RO by (BT 5 1 AR RS A L LT, RO ESIER5
na.

OE[R(b2, b3, ba)] _ | dB[Sa(ba)] | OE[Ss(bs,ba)] = OB[Sa(ba,bs ba)] = OE[S1(b2,bs,ba)]

B T i, " o, "2 by " B ;
(12
OE[R(b2,b3,b4)] _  OE[S3(b3,00)] | OE[S2(ba,bs,ba)] | OE[S1(b2, bs,b4)] (13)
dbs 3 dbs 2 dbs ! dbs ’
OE[R(by,bs,bs)]  OE[Sy(b,bs,bs)]  OE[Sy (b2, bs, b))
0bo - Oby i Oby ’ (14)

::’C‘, lﬂ%@iﬁ@ﬁiﬂ&:fﬁﬂé%ﬁﬂ@?%ﬁ S4(b4),Sg(bg,b4),Sz(bz,b3,b4),S1(b2,b3,b4)
i, RG)~)ITREINTWVDE LT, 7vF TV IV b by, bs, by DREEETH L. £o5T,
EW O FHBDIIRHE E[S4(ba)], E[S3(bs, ba)], E[S2(ba, b3, bs)], E[S1(b2, b3, bs)] H£7z, 7TvF
V7)) XY b by, bg, by DIEEEETH S, -5 7T, EED by, by L by IZBET BTN 5D 1 B
M fREUEX, R (B)~(9)ITBWVT, by, by KU by BEHENDGEDLEMEREZLEDZEDIZRD.

4 EHEL

B L & 512, R (12)~ (14) DAL BN S SO RO WIFHE B[Sy (b1)], E[S3(bs, ba)],
E[S(b2, b3, bs)], KO B[Sy (b, b3,04)] DT Y %221 3w b by, by KO by 1ZBIT 5 1 B4R %
Bk, X (5)~(9) P OEMKICEE FTZ e TE 5,



ZDHEEN (11) & (14) (EA LT, 4T 7T 22RO L S icGon 5.

1 2
1 -« <E B a)
P{D4 < b4,D3 + Dy < b3,D2 + D3+ Dy > bQ,Dl +OZ(D2 + D3+ Dy — bg) >C — bg}
+ P{D4 < by, D3+ Dy > b3, Dy + (D3 + Dy — b3) > by — b3,
Dy + a[Dy + B(D3 + Dy — b3) — (ba — b3)] > C — b}
+ P{Dy > by, D3 +y(Dy — by) < b3 — by, Do + D3 + (D4 — by) > by — by,
Dy + a[Dy 4+ D3+ v(Dy — by) — (bg — bg)] > C — by}
+ P{Dy4 > by, D3 + (D4 — by) > b3 — by, D2 + B[D3 + v(Dg — bs) — (b3 — bs)] > bz — b3,
D1+ a{Ds + B[D3 + (Dyg — by) — (b3 — ba)] — (b2 — b3)) > C — b2}
P{Dy < by, D3+ Dy < b3, Dy + D3 + Dy > b}
+P{D4Sb4,D3—|—D4>b3,D2+5(D3+D4—b3)>b2—b3}
+ P{D4 > by, D3 +“/(D4 — b4) < bg —by,Ds+ Dg +’Y(D4 — b4) > by — b4}
+ P{D4 > by, D3 —|—"/(D4 — b4) > by — by, Dy + B[Dg —|—"/(D4 — b4) - (b3 — b4)] > by — bg}
(15)

X (15) DAEEE, 1AL Ty TRV LML THY, LEMEERCLZEEBIITLD,
OFE[S2(bs, bs, by)]
Obo
= P{Dy < by, D3+ Dy < b3, Dy + D3+ Dy > by}
+ P{Dy < by, D3+ Dy > b3, Dy + 3(D3+ Dy — b3) > by — b3}
+ P{Dy > by, D3+ y(Dy — by) < b3 — by, Do + D3 +~(Dy — by) > by — by}
+ P{Dy > by, D3+ v(Dy — by) > b3 — by, Do + B[D3 + v(Dy — by) — (b3 — by)] > by — b3}

ba bo—u
=1— /0 F4(u)du/b J3(be —u —y) fa(y)dy

2—b3
b3 u—b bo—u
—/ Fy <b4 + 4) du/ f3(ba —u —y) fa(y)dy
by Y ba—b3
by ba—b3 bo — by —
- / Fy(u)du / f3 (bs —u+ 2—”) f2(y)dy
0 0 B
b3+(b2—b3)/8 u—> min{by—b3,bz—bz—B(u—bs)} by — ba —
—/ Fy <b4+ 4>du/ f3 (bs—u+2—3y) fa(y)dy
by Y 0 /B

(16)

THEZONS. ZOLEBERIE, N (1) ITBWVT, by TR TET 5 4 DDBEDHREHED S
ZXIZEoTEONEZ LIZEET S, X512, 2HEEMEDIE, Mathematica Z{#->T, BATFD
EORfEHARTa I MLV BUERIE I NS (BUEE D LELKEIETE D) .

1-NIntegrate [F4 [u] *£3 [b2-u-y]*£2[y],{u,0,b4},{y,b2-b3,b2-u}]

-NIntegrate [F4 [b4+ (u-b4)/gammal *f3 [b2-u-y] *f2[y],{u,b4,b3},{y,b2-b3,b2-u}]
-NIntegrate [F4 [ul *£3 [b3-u+(b2-b3-y)/betal *f2[y] ,{u,0,b4},{y,0,b2-b3}]
-NIntegrate [F4[b4+(u-b4) /gamma] *f3 [b3-u+(b2-b3-y) /betal *f2[y],
{u,b4,b3+(b2-b3) /beta},{y,0,Min[b2-b3,b2-b3-beta* (u-b3)]1}]



£7-, & (15) OH T
OFE[S1(ba, b3, bs)]
Obo
= P{Dy < by, D3+ Dy < b3, Dy + D3+ Dy > by, D1 + a(Dg + D3+ Dy —bg) > C — by}
+ P{Dy < by, D3+ Dy > b3, Dy + 3(D3 + Dy — b3) > by — b3,
Dy + a[Dy + 8(D3 + Dy — bz) — (b — b3)] > C — by}
+ P{Dy > by, D3 + v(Dg — by) < b3 — by, Dy + D3 + v(Dy — by) > by — by,
Dy + a[Dz + D3 +y(Dyg — by) — (ba — bs)] > C — bo}
+ P{Dy > by, D3 + y(Dy — by) > b3 — by, Dy + B[D3 + (D4 — by) — (b3 — bs)] > by — b3,
D1+ oDz + B[Ds + y(Dg — ba) — (bg — ba)] — (b2 — b3)) > C — b}
+ a<P{D4 < by, D3+ Dy < b3, Do+ D3 + Dy > by, D1 + (D2 + D3 + Dy — ba) < C — ba}
+ P{Dy < by, D3 + Dy > b3, D2 + (D3 + Dy — b3) > by — b,
Dy + a[Dz + B(D3 + Dy — b3) — (ba — b3)] < C — by}
+ P{Dy > by, D3+ vy(Dy — by) < b3 — by, Dy + D3 + ~v(Dy — by) > by — by,
D1+ a[Dy + D3 +v(Ds — ba) — (ba — ba)] < C' — by}
+ P{Dy > by, D3 + (D4 — by) > b3 — by, Dy + 8[D3 + y(Dyg — by) — (b3 — bs)] > by — b3,
D+ a(Dy + B[Ds + (D = ba) = (bg — ba)] — (ba — by)) < C = bo})

(17)

ZEWT, B a D> TWRWEATH D, ZHud, 1HIZEWTTERD BB 2
BEDELVHERTHD. HODD 2 DODLEMRN Dy < by DIFE%E, 5D 2 DDLEMRN
MWDy >b DEHEERL TS, ZIIENIGEZEMELRE, THENUTDOLSIZ, TEERS
¥ Mathematica D 707 5 LA TRT I EMNTE S,

P{D4Sb4,D3—|—D4Sbg,D2+D3—|—D4>b2,D1—|—()z(D2—|-D3—|-D4—b2) >C—b2}

by bs—u (C—bg)/a—&—bg—z—u
_ ﬁmmg/ ﬁ@ﬂé/ Fo){1 = FL[C — by — aly + 2+ 1 — bo)] y
0 b

0 2—2Z—U

NIntegrate[f4[u] *f3[z]*f2[y]*(1-F1[CC-b2-alpha*(y+z+u-b2)1),
{u,0,b4},{z,0,b3-u},{y,b2-z-u, (CC-b2) /alpha+b2-z-u}]

P{Dy < by, D3+ Dy > b3, Dy + (D3 + Dy — b3) > ba — b3,
D1 + a[Dy + (D3 + Dy — bsg) — (bg — b3)] > C — by}

by (b2—b3)/B+bz—u
= fa(u)du / f3(2)dz
b

0 3—U
(C—bz)/a-l—bg—bg—ﬁ(z—&-u—bg)
/ f2(y) <1 — B {C = by —aly + B(z +u—b3) — (b — bs)]}> dy
b2—b3—,8(z+u—b3)

NIntegrate[f4[u]l*£3[z]*f2[y]*(1-F1[CC-b2-alpha* (y+betax (z+u-b3)-(b2-b3))1),
{u,0,b4},{z,b3-u, (b2-b3) /beta+b3-u},
{y,b2-b3-beta*(z+u-b3), (CC-b2) /alpha+b2-b3-beta* (z+u-b3) }]



P{Dy > by, D3+ y(Dg — by) < by — bs, Dy + D3 + ~v(Dg — by) > by — b,
D1 + a[Da + D3+ y(Dy — by) — (b — by)] > C — by}
(b3—ba)/v+ba b3 —ba—y(u—bs)
-/ fitw)du | fa(2)dz
0

ba
(C—bg)/a-i—bg—b4—z—‘/(u—b4)
/ Folw) (1= FA{C — by — aly + =+ 7w —by) — (b — ba)]} ) dy
ba—bs—z—y(u—bs)
NIntegrate[f4[ul *£3[z]*£2[y]*(1-F1[CC-b2-alpha* (y+z+gamma* (u-b4)-(b2-b4))]1),
{u,b4, (b3-b4) /gamma+bd},{z,0,b3-bd-gamma* (u-b4)},
{y,b2-b4-z-gamma* (u-b4) , (CC-b2) /alpha+b2-b4-z-gamma* (u-b4) }]

P{Dy > by, D3+ (D4 — by) > b3 — by, Do + S[D3 + (D4 — by) — (b3 — bs)] > by — b3,
D+ ()é(DQ + ,B[Dg + ’}/(D4 — b4) — (bg — b4)] — (bg — b3)> >(C — bg}

(b3—ba)/v+ba (b2—b3)/B+b3—ba—y(u—bs)
— / fa(u)du / f3(z)dz
ba bz—bs—~y(u—by)

/(C—bz)/a+b2—b3—5[2+7(u—b4)—(b3—b4)]
b

f2(y)
2 —b3—Bz+7(u—ba)— (b3 —bs)]

(1= Fi{C = by = aly + Blz+ y(u—ba) = (bs = ba)] — (b2 — b))} ) dy

NIntegrate[f4[u]l *£3[z]*f2[y]

* (1-F1[CC-b2-alpha* (y+beta* (z+gamma* (u-b4) - (b3-b4))-(b2-b3)) 1),
{u,b4, (b3-b4) /gamma+bd},
{z,b3-b4-gamma* (u-b4) , (b2-b3) /beta+b3-bd-gamma* (u-b4)},
{y,b2-b3-beta* (z+gamma* (u-b4) - (b3-b4)),

(CC-b2) /alpha+b2-b3-betax (z+gamma* (u-b4) - (b3-b4)) }]

A (12) KO (13) IZDOWTH, FERDGEIZELD, FHEK Sg(bg,b4),Sg(bg,b3,b4),S1(b2,b3,b4)
DTYFLTU IV b bg, by iZBHT 2 1 BERBREEZEMETKRT DTS, THIT, £
N6 E2LEEMT TRLUZA%Z Mathematica THAEGFHMETE 5. I 5 DRERZ X (11) ITRA
58, 3K by, bs, by IS D 3 DDIMHENTHEADLFTOND. T2 BUERIZHENT,
BTy %70 Ty b by b b A RDBIENTES.

5 HENE

AFEOMER T (202241 8) IZBWT, AMBEETVORET vy F 7Y Iy bERD, %
DEEDHRARIEGSZHAT ABUEZRIIRZ T TH S,
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