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1 ELC®IC

R OHEEL, EVECBI 2 EERMEDO—DOTH 3. BETPXVRIVEDTFT—REHWT
R OETLT 2 FRIIFEELTE D, A RETACHBFELFHATE % (Felsenstein, 2004).

L2 L, #EmORHERMERK PRI L CORHAIREY A 7T ROFEIZE D, B 2ER
FRE (7 —&) DERLRZEEZRTIEHWEETHZ. ORI L, 2001 FIZ Billera et al.
(2001) 28 n EORMB M EZEK L2 2 X o3I, ZOZEE ETOMGHFEOREE VS 7
Tua—FhRr o TWS. ZOZERIE, FEHROAMVEMZE-MTHL VWS RWEEDLD 5 /-
¥, AR FAWT Fréchet I X 2 SHEE (Benner et al., 2014), 55 (Nye, 2011), & —+
IVEREHETE & F O 72 M AUERRA] (Weyenberg et al., 2014, 2017), EEE A& O (Willis, 2019) %
EDHEIN TV S.

HEE XN 2 RIS ZROBRNEET 2720, I X M) v 2k 7 7a—FIZk3HHEMO
DO ERIRETHD, EFLDBEBED IV RAZDHE. ZOEKT, /O RFX Vw27 T
0 —FIE— A HOHRIE DR IEETE 20T, ZOHAIFEE LW, Weyenberg et al. (2014,
2017) TREX N — X VEEHTEIZ, ZOBNORDIZHTEINZbDTHS.

ARTIE, REIZEENCBT 2 MM EEORAHE /I H 2&4 T THEEL, ZOHEEN 1 0T
DHEICEEARETH S I Z2RT. ZXRNOHEXNMEUFREOE L SITER L TRLHEER Z KD
3 Z e DREETH 203, 2 RLOBEICIRAHER L ELINCEIRETE 3.

BRI ToOrEBDTHS. 2HITIE, RBIZEROERNLBEZZ ORAFAEE IS OWTHE
T B, T, REBZEREEEOZEMTH 5 Hadamard ZZEIC BT 2 MENTOBEELZHZZ WL D
DFENT B, 3HITIE, REBEMICBY 2HETIMFEDS L, KHEOANETLFEEOFEND DIC



DWTHHEICHNT 2. 4 BITISRMBIZERET 1 XTs L S RITOMNAMEEORAHEICHE T 2
FEZHERVMERZ R T DI, HERDRHOTZITS. b HITRERTOBEICE T 2 RIHE
EROEEZHIAT 2. 6 HITHEREBROERERL, RERC THTARO LD Z2hR3.

2 ZEHIZER & Hadamard ZERY
2.1 REEDETIVE, RIFEZEREOER

AHITLE, Billera et al. (2001) 12 & 2 Rfitht & RffZ=HOE TV ¥ ZOWE 2§ 5. %3 R
X, BlCOBINVEMIIZAL LTETUEEINS. n+ 1D TV EDEERFFORE n-tree
EIER. n-tree lF, HHOMHELZRT—oD TR &, nHOBET 2 0 EHE 2 R T HEZ RO RGN
YEZBZIENTES. AFAL I, BREEERINLTOWRVWIDOZTHS. ZaROGEE, N
HADBUI n —2 THZZENERH IO, IF_DRIZARONELZ THER) LTHoND
T, WEBLDEIID 277 5. %7z, ZOKRTH S n-tree DELZ FARu Y —Did (2n — 3)!! #
TdH 3 (Felsenstein, 1978). Z 2T, ER2AKD bRy —oilid, AL X5 REZDETUIRT
YRETIENTERZILICEET 3.

REBZEEEIL T L5 ERbEns. £3, EZORD FARrY =T L, RERHET—DDORE

E—ODESNIET B LI n -2 XD -2V vy RIERRZMEZE2 (K1), RidD XS5,
AR ONEDLZNME SR BRT IENTELZDT, ZHHDRIRDEEF 2K
LTWEEHEZDIENTES. LihoT, HEbRaY—IHET 22RO Tl &b
BIEMTES. ZDOLIRXLTHELNT ntree DL % TR ZE™ R, T, ¥ RT3 Z
Y35, FHZ, WEBAZRR7272\0 n-tree &, T XTORRITHELE X 072 R G D22/ D Huic iz
BI2HTHD. AFETIE, ZOHRZFEEEER.
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K1 —20"H0KRD RO —DEBMADHDIAAL, () 3-RO—o0D b Ra I —DHoHiA
A, (B) 1 4-KO—2D FFEr Y —DHlDIAA

A TORBOEEHEICIBVTIX, 1 RTERE2RICDOGERZEICEZS. KT, BHE



DRIT, FRFNHFERE LTREGEDEMORITTEZERT 5. L1z > T, p RILOFRMMZEME
VX, T #EMET 3. 1 RTRHMZEH T3 T, 3 =30 b EaY—Lhkl, 5 Ko
V—ERRIBEREBIE, ZARERTEATHAREATHOZ o ERT2PERTHS (K2E£). 2
TITRHZERE Ty 1Z B! =15 D v AuY—2Kb5, ERMRIIFEDL—-2 Y v FFEHET, SN 2
FEORORBLERENT VWD (K 2HR). 2o T, &K%, BHicokr>TEBYEFEDO L2
Uy R FICRRT 2 2 TERWVYY, Rz N, 8%B2 2 A2lIoTRIT L, ¥—&—
YIS 7 LTRRTES 2o TWws (K24). #L<IE, A Billera et al. (2001)
X Lubiw et al. (2020) ZZf 7200,

/>\ :

M2 (k& y <¢%r71 4% %ﬂ”ﬁ@%@@ﬁﬁbﬁ%ﬁ?f Bty 757 &

2.2 ZRIFEIZER OB M

R R L CRSICERETE 2. ZoEMiE2—2V v FIEASRREZEDLERD
DTHZ05, ALRRICH 2 2 mEOHERZ, BFo1—2Vy NEMrERTE2. ¥/, BX
BHRIRICHZERED 2 FIZOWTIE, 2D 2 JEimE T2 XAOEXDOTRE UTHERMEZRET 2
ZeMTES. RMBEMEEREOREBI SR, ERRROMIREIL, ZOWMPDOHFTE
SR DME—DRADEET 2 ZEPEZ IO 272D, ZOTRIED BRI K-> TERX
5. ZOEENER/NNIIR S K SRS R 2RI RS,

R ZE L, 0 & SRR X Az BRI U CIRIEMIER 2 R0 e R BEBE 2R . e 5. — %
IZZ D X 5 7222 % Hadamard 22 & FER. FERHIEAI 21X Bacdk (2014) 2B S v, 22T,
HEEEM OBENIEETH 2 WS 22X, ROZEBRHIUDOZTHB. (H,d) % HHEEZEb
L, EEDM z1,22,73 € H IR LT 2}, 25,245 € R2 GROUERFHORTHE LT 5.

d(z;, xj) = d(x),z%)  (i,5 € {1,2,3}). (2.1)

79 ]

=M ol ahal ZHB=MF LIS, 22T, A€ [0,1] L, d(zi, Va2, (M) = Ad(z4, x;5)
EB8B x 5 x; NOPIREDRE v, 2, (N) ERT. JEEMROMEHIIROTEXTRHN T 50
% (CAT(0) 5.

A1, Y2z 25 (N) < o = (1= A)zz + Azs) 2. (2.2)



R, || B R2ICBYZ2F/ A LERT. ZOWEE, RHEBEMICBI2Z OEERE
Ro#THs. X512 Hadamard ZHTIE, FED 2 AZREIAMRII—ETH 2 Z e RIS N
TW5., ERC, RMBZEMICE T 2 HRE O(p?) Bl (p ITRFMZE— OXIT) TR 2 71T
VX LBHFEINTWS (Owen and Provan, 2011). REBIZERIC BT 2 HABIFRIZ B RIRICBIT 2
M EORFHDICR->TED, BEK LT, MALFESEEIMI o ok2 Ta—r
Z 2B, FHT, 1 ROTRFZERE T3 BV TIREEDOHIRBRICHEET 3 2 AR HEIRIZHAR
ca—> o2k 3. 2 RICHRFRBZER Ty TlE, 2 SO o — Y R RI2R 20 5 DI,
2 RMDOAEICOAMEET 2. ZOMEIOVWTOFLWIAE, 2, Lubiw et al. (2020) 2%
Rz w.,

2.3 Hadamard ZERAICH 1T B ES MK

AEITIE, Hadamard ZEf] EOMES & MBEEOB S ERT 5.

7, MBS L MBEEE Bacdk (2014) 12l TEFE T 5. Hadamard % (H,d) £ L, EE
DR x,y € HIIXLT, ZOROHE—DWMIRE [r,y] £ T5. HEACH X, EEOH z,y I
WLUT [2,y] CHDPEDIUDEE, (MTHEEVS. RETEMERCEIE) D 2728, BHEDOM
fetr oG a e Bigh, B[ H — [~o0,00] DL T Z 7% epif = {(z,u) e H X R | f(z) > p}
TERITS. B f X, 20777080 TH IR, MEHTH 2L 3%, Hadamard ZEE DIE
% Hadamard 21 CTH H D, FHZ H x R 1 Hadamard Z£[ETH 2 Z L ITHEE.

MEOBER B FRRICERT 2L TEL. FEOESE SCHIIIML, SOMTELES 280 H
DENDMEED I TH 2. ZORENFET 2L, MESOLBEIHINNTHE I L, H
BDHTH2ZerbELNLSE. S DIME%E convS £ERiL T 5. Hadamard ZEEICBWT, HHEER
DFED L SICE T2 ZeHHH5NT WD,

B8 1 (Bacdk (2014), Lemma 2.1.8). SCHIZNL, Co =S5 L, ne NI LHRNIZ C, %
Chn={zeH|2ECh 1D 2HOHUMIEIZH2 } TERTS. ZOK,

convS = U Ch. (2.3)
n=0
ORI, 2 AE OB E EIRE L AUINEAFEONE L 2RLTVS.
iz, BEEOME L WS BEERMREEHRT 2. H LOEEOBEE f OME conef 1 fick->T
THoMRAON2RNOMBEKTHS. -2V y FEBICBIT2Z20FEL —EBERHEI LA N
FERTH D, il 21X Rockafellar (1970) % 5 EiiCFE L WAAD S 5. Hadamard Z2RHICEWTH
FERRDFHIC X D MEDFER — B 2RI e TE 2.

fiE 2. EEOBEf: H — [—o00, 00 TN L ZDME concf IIFEL—ETH 5.

AR (R v F) L f 2 H EoEREOREE L, B%l g % g(z) = sup{p | (z,p) € conv(epif)} &
ERT B, 5L, gEBMTHY, gl fIZEXoTTrelzohns. g DER/MMEGMTEOER/NMED
HHES. O



AIOMEDIHDEEZ ERIX, HEOMEDEZHFTHS. T hbb, TV¥I7I770NMEEEE
L, ZOLERZPEZ L VWIBIETH 3.
FRCARETIE, BBARD &S5 BETE T 3EE8ICEET 3.

N
fy(x) = I(x = X) + yi. (2.4)
=1
7L, EEOmE PITHL, I 3RD X5 ICERSINERE#TH S -

Igg:{o Gr) (2.5)

—oo  (otherwise)
Zo%a, B f, DT 573 N Ao TEELRFER OEELR5.
epify ={(Xo,p) [ p<yiyi=1,...,N} (2.6)

IO, hy =concfy(r) ZZOMEZRTILSE LTHWT, hy(X;) >y (i=1,...,n) T
H2RNOMBERIAE EFERZ LITT 5.

M HICREEI NS 2 e PZWEFEO—2r LT, E¥ERENH 2. BB f: H — [—oo, o0
D x TEFEBTH 2 L1E, Imsupycspa,y—of(y) < f(2) BRDIOZLTHZ. ML
BRiC, B f o B¥ElEE, fFICXoTToMzohdi/ho LYEEfe LTERTLZL
KD, X512, B f O LEERMED, fICXoTT2oMAsh 23R/ MR
LCERT B MRS, Zol%E conef £h %, X (24) IKRLTh, =concf, £BL. 4.3
ENCBWT, MHMBEED Y 7 ACBI2RLEERBONBEIZO by, LI TERXLNZ L%

RS,

3 REUEIZERTOHKIET

AEITIE, REBZEEICBWTEICHBEIN TV AFHEHTFEDO WL ORI O W T T 3.

3.1 Fréchet 15

Y2 T LD Fréchet F¥1k, GxohzH 7L X, ..., X, LEAw,...,w, KHLTZFD
FHEHAMOR/IMEE LTERIND ¢

W= arg minZwid(w,Xi)Q. (3.1)
zeH

722U, w BEERIEDEAZRT. Fréchet FIJF AL b ZERIZBWTITEMFEH L —5 T
27=%, ZHIEMFHO—Ktr LTRZ T Z 2 AHkK 2. Hadamard Z2fiI2EBWT, Fréchet
FHE—BICEETZZePbhro T3, T4k, B d(, X;)? oM EREci2b0
TH 5. Fréchet FHOFFEICEH LT, EAEZH VWAL 7L3) XA STV (Bacdk,
2013). Hadamard ZERICB1F % Fréchet FIICBE 3 2GR DFERRLX, #Il Z21X Bacdk (2014) =2
I,



3.2 H—RIEBEEHE CANER

Weyenberg et al. (2014, 2017) Ti&, FIZHIUEMRA O BRI D 72012, RFEMZER LD H — 3L
EEHEELIEZL TS, REMZER T, LoV I {X;,..., X, } G52 60K, HoE
RDE S BEOHERZIRE LT

ﬂX)mEEZHXp&y (3.2)

TR2L, k3 A—xBEERT.
FHT, TS ERD & 5 R EHED /1 — 2 VB FHWT WS @

kxxyzg)aexp<—-<§&§5§2>2>. (3.3)

221y FEBODBE, ThbDh— 3 VEBICH T 2 ERERIERD & 5 12hiF 3.
e(X, h;) = (2mh;) P2, (3.4)

Lo L, REBIZEEICBWTIE, 20 X5 CESLEREBICEL el v, ERE, EHRILE
Bz — A VEBOFLDOMBIC K > TELT 2. HlxE, Fb X BEEOHEICFERLERD
P{(2mh)P/2 - 2p+ NN} R BDITHL, Hb X BETORROERD & +7EL TH 2 5E
i, EFREBIERK (3.4) 12389 <. Weyenberg et al. (2017) TIZIERLER D H 2 TREZHWS
Zr TZOMEDRIERATNS., ZOTRIE, v/ 3 v ZARED B WIEHEN A 7 ZRE
DHEEZHOTROLNDDER-oTWVS.

3.3 HREHZEMELORERRE

Willis (2019) (3R #8220 L OEHEESOMRIELZ S X 29T, HRAIEDARERBEED—D
WOWTEELTWS., MUT, 2052 HICOWTHIT 3.

(Tpio,d) BRI T2, ZOZME (2p+ 1)!MED p RTEOFARE, K2 2 LICEET
3. ZOZLEFALT, T OEEOES A 2ERRICB I 2EADHE LT A=UM" 4,
EELZEMNTES. 22T, A)BARXEBEENIRDS B Tpio DHEFICHEEINIRDES, A
BAREENEIRDSH i HRHOELRIZEEN I ROEEZRT. ZIT, vg Z RP LDAR—
JHELY L, vEvA) = g (4) TEHT 2. T8, Zov Y /IMEEEREET 2
DT, FEWICED vIZEHRIEL 725,

3.2 BTN LT — F VB EHEE B O XHk (Weyenberg et al., 2014, 2017) iIZBWTIEED X 5
RHERMELZEZ TV 0ICELTHRZ LTOVRWVY, ZOLIRDOZHIIRELTVWIEER
Z2ZeHNTES. BOOHITIE, FEy 2ZEEAEL LT, ChICHETIHEELEZ5.



4 NHMRALHEEL EDEEHE

ZIMBE, =27V v REEIZBITZ ) 25X M) v ZFED—DTH 3 MMMBEHEICD
WT R ZERTHE 2 5.

41 WHMEE

Z—2Vy RERICBITZ /7 ¥ o8F X MY v ZEEHEE TR UCHEBMERE & 5 KR 2 H
W3 bR IN TV S, HRMEER, NP MBERTHIHEREED I FATHE. 1—7
Uy R EOMBMZEED 2 7 RFEMAAEDLZ L OEHNRDHEEL. /YT A MY v
FEDO—OTEDH 20, HEIIRLHEEEZR NG Z N TE 370, H—FVEEHER Y OE
WO WL TFE Y B D, FWRT X — RPN RIFR Y DN =08 F X — REHEET 2 HEED
W, =27V vy REBOEFE, Cule et al. (2010) 23, 1 RITOHFE L ZRITOHBEDH LT, +
DRY Y TNIAXDS LHER 1 TRAMEENFEL, ZOHERDFHER n HOEREZRD
BEWC R 2B 2 NRELEBECIFREST 2 2L ZRLTWV5.

REBEBICBVTIE, RTXA M)y IBRDHAPDHEDERINTOVRVEDED LS R DH%E
DI IRTHZEHRHET 2 IZEL VY, 328 THRN LI —rVEEHECHY LTV,
EHAOTEHERED LI RIERDAEOD MR EL I L 3BRITb, 3.

42 RHEIZERICEITIHNBUBEEOFEHC—FL

AEITE, MHMEALHEROFENE - —BEHCOVWTORRZARNS. £3, &b HEHMLR 1 XT
DRIZER T3 2E A 2. ZOEMICBWT, RICERLEENE v 1T 2 MEEORS
ZFo 35 ROEHZ, T3 CBIRALMEN L2V v FEFDHELRAKICHEET I %
TTHDTH 5.

EE 3. (X1,...,X,) 2 T3 LOEE fe Fo pbOMUERE T2 (n>2). ZOK, R 1T, f
DELHEER f, WEEL—BTH2. Thbb, f, ZEAEREI(f) =X, log f(X;) D Fo
LB 2 —EOBRKETH 5.

FNT, BRTLORTBIZEN T, 2EZ 5. Fo % Tpeo L0 EEESEBMEEOEEG L L,
1) = S log £(X;) ZMBOCEERE Y ¥ 2.
ZOBEORLHERE, | JUTRBMERCI— 2V vy FEMOBE LIZRRD, #ELARVA
BEMD D 2. BAHTROGFECHT 2 0% E NN, 2T, RAKEROHELRET 3
v, —EUEPUTOEED LS IR ND Z 8 ZRT.

TR 4. (X1,...,X,) & Tpo FOBBZEEPLOV > TLE TS, Fy ETIf) ORKEVEFET
LYIRETS. Tdk, RRKRIZv—ae T—ETH5.

G f1, fr € Fo BB ED I(f) 2RAMNT 2 LIRET 2. OB, B[ 2R0 L5 1CEET



5 f(x) = {f@) f)}?) [ {fi(z) ()} 2du(z). $5E, fRMEKTHD,

I(f) = % Z{log J1(Xi) +log fa(X2)} — 10%/ {.fl(z).fz(z)}l/QdV(z)

To+2
21 -tog [ PETEE ) —up). (@)
2T, BEOTERIZEMTE L SATHOMBRS SHEAN, FEE f1(2) = folz) v—ac. OB
DAY ILD. a

ROEFIZ, BLMEENTEFEL, HE v CELTILALEZHMT—RELERE3 IR TILD
TRE&EMEH5Z2bDTHS.

EE 5. (X1,...,Xpn) & Tpo LODZEE f o0 red2d n >p+ 1. C, =
conv{Xy,..., X} v L, BFEAZRME {02 50T, UTFowFhsrdL&ESR DO
CIRET S :

(a) C,NO; BEEATH 2.

(b) C, N0 13 0; D AdRXRTEHEE L 5% : Thbb, v(C,NO;) > 0.

(c) C,NO; BFEATOEDAZEL. ZOHERZ B; (j=1,...,J) 35k, & B; PELTW
B%MR O; OFT (b) BB IO DINHL L b—DEET 3.

ZOKE, Fo LT f OBAHER f, BEETE. ThDB, f, € Fo ERBALEMEI(f) =
St log f(X;) DERAETHZ. 51T, ZhFint(C,) ZEEHRVDHIHE 0 DEEEZRNT—
BIZEFS.

B, TOTDEME n BERKICKRZICONT LISEIHERTHRIIT2EHTHL. £/2, &
DEME Tppo DV Y TN DMEANFTETEIUE, BHICHRTE 3.

43 TEHEOIRCRITEEEDRHHIT

EH 3, EH 5 DR, -2V v FERDEE (Cule et al., 2010) & Mzimmc X bITH> 2k
RS, LUT, EE 5 OFFHOMIEE 52 5.

EHE 5 OFEHOMEE.  £3, C, = conv{Xy,..., X, } & T2, CTNIBERLEELRS. 1
BRI D IEERROMEE D SEL Zehtiks. —75, M 23 XD, Dy ={X1,..., X},
D, ={D, \DEED 2 mEMBAZHMBE D28} (1=1,2,...) 52k, C,=UD, k3.

ZIT, Tpio Lo BFEGLMBMEEOMRD DI, EREGELAMRMBEROEEE2E R, hE
Fr33. 2—2Vy FEMTOHERE Mz X512, BEERE LTy, (f) =n"1t Y1 log f(Xi)—
Jr., f@)dv(z) #EZ, hE F ECRACT 22 2E25. ToL, UTFOZLHIRCHY 3.

L FED ge HITHNL, 2 fc HMPFEL, UTORFZMZT.
f(x) >0 (zeCp), flx)=0(z&cl(Cn)), ¥n(f)29nlg)- (4.2)



2. H={h, |ly=(y1,....yn) ER"} 2T 2L, TBDge FIHNHLDH3 h, € HBFEL,
Yn(exp(hy)) = ¥n(g). (4.3)
%72, dom h, =cl(C,) THYH, h, & int(C,) LTEFTH 2.
3. fED hy, € HIZXHLT, C, DARMEDL S Je, exp(hy(z))dr < oo THZ. £ T,
Jo exp(hy(2))de = c  BE, fo=exp(hy)/c=exp(hy 1ogc) BT,

Yn(fo) > wn(eXp(h_y)) (4.4)
TH5.
4. ||ylloo = 00 T tnlexp(hy)) = —00 THB. koT, 3 M >0%2HT,
sup ¥ (exp(hy)) = sup o (exp(hy)) (4.5)
yER™ Yillyll oo <M

v#%b. The hy, Oy ET 2EGED, S, BRABIGFEET 2.
MEXD, FEANZET T 5. O

A S, BRAHMERICET2HELD» 2. T, MRLEEBORALE Fy LTEZ K
DOIZ, nKL2—2 Y v REMEDRZ bL y 1ZT 2L TOBBORAIEEE Z IR W

) =n! Z By ( / exp(hy)(z)dv(x). (4.6)
To+2
ZhUE, UToyicBEs2MBEBOR/NMEEELWY .
=-n! Z% / exp(hy)(z)dv(z). (4.7)
To+2
o DERNRE (P, DERKIR) HEZ SN2 Y, MIET 2EEDOHTERIE
fa(z) = exp(hy)(z) (4.8)

THZ6N2. LEN->T, BAMERDOY K- 1id dom hy = cl(Cy,) 43, ZOWHEE, »—
IVEEHEDFEL IIRESERLZEATH S (6 HIOBER S SR).
RIRIC, EHS DRENK DT, RAHEENIFELRVAIZRT.

Bl 6. K3THBNT, X1, X0, XseTu 27 d3. 45 HDOODOREDHDOHE DMK
T A=V R DB ZEPMFREEINT VWS, LizhoT, X}X@Xg@&@@ﬂ®$@®%A
HY, EH 5 DREFHT SN TVRY., S 79 X0 & Xo0 DRIEFELVWE L, 87
DRIWFZENLD SETHZLT 5. logf 72 log f(X3) = y+A, log f(X3) =log f(X1) = y—A/3
YIB XD KGR TH R TS, T log f(O) =y T,
mh=v+g- [ f(a)de. (4.9
conv{X1,X2,Xs}
ZDZEDDH, AD+ooll7%2 L, HHIIRRBIZ 400 128D, RZEDOHDIHII 01K T 2 2
EDGE. LIehoT, o, \F AWK LU THFEMT 2METHD, BAEZE SRV, Lo
T, ZOHE, RAMERIIFELRL.



X3 fl6icBiIsdyIrezoid. frTnd “DODKRIE, “OORRD bRy —%FK
F. IS DORBEOMORPHIREIL T a— VRIS,

5 RAHEEDIHEZE

4.3 DR, S, RAMERDHEDZDITZ 0,(y) W n KTz &/METHIERW
L7235 7T, op(y) DIEDE y IZOWTEHRETEUE, @ oMBEERMeD 7 va) X482 v
TEENTES. 2L, o,(y) DEBEDLZDICE, FhO EYEFRMBIE b, (v) ZRD 2 BEH
Hod. I, BESo={(Xi,yi)|i=1,....,n} C Tpia X R DMTDHATZ KD 2 #EIIE T
3. =270y FEEOBE, MEEZRDZ 7LV XLZEBEET 25, RFEEEMTEZS T
. BT, 1XRTE 2 XRTDHEIR-T, ZOMEAD—DD7 Fu—F%2R7.

5.1 1RXRTDIHFE

1 RIEDORMAMZER T3 1%, 3 DDFEMRPHK[TORP o LZEMTHo7z. ZOKRF, Sy =
{(Xiyy) li=1,...,n} C T3 x ROMEUIUATORT v I THICKRD 2 Z e 3 HIK .

1. So 3 T3 DO LOIFARBICE T Z2HWs 2. BT 258, Mollddd (0,2) e T3 xR
DEDEREBTLD, TOLIREDIE 2 K (D) Kh2EERDIZVEDDHZ. %
DIDITIE, Sy D, FIORIBICH 3 2 HETOMASDLERIIH LHMIEZED, 2 2HK (&
M) 1B HDERBERV. ZZTRDEFAEDR ((0,2) DEDOR) ZFHATORAS
(BN EMERZEICT 3.

2. Sy DEMNFET 2ERBICBVT, R?2 Lofaz 3. ZOR, kD27 v S CHREALEDHE
MHEMENTHBEIERBICRATORKR, RIREZED L THELIS L ICERT
3. BRBRICERRTELONMNAE2EDE S Z e T2EDMEE2BE 3.

10



5.2 2 RTDIHFT

2RTLDHE, THhOE Sy ={(Xi,ui) |i=1,...,n} C Tu x ROMEOATUERD 2881%, Z
Mz EREICKD 2 2 2138 LW, Lubiw et al. (2020) 13 71 # &% 1 THAD 2 20T CAT(0) Z2fic 5
BN DS REAEIC X D RD B 7T XA BHE L, SHENRE T 52MIE T, x R
TH21DIDT7NIYVILEZZDEERHVAZIEXTERY. 2720, Ta x RiIZBI 257D
TOEZEDBELEHRT2221CdD, MuoablzRD2 ZepHKS. DT, 20713Y X4
DG 2 35 5.

CZTCRERNNENED2HBE5DAEEZD (BARDOMENRRZEERVWEEE, 12—
Dy ROBERTETS). 22T, 0T CBIZFEAEZEL, (0,y) DFDEZHEY) 2 HIHERD
A=Y RRALMERZLIZT D, iz, T KB 2EEDOIFAZIR O 1L T, So(0) = Son (0 xR)
YEFETD. F72, Lubiw et al. (2020) DHFEICK 5> T, 73V XA TRMIICER L TV L
SSCTxR(1=0,1,2,...) Z [ BHORT VMY EMERZ2IZT 5. 72, H(O) = conv(S;(0))
and H; = UoH,(0) £ 5%. DIF, Si_1,H_1 56D S, OWRIEZEHHT 5.

B—DR7T v 7T, H_| DEBOAMBRTa - A TH2b02HL, ZOFHEATHHE
0,yr) ZKD 3. X, {yp} DBAM, BMEZRD, ThER yu,y0 £ T5. Z2LTT %
S1—1 U{(0,y11), (0, y10)} THHHES 2.

F_ORT v 7T, T)DE2TD 2 HOMAELEIZONVWT, ZOMOWBMEZ L D, ZDHR
EDRREITRNT T ITAS. 22T, HEF) &, Ty & R EOWDTERT 2 2 KT FHIO Z &
TH3. EBEIEFEOLNLBER LOR2TE2RET IHEIRL, BHEALTO 2 XTOMEDTER
ERTEZGE TR L, 20O EE T 25832, RERICS =T, E LTAFZ L VDHE
WEkZ5. BB, H(O) DFHEIER? LohE2RkD 2B TH 2720, AIRETH 2 Z L ITHEER.

Z DRERUE 2 X0t CAT(0) ®¥3& (Lubiw et al., 2020) 2 TW3725, B2 5%, FEETORK
B B/MEZBRONCHRE L RFNE RS RVWI Ly, 1 KT EOTORK, BNEDAZFET S
DTIER L, 2 XS LD RPERT 2MUOETOTHRERET 2HENH L TH 5.

DToE#ElE, H Z2Meoafle 3§22 DESE2522bDTH 5.

TEB 7. pgeH_1 235, §282, pht g ORI H 1ITE&FENE. 51, EED I
LT, H CconvAy TH5. L7h>T, UH, =conv(Sy) TH 5.

FERRIEIE 3 203, HMRS 2 — Y RADHE L Z 5 TRVWEEIIFT TERITIUIRY. a—>
NRADGRIERIDZND H TEENZZeDHLNTH S, a— Y RATRWESIX, HIHE
BATHED S 3 DORBOFICHEDAL Z e R Z 720, 2—27 0 v FERAZ A IR
H TABZ RS 2 Z e33R 5.

EBRE, F AT v TICBWTIEEHLERAE, MEZRD 2 Z L ZHENCHETDH 2. kER
5, H_1 XBERESTIERL, LI ZOMBIXRIIEMNGREELCEEL 2205 ThHE. 12721,
A AR T 228, B AEATEEE W GIMEER 2 Z 2 itk > T, ®mAME (R/ME) 0b
TR (ER) 2RO 2 20 TE5. ZORPUETRAT 2 Z L OFEICE L Tld 5.3 BiCikam
T5.
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53 LAV ALDERERICETZIEER

S TORKME, RMEZELHETRMT 2 2 2 ICH L TOMMNRELZ E 200, 71
AR OPHRE CWEE R T v S TEBIANT NS 2D, BV TAH A XHBEZ I Lo T
JREToORAM, R/MEDEPHEENPRBL 22 2 3HIFTE 2. /2, ZolEE2HVWSE Y, H_,
D 2 HEORBARE, TN =Y SR TROVWRD NS H ICAZ I RRIAETE 2720, 2D
MEOHEEICKE QIFEE LRV PRINS. EHIRIC, 6 HiTRNT2HEERBICEVTE, £E
IS, WEREDA 7L —2ayTIRT2 20 E0 o7, INHDEEDS, FHEATORKESR
MEDELD—EDEL RO BEbi .

hy, DR RD % 72 DICEEF S, RN T 20, EBRICIE S, PIET 2 22 2% < T
SEREDA T L —>a v THBHY2 e PRETH 2. FUEEFROIRICIE, FTHUDoHELEL L
T, EHEDAFL—>arTHBEYZ L WH L —ARHEH LR, Pl d 6 HOBEESD
S L7 —XICELCZENE o, OICEEICRBEIZ R ok o7z, 2huE, RICHBR7 &
SWICHREITIRT 2HENZ N, T2, IRLAVWHATHZ L ORERIIOBEIOA 71—
> a Y ORIFBFED HICIEFISEVEDBINCR 2 Z e PEL ALY THE L ICFHFETeEZ N
3. ZOD&DBEFSHROWME THERICHTAED Z e AEF LW

AR7NLT) XLDORENE, EFICEZL OFERMELEL T2 THD. ZOERO—D2IF, H
YT A R L T N ERE(LEEDOR TS L2 2 THD. Zhd1—2V v FZEHD
BELAROBRTHD, /7 TR MY v 2R ZIT o T2 BRI OB IIE A2 O UeE
FohBwboThHB. —7, FHBEENEOERY LT, MEERKEL 222 Z e BEITS
N3, Bica—210y FEBOBELHNZ &, [CRETIIHEREDIRLOA7ETE S MEEHEI
REZIZREDRH D, BRI ZOWAHREEZHEL TWE X5 TH 5.

ZD XS ICHERENELS R TLE>HEL» S, BNEROEDOAZHWTR/MEET 2 71T
VALZERAVZDIEFFE LR, =21y FEMDIGEE, B o, DHAREZRDZ 22T
%7z (Cule et al., 2010). SEDELED, 5 X 6Nz hy(r) OELEEIE, 2—2V v REMICBT
B/ NDOMBEHMOHEAEDEDFICIR > TWVWE D, FRROFIETIIMNRSAEERD 2 Z & HH
k2. 12720, ZOHE, ROLMEICEENDS Ty x R OBER EOTHEANE DY > PV EEHWT
RN ZHEFEL TBADEDLD 3.

6 MIERER

AEITIE, BIEEBROMREZ 525, £F, WBMEEN 1 ot 2 KT TELIH#EETES
ZRT. ZLTC, ZORER%EZ Weyenberg et al. (2017) PMER L7 —F IV EEHER L HIKT 5.

6.1 1RITOMNEMEBEDHEE
12Xl LT, UTo2@ER2EX%. 0, (1=1,2,3)%2 T3 LD 3 D20%[RL T 3.

r—2 1. F xog BRR O1 DFEEA»S 1 HENTZHT, DD 1 OERSHHOEE f1: bbb,
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T € T3WCMLT, fi(z) xexp(—d(z,z0)%/2).
T—R2. LTD XS ITERSNDIE-IMRD D for

falz) x {exp(—d(x,xg)) if € O2UO;3 or (x € O and d(z,0) < 1) (6.1)

0 otherwise.
BB, T EATORN -7 3 RKOLEBIGHE L VDT, FIEITOWTIZIEHE 76 0 B
AREMEES Z e 2FFE1E, BE fL & fo ODEFRILEREZHET 2 Z L WERETH 5. BIEINICIE,
N(0,1) DBBEANHEE ®(x) T2L, f1 & fo DERILER 1, 2 EIRDESITKS.
1

T Va1t a(-1) (6.2)
1

BHOEED 5 100, 200, 300, 500,1000 fHD ¥ > Fv % zhzh 10 HERK L, o —Fl% (ISE)
PEHLE. M4 ZHEREO—FIZ, K5I8 TAd A4 B 2FEYISE 27,

YIal—yaryoiER, MEMBRLHEERIZTNTOY Y I3 4 2B WTH — I VEEHE
BELDENHERELRO 2RI N,

6.2 2 RITONHMEEDHTE
Ts DERRZ, R2EOE—X—t Y7 I T7DHERDA VT v 7 ZAZHWTRT. HIRIE, #H0
1 ORRIF{0,1} TREND. ZIZTE, UTOZO0FHOEELEZ 5.
=R 3. T, BBEIR-F T2, FHO0, 58 I OERRICYIE S W ERGHERO D fs:
f3(z) oc exp(—d(x,0)?/2). (6.4)

r—24. T; © 6 00%E (0,1}, {1,6}, {6,8), (3,8}, (3,4}, {0,4)) DAHTHHE—Faf, FH0,
SET OERRICTIN S N ERIHR O fu:

) (6.5)
0 otherwise.

f@»m{wm—a%mwm 2 B LD 6 DDRBOVFNIICA STV S
4

2 RTTDEGE, THHDEEDEFCERIIMTANCETE T2 Z 223 Tx 5. BRMIZIE, EFHL
EREZThZR 3 ey 853 , RD LS5,

4 2

“= 2 157 Br (6.6)
1 4 1
C4—%X6—3—ﬂ_. (67)

7o, R ZEHOIFEHROMENS, ZhoDEEINMMTHL 2 dbhs.

ZOMBIMBRIHEE R L — 1 VEEHTEE (Weyenberg et al., 2017) 2, EOEEIIN T 5 ISE
D[ HHR S 2. HOEENS 50, 100, 200, 300, 500 HoH > FLEERML, RILHERI
KWCZDISE # 10 [EEEL, zhzhoyy Frd 4 T, FHISE 23 E L. Z2o#ERR%
B 6127,

13



1

— true

estimate

— true

estimate

1072

ISE

103

10 10°
sample size

1072 ——

ISE

10724

—— KDE
—— LCMLE
100 200 300 500 1000

sample size

5 ¥ 7% 42 100, 200, 300, 500, 1000 1B 3 EERS L, () 1 r—R 1,
() : #—2Z 2. LOMLE AN HEE R, KDE 34— 3 VESEHEE B2 R 7.
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1072

—KDE
—— LCMLE

1072

ISE
ISE

—— KDE
—— LCMLE

10—3 o

| | | | ] 103 L ‘ ; | !
50 100 200 300 500 50 100 200 300 500
sample size sample size

K6 #7194 X100, 200, 300, 500 (2B} 5 Ry R, (k) r—23, (4):
s —2Z 4. LCMLE B3P E R, KDE 37—+ VEEHEE R 2R T

F—=2R3TiE, NEWH Y TAH A XTEH— 3 VEEHEEDTHBERELR WD, v T (X
DR E L7325 M BMIRAHEE B H — R VEEHEE K O MREN RSB DIED 5. ZOfERIE, 22—
27V v RZEf (Cule et al., 2010) ERFRTH 2. —77, 7 —R 4T, HNBMERLHERDL S — 2L
BEHERLIDDETOV Y TAI AL BV TERTVS. ZhuE, SBMRLHTERE 9%
F—ZDTFT, BEOBEDOYR—MILDTZIeNTEED, I—FVEEHEERETETERVED
TH5.

(A <)

AT, D25 T THBMRCHEEENRHBZE LICEET 2 2Rl 1 T
&, RAHEER MR 1 TFEEL, —EBThs. ZHUI2—2V v FOLALFAILERTHZ. 2R
LT, RAMERPTFELRVWEELHS. L L, +9&EPRITIERLHEEENTEEL,
HE-ae. TETHIILERTIENTER. £/, 1 TOHBEKEMIZ, 2 RITOHEILEM
A ZFTE T2 22T, BAMERERHE T2 7LV XLERLE. RICHE LD —3VE
FEHER L B LU IER, TORERI Y TIAIA ZRFHEETANEL VT —ATIE, A DHEE
BB O Z AR L.

2 CEMNIHERX, RO EOEEHEEICH LW U8 X )y 7 Tu—F2 523
YWOETERVDD. Tz, 2XCOFITRAZ XS, BORHDH 2 MEETHIUIZ DY KR—
NEBETAIIENTELIEHRERFHMTHS. ZUE, BEEBRTRIZX I, Kick-T
BHEEREZ IS D O EE 52 20[HEMD 5 5. ORI O T —RicBWTH, #HllxhzH]
BEMEDDH 2+ Ra Y —PHEEDOEX I D ZREFNND 2 e ATHEINS.

T/, H—FVEEREE L IZE R D, FiR T X — R OPRELESULERDFTHEBE LRV ED
REEDRXV) v b THB. FTEBFREIE D — X VEEHE X DX 2080V, WEIMOREHE D5
BEoWE» b RELBNTORWESIZIE, BEMEDBERIEI R ZLPHFTES. HRELE
FiEEZ, BEORELRERELESR ) VS X M)y 7 Fu—F b, REBZERICHTSEL
WETLDIEELRER AT X M) v 77 7 —FOFENRERE2522bDTH 5.
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SHOMBEHEL LT, AMBEMICBI 2 EROHMGNRELEIH T LHIEETH S,
-2y FE>MTIE, SMHMELHEEREZ—BEZR O LN TED, ETLOIEEIR-
TWTH, BOEED IMEMEH (BOBEEPSDHNLNY T « 54 TF5—XAN=J 2 VA%
BMET 2RI E) SN T2 e o TWS. s DEENRFBIZER T D Lo H
EIDEFAND L FIERICEETH L. £z, WRMDREIK D L7 WIBEICE W TORIER
BT =RV ADMERZEIHIITO 2 d, ERHELETHS.

R D2 2 €T NMET B - DICRFM MRS -0 T, hoMRHREL LT, EWE
T ALHEEANOHEAELE TSNS, AR TERK 4 DOFEHIFET 258 CHET 3, 1X
TLE 2 RIEDFE TN TV R LDAE G R T70, G0 ZAMATRERIZRESATWS X5 IED
na. Lal, flziE, BERORORESHOB AN, S, —HoNEHLEBEFRL T2 T, K&
BARDERTHER ZRD B Z L BAHEL S LRV, 72, BXRITT — XM L Tt BRI
HEOBEP OSBRI 7L —L T =2 2HV2 Z 2 IZHENTIER WD, DHOFICEDZ L O
HEEATZ20WHIHAMEDH 2 LI CBbNE. ZOLIREBIEEMA T ETERFIED, W75 —
RERAWEHFEOFRELHB LT, YOXIBT7 3 —< VAZRTIPIZEKENL ZATHE. %
Te, T ROMCET 2 MEMHEORE ZHEICFTHES 2 2 & HHEKFEVFETD 3.
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