On the zeros of the k-th derivative of the Dirichlet
L-tunctions under the generalized Riemann

hypothesis

U ERY: - ZonBOER AR B B
Kazuma Sakurai
Graduate School of Mathematics,
Nagoya University

BE

A. Speiser [10] & Riemann ¥ — & BI ((s) O —FEERI% (' (s) 23 R(s) < 1/2
TEETHROFENZF W e Riemann PHELFEMHETHZ2 2R LE. 2O
fiRIZ ((s) DFERDIMDB T DEHBDOELDITMEBBRL TS I 2HIKT 5.
Z D1, B. C. Berndt [3], N. Levinson ¥ H. L. Montgomery [7], H. Akatsuka
[1], 2 LT A. L Suriajaya [8] I12& 5T ((s) @ k BEEER ¢F) () dEIzOW
THELFARENTER. ((s) DFLLE LT Dirichlet @ L BI% L(s, x) DEBIKL
L® (s, x) oW TH#RSN7. C. Y. Yildirm [11] (¥ —# Riemann T2 {75E
L7=a v 0B AT LW (s, x) ORESITONTHAL. Yildimm [11] ©
FREWURL72d DL LT, Suriajaya [9] 1 —#% Riemann PREZRKE Lz 2D
L' (s,x) DHEEDDAA %, Akatsuka & Suriajaya [2] & —f Riemann TR DK
ELI BEMEMTDLED L (s, x) DFERDAMITONTHAN. Z DT
1%, Riemann ¥ — X ¥ Z OERBOWLDREHE & | Dirichlet @ L B & Z D&
BB OMIDIEL ZHENT 5. £z, HH [12] BELBERICOVTRANT 5. FIcHE
T ORKTUZ, Suriajaya [9] DATHROIELRTH 5729, FT 202V I, I
HLTELWw.

1 Riemann T—42BEHOEIEL 9%

EIE 1.1. (cf. [1, Theorem 1](k = 1), [8, Theorem 1]) Riemann TAEDIK D VD



1 kT T T (1 T
E — =) =—1loglog — + — (| =log2 — kloglog2 | — kLi [ —
(%(p) 2) 27 08708 27 27 <2 o8 kloglog ) K 1(271')

P
0<S(p)<T

¢ (p)=o0,
BEHELAA
+Ok((loglogT)2)
MDD, 22T,
Li(z) = [ 4L
5 logt

Th5.
EH# 1.2. (cf. [1, Theorem 3] (k = 1), [8, Theorem 3]) Np(T) 2 0< (s) <T
2B 3 (W (s) DBRMOBELAADEE L F 5. Riemann TEDKDIOL X,
T T T logT
N(T) = 27 log 4m  2m + 0% ((loglogT)l/z)
NP RVASH
F. Ge [4] 1%, B 1.2 1CBI 2385 HY k= 11X LT, F. Ge & A. I Suriajaya

[6] & —fEHI 7 kT LT,
logT
O ( loglogT )

IR L.

2 Dirichlet @ L BAEDERS%H

q > 1 2iEr 3 2 EHRETROEAVIE x ([2fFBi3 % Dirichlet @ L %X
L(s,x) @ k BB L®) (s, x) w@xt LT, C. Y. Yildinm [11], Suriajaya [9],
Akatsuka ¥ Suriajaya [2] 12 & o T~ SN 7. Yildim [11] 13 L*) (s, x) DA
2OV, JEERE TR, 2SN T LY (s, 1) DEEERD XSO LT=:

o {o4it:0 < —¢5, |t| <e} ITHBIIYIHAA,

o {(s=c+it:|s|<qF.0< -} ITH B BH Fir

o {o+it:0>—c}ZHIIFAPRFA.

ZZT,e >0 3fTETHD, K >0kt eclTKIFTAREREBTH 5.
Akatsuka & Suriajaya [2] &, Yildinm 2578 L72EFMIEE k£ =1 DHETH LT
HRL, “BR BRBFELBEVWI L 2R,

LUF,

K = { 0, X(_l) =1,
’ 1, x(-1)=-1
& m:=min{n € Z>2 : x(n) # 0} & <.
EIE 2.1. (cf. [2, Theorems 1-4])



(1) ©(x) :==sup{R(p) : p€ C,L(p,x) =0} &
Di(x) = {a+it to <1-0(x), [t > %}\{pe C: L(p,x) = 0},

Da(x) =30 +it:0 < —¢*,|t| > 12
log |o|
Ll ZE seDiUD ITXLT, L(s,x) #0 TH 5.
(2) j € NIH LT, KA D 7.
o L'(s,X)1F =2 — k-1 <R(s) < —2j — K+ 1 ITHE—7258

—2j—n+0(@)

ZHiO.
e R(s)=—-2j—rk+1ET, L'(s,x) 20 TH 3.
(3) —k—1 < R(s) <OWRLT, KD LD,
e k=0q>7TDtE, —1<R(s)<0TL(s,x) A0 TH 3.
e k=12qg>230r%E —2<R(s)<0TL(s,x) EFME—RHFLHERD.

AR 2.1. (cf. [11, Theorem 2]) k > 1 12X LT

2
Ris) > 1+ 7 (14,14 2K
2 mlogm

2BV, LW (s,x) A0 TH 3.

Akatsuka & Suriajaya [2, Theorem 5] {ZX EOIEZFHEM (E# 2.1) Z HW T,
Yildirim [11, Theorem 4] 255 L7z, R(s) > 0, [S(s)| < T 12BF % LF)(s,x) @
B MO EHEAADIEE N (T, x) DMl OEE O(¢X logT) % k = 1 DFE
WAL THRTE®,

EIE 2.2. (cf. [2, Theorem 5])

T T T
Ni(T,x) = - log;‘;—m -—+ O(m*'?log qT).

m = O(logq) IZ& D, EM 2.2 1281 2372 IZ Yildinm [11, Theorem 4] 2378
L7 O(¢" logT) % KIEIZBE L 7. Akatsuka ¥ Suriajaya [2, Theorem 6] &
B110D L (s,x) NOIIEDH/RL I,

EIE 2.3. (cf. [2, Theorem 6])

1 T T T /1 2 T
Z (%(p)——) :—loglogq—+— (—logm—loglogm) — =Li (q_)
> 2 T 2r w \ 2 q 2w
R(p)>0,|S(p)|<T
L' (p,x)=0,
HEEEIAS
+0(m'?log qT)

3



Zhuk, % 1 fiTih 7= Levinson ¥ Montgomery @ k = 1 DGEITH T 3
L(s,x) NDHRTH 5. —ft Riemann PREAZIET UL, EFL2.2 £ 2.3128B1F 3
ACENEXD X 5 1B TE S, LT, Suriajaya [9] DHHTH 3.

EH 2.4. (cf. [9, Theorems 1.1 and 1.2]) —f Riemann TEBKD IO T3
L E,

1
> (ve)-3)
)
R(p)>0,|S(p)|<T
L' (p,x)=0,
BHEEIAA
T T T /1 2 T
= kT loglogq— + — [ = logm — kloglog(qT) | — —kli gz
s 2w\ 2 q 2

™

+O0p (ml/z(log log(¢T))* + mloglog(qT) + m*?log q)

T g T m'/?log qT
(A( T

Ni(T,x) = = log T _ =
1(T0x) _— T +0 log log qT'

1
2mm +log q)

MDD, 2T,

L2 ml/?
A(q,T) := min {(log logqT)/*,1+ w}
Th5.

DL E@isl 2.4 DIEBIAROBEINCE T 5 A(q, T) IFHERMICHR A 2D, 1<
LVWOKRKEZICHED, mMBT & ERIDIFFICRENE &, FIHEDIZS NS 7%
5. A(q,T) 2B ZHIH DAL, Akatsuka [1] DAEICKEDDTHS. Fiz,
Ge [5] IC X » THEM 2.4 2B 2 2LEE

log T’
log log qT

+ \/m log 2m log qT)

WWHHE L.
(12 13EH 24 2D koo LTIz,
EIH 2.5. (cf. [12, Main results 3.1 and 3.2]) —f% Riemann TREMED 1O L X,

1 kT qgI' T (1 2k.. (qT
E — =)= —loglog=— + — [ =1 — klogl | ——li|=—
(?R(p) 2) T 08708 2r 0w (2 ogm — kloglog(q )) q ! (27T>

)
tp<ES(p)<T

L™ (p,x)=0,
BHEEIAA

+O0% <m1/2(log log(qT))? + mlog log(qT)) + Ok (loglog t).

T qT m*/?log(qT)
Ni(T =—1
t(T0X) T % 2rm (loglog(qT))*/2

W, T K&ER q ¥ty TRDILD. T2, O-8Z q, tr, kK WTHIEFT 5.

T
L mo+or

4



D EDEM 2.5 1%, k126 L TOFEADMEEDOATH %53, Akatsuka & Suriajaya
[2] PR U728 2.1 D X 57 ‘SR HRDAEMNER EIC OV T T hTwi
W, 7z, Ge [4] OFIEEZHWT, N (T, x) DEAHOB RS AZETETORWV. Ge
¢ Suriajaya [6] D FEEZHOWAUETHETEZ 5720, ZH 6 DEBEESHD T

H5. ¥£7z, Akatsuka & Suriajaya [2] l& L'(s, x) & —f Riemann T4 & D%
PUETHRARZ2Z e AN D SR LTW3S. 2hsofidiy LK (s, x) £ oBild

=S

%u -
I

RNEUBEDD 5.

SZ Mk

[1]
2]
[3]

[6]

[7]

[10]
[11]

[12]

H. Akatsuka, “Conditional estimates for error terms related to the distri-
bution of zeros of ¢’(s)” J. Number Theory 132 (2012), no. 10, 2242-2257.
H. Akatsuka and A. I. Suriajaya, “Zeros of the first derivative of Dirichlet
L-functions” J. Number Theory 184 (2018), 300-329.

B. C. Berndt, “The number of zeros for ¢*)(s)”, J. Lond. Math. Soc. (2)
2 (1970). 577-580.

F. Ge, “The number of zeros of ¢’(s)”, Int. Math. Res. Not. IMRN 2017
(2017), no. 5, 1578-1588.

F. Ge, “The number of zeros of L'(s,x), Acta Arith. 190 (2019), no. 2,
127-138.

F. Geand A. I. Suriajaya, Note on the number of zeros of ¢(*) (s), to appear
in Ramanujan J., available online at https://doi.org/10.1007/s11139-019-
00219-z.

N. Levinson and H. L. Montgomery, “Zeros of the derivatives of the Rie-
mann zeta-function”, Acta Math. 133 (1974), 49-65.

A. 1. Suriajaya, “On the zeros of the k-th derivative of the Riemann
zeta function under the Riemann Hypothesis”, Funct. Approx. Comment.
Math. 53 (2015), no.1, 69-95.

———, “Two estimates on the distribution of zeros of L’(s,x) under
first derivative of Dirichlet L-functions under the generalized Riemann
hypothesis”, J. Théour. Nombres Bordeaux 29 (2017), 471-502.

A. Spieser, “Geometrisches zur Riemannschen Zetafunktion”, Math. Ann.
110 (1935) 514-521.

C. Y. Yildirim, “Zeros of derivatives of Dirichlet L-functions”, Turk. J.
Math. 21 (1997), no. 2, p. 521-534.

BB, “FHix 0¥ —XEROFLICOWT, B, iR HE,
(2020).

GRADUATE SCHOOL OF MATHEMATICS, NAGOYA UNIVERSITY,



FUROCHO, CHIKUSAKU, NAGOYA 464-8602, JAPAN
E-mail address: d20002i@math.nagoya-u.ac.jp



