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Abstract

Localization is one of the fundamental tools in commutative algebra. In particular, in polyno-
mial rings, localization by Maximal Independent Set is one of the most frequently used methods
in Computer Algebra. By using maximal independent set, we can attribute the discussion of high-
dimensional ideals to the discussion of O-dimensional ideals. In this paper, localization by maximal
independent set is discussed in comparison with localization by regular sequence.

1 EL®HIC

[EFBIE TR IC B W CHANZZERD 1 DTH 5. Kz, ZHEHARIIBWT, MAMHNIES (Maximal
Independent Set) % AWz @A LIZFIBEERBIZBEVWTILK BETL2FED 1 OTHS. KK LD nZE
BETERER Koy, ..., 20| DA T TN TIEZHL, X = {21,...,2,} DFEAEEU P INK[U] = {0} »»D
#U = dim(I) ZW7=T 2%, Uk ] OBABIES LTINS, 22T, #U & U O, dim() &1
DINVMRILTH 5. MRMSEEGEZAND L, SIRTDOA T TIVOEEEL 0 IRITEDA T 7V OEMEIZIR
HIEDHILNTES. B, MAMNIEAIZHER S T 7 IUARCREOFFEIZSHI N TWS. AfET
1 hull-primary ¥ 7 7V ® equidimensional hull ®FMEIZBEI L, MM EEG %2 W72 HAHE L EAIS] %
VG TR

2 HiE

ARTIR, K 2K, K L0 n ZREERE Klry, ..., 0, COWTEZ S, fHO~D, EHO
EhEk X ={x1,..., 0, 2B Fh, [ 2 KIX|DAFTNEL, K[X] DT fi,.... [ »oEKEN
B5A4FTIVE (fi,.... fo) TRT. TITIE, 1UEOBHEOZ &% HRBEITY, ARMEARDES
NTHY. £7z, 1 F7NV I OWREE VI TERT. T4hbb, VIi={fcK[X]|ImeN,f"ecl}T
HBH. ATFTTVIE JIZHL, A FT7VHE, B TF7VEENENT : J = {f € K[X] | fJ C I},
I:J®°={fecK[X]|3meN,fJmCI} LEHIN5.
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2.1 BRMIEKSER/AE
9, BAMTESIRRO K S ITEHIND.

E% 1 (Definition 3.5.3, [5])

I2A4TT7NV, Uk X DHENEELTE. INKU]={0}BEHVDEE, Ukl OBIEELIFIN
B. I DWIHEE U OREA I D2 VVKGE (F7bb, FAEK[X]/I ORE) & —HBLTWAE, U
13 I OBAMITES (Maximal Independent Set) & IFEIN5.

1
I = (x* 23y, 2%y2) C Klx,y,2] £ T D,

{Ayd {=h Ay, 2}
BIDTRTOMTIEETHS. 7z, {y,2} X OWMRMPNEATHS.

WAL RS DFRIIE TV T F—HEEH VWS ZENTES. 22T, ing() 2BENER < 12T
% I DYEHHEA T TN T 5.

& 2 (Exercise 3.5.1, [5])
IT2ATTV, < ZXBNEORENER L $5. Ubing(I) DMKMNESTH 21, U iE T ORKM
VEATLHS.

RIEEA FTMES VT F—HER A NCAETE 270, @2 E0, ing(]) OBARELIES DA
NE, 01 FTLOBRITEADNIETE S, ing (1) RWHARA F7 L Th 370, M ESDIE
BHBINES Th 5. SRR £ O EIE S 00 [2) CHRE TV 5.

51 2

I=(2?+y—2z,22+1) C Qlz,y, 2] & T 2H, RN EFHERNET 2 <y <2 THLT, ing(]) = (22, 2?)
THY, U={y}Fing(]) DMKMVZEEGTHS. £oT, 2K, U= {y} &I DOMAIMEST
EH5.

R, BARHSIERIZ LD RFLIRA FTO LS ITERINS.

E% 3
IT%AFTTI, U%kIOWMIMIESLT S, ZOK, 0 KU =K[U]\ {0} iZ&5EH{bD5 EREL

IK[X]K[U]X N K[X]
% 1O UIZEET 5 MIS-localization &I ERZ L2 &3 5.

5l 3
I = (z%, 2%y, 2%yz) C K[z,y,2], U ={y,2} &7 B,

TK[X] gy« N K[X] = (2?).



2.2 WBAMITEESEERA T TILDE

1T TINVOEEE ST S LT, ¥RATTNVARIISRNLRFED 1 DTH 5. 1 DERA T T IVE
FIRD LD ITE#RINS.

% 4 (Chapter 4, [1])
[T TNVET D, EEATTIVOARES {Q1,....Q. X I[=Q,N---NQ, %2ifE7=TH, [ DHEFEA
TTNRRETHEND. [ DR T TIVAE{Q,...,Q -} &

1 &i# L, VQi #/Q;,
2. B TNU, Qi DNy Qy

B TH, BEERATTILMREIEING. [ ORGSR FT UM {Q1,...,Q,) ITHL, ZO%
I T DYERES LIFIENS. [ DWERED OREE [ ORFET LIFEH, ZETRAOEAE Ass(]) TH
Eha. ThbB, Ass() = (VOi,.... Q) Ths. [ DEETFOEEDS B, BADMEEKTHN
Db DEUTREF, ZhSFIBERRT LIRS, ST 2MERED S A I ERRSD, BEERK
2 LR,

FE 1
AFFUIICHL, ZOREERS TT7VARIE—EE RS 2. BIXIE, = (25 a2%) & T 58, [
R m Iz LT

I=(2*) N (® zy,y™)

F I OBEERS FTTANMRTH S, Thbb, 177 (a8, 2%y) DWERA FT7IVHIIMERIZEET 5.
—7, MRS L ZRNFDESIIRGHERZ A T 7 IVDRIKEET, AT T7IVIICE>TDAEES.
EOBITIE, (22) BIMSIHERB D TH Y, Ass(I) = {(z), (z,y)} PEERTFOEETH 5. Fiz, 1771
#ﬁ&mﬁ%h#am% WX T OREHEEZEAN T TIULRIE—RIZEES. M1, 20X 5 IZZKNFOEE
BRIZHEDWT, ERH DT T T2ERTHIENTES. LITMETLEDOPHBEHEREDT, 1B
WZNET 2EH ORI ERBSTHD. BRI TTILVDT T 73X 0EMRED L5,

@ FTERELS @ TSRS

1: (23, 2%y) DERRH DT F 7 B 2: (at, 23y, 2%yz) DWERK DT T 7
MIS-localization \F¥EE A 7 7 IVAREIRD & 5 2BFE D 5. IRO@EIL [1] D Proposition 4.9 7*5E
BIZHES.
e 5
I %2ATTN, Q% I DEFIMERATTNVHR, UCX % 1 OBKMESLT S, 2O,

ITK[X] g« N K[X] = N Q
QEQ,QNK[U]={0}



MV ED. Tbb, UL I D MIS-localization (% I DY¥EZRRH T U #MAMVESIZE>E DL
RO IBEERIIZ B,

5l 4
I = (z* 23y, 2%yz) C Klz,y,2] £ 95k, [ OREERLTTLVHRD 1 DI,

Q= {<‘T2>7 <$47y>7 <.’L‘3, Z>}

ThHY, U={y,z} &35,

ITK[X]gp)x NK[X] = N Q= (z?)
QReQ,QNK[U]={0}

Bl 5
AT TN ISRFHEFZ A T T Vo i
I'=Qu1NQu2 NQu3 NQ21) NQr2 NQ23 NAn1) NQ3,2

2RD, RRFAR 3D 77D L5 0AEFRER>TWA LTS, ThbDDL, Qu i1y Qu 2. Qus Wl
NEEREATHY, TNLIMNIRERR D TH L. 72, UM T 7V I DMKHNESTH Y, KR
D S5H U ZMARHZEAITR DD Q1) Qu KL TS, TOW, IDUIZXS MIS-localization
FIK[ X g NK[X]=Qu1)NQuya £%5. MI3DY T 7B WTIX—& NIZALET 2 WS4 H3Hl
HEINTWBERIZASD. ZD & 512 MIS-localization (& I & [ UIRTTD M LK /3 D — 2D B9 &
S ETH 5.

@) ()
(@) @)@

3: MIS-localization

2.3 MKRXMIIESE 0X7TiE
$:,0C, MIS-localization 133 KOMED (2) 12 & VEFETHETH S Z L BRISNT NS,

& 6 (Proposition 4.3.1, [5])
I %AT7N, U%kIDBRHIIESE TS,



L IKO)X\UJEKO)X\UJZBWTO0IRTATTIVTHS.

2. G={f1,....f} R IKU)X\U®ZLTF—HETG C [ 2ir=TH0LF 5. h=1lem(c(f,),...,lc(fs)) €
KU)2$5e,
IKU)X\U|NK[X] =1 : (h)™.

U, Ble(f) KU X\U|BI 5 f ORFERETH 5.

3. Q' % IK(U)[X\U] DERFMESZA ST AMRET 2L, {QNK[X] | Q' € Q'} I IK (U)X \UJNK[X]
DGR T T IVHfRE 5.

i 6 (1) & 0 MIS-localization (-1 T 7 V% 0 ifb$ 2 2 LA nh5b. £72, @6 (3) & MIS-
localization |X¥ER 1 7 7 IV AHROFIBEIZSHTE S Z D015,

5l 6
I = (2% 2%y, 2%y2) C K[z,y,2], U={y,2} £35&, IKU)X\U]=(22) E KO)[X\U]ZBVTO
WA TTNVTH5B. £72, h=Ilem(lc(x?),le(x3y),le(z?yz)) =yz £ T2 &, 1:h™° = (2?) TH 5.

Bl 7

I={@*+y*—1)z,2> +9y3) CQlw,y,2], U={z} £92&, IQU)X\U]=(z?+y*>— 1,2+ &
QX \UJWZBWTORILATTIVTHS. J=IQU)X\UINQ[X]&T5. G={z+2° >+
y,2y8 =3yt 432 — 1} FREERIET y <2 O J DTV T F—RIETH Y, 1 BREER 295 -3y +3y° — 1
NEHLTWS. 298 — 3yt + 32 — 1 ZRBOMET DL, 295 -3yt +3y2 - 1= (22 - 1)(y* —y2+1) T
H5. ZORBIRIE T ODHERA T T IV fiE

J=J+y-1))N(J+ " —y*+1))
=2 - +ar+u.2° - )2 — PP +r+yyt -y + 1)

2525, @E6 (3) &Y, INEATTNI DERESO—-HLLoTWS., ZDX ST, MAMIE
EEFAWDZET, BIRTDA T TNVOMRERLHEE 0IRTDA T 7V (X512 1 BROLEADRK S
fROME) IZREIEDILENTES. BEIZIE, WENMEIBT UBERS TTIVNEESZ 50T
322K, BMEATTIAURESIDDF v IDBRETHS. £z, BEREZEATTLVNHEED DT
MIS-localization Z M EITS BRERH S, TD XD, EALTFTTINMOHEIZIZ, VT F—HED
RN EEPINHI N T WS,

WEA T T IVARORKIN LT NI X LTI, Gianni-Trager-Zacharias 7V 3 X 4 [4], Eisenbud-
Huneke-Vasconcelos 7 )L Z'Y X A [3], Shimoyama-Yokoyama 7 L3V X A [9], Noro-Kawazoe 7 )L =TV
AL 8] mEPHSENT WS,

3 MIS-localization & 1E 8%

Z OFiTIE MIS-localization @ 1 DDJ&HATH % hull-primary 1 7 7 )V DAL HERE K4 DEHE % SHHS
5. F£7z, MOFIEAEE UTEAZ AW FEE2ENT 5.



high-dimensional ideal ((@? +4? —1)z,2% + 4°)
‘4— MIS-localization
0-dimensional ideal (z*+3*—1,2%+4°)

‘4— Groebner Basis

1-valuable polynomial 2y® —3y* +342 -1

4: MIS-localization (Z & % 0 ¥kitft

3.1 Equidimensional Hull & IE8I%]
%79, equidimensional hull & FEEN S H{bIEED —fE2EAT 5.

% 7 (Definition 11, [6])

[ Z2ATT, Q% I ORFIERATTNVNM, d%& IDIVVKRILET S, ZOR, | &RRITOHERR
AOEDY Npeo dim@)=a @ & I ? equidimensional hull IFY, hull(f) THY. IO hull(f) & QI
KOTIZERTE 5.

51 8
I = (2%, 23y, 2%y2) C K[z,y,2] DEREHER A TT7VAMD 1 DI, Q = {(2?), (a*,y), (23,2)} TH Y,
dim(I) = 2, dim(z?) =2, dim({z?,y)) = dim((z3,2)) =1 TH 295,

hull(1) = (x?)
Thb.
equidimensional hull DEIED 7= HIZIEAIFIZLL N TEET 5.

E% 8 (Definition 7.6.1, [5])
5l ay,... a € KIX] 3R & W72, ERFIEIHEINS.

1. & Giﬁb, a; (= K[X]/<a1, .. .,ai_1> J:'C%?‘Cliiﬁ\ﬂ,
2. (ay,...,a,) # K[X].

19
zy,y + 1, yz XIERIFITH B, —H, zy,yz,y+ LIXERFITIERWY. 2O & 512, ERFNIIER IZHZ L
TWa. 32— X —FERIZBWTIZIERFIDIEF 2 ANZZTHIEAFITH L Z RN T WS,

EHIFIDHEIZIRD LI A T TNEERHNTITD 28N TES.



& 9 (Proposition 2.9, [10])
ITA4T7T7NVed s, ZHA f B K[X]/I ETERFTRNI LY, [:(f)=]ITH5ILIFAMTHS.
51T, ar,...,a, e KIX]DPEAFITHD Z L &,

1. %/ ULT, <a1,...7ai_1> : (ai> = <a1,...,ai_1>,
2. {a1,...,a.) # K[X]
IIHEETH 5.

5 10
(xy,y +1,y2) = (x,y + 1,2) # K[X] TH 3. ZIT,

o (zy): (y+1) = (zy),
o (zy,y+1):(yz) = (2y,y +1)
ThDEHMS, zyy+1,yz ZEAFITHS. —7,
(zy) : (y2) = (z)
THHNS, xy,yz,y+ VEERFITIERNZ LD H 5.
I O equidimensional hull IZ2A KO & S IZIERIFE —EA F7IVEEHAVWCER T LN TE 5.

& 10 (Proposition 3.41, [10])
I ZRRTGDR cDAT TV, u={ay,...,a.} CIEZEINP cDIEAFIETE. DI,

hull(7) = (u) : ({(u) : I)
MY ALD.

11
I = (2* 23y, 2%y2) C K[z,y,2] £ 35, o ZERI 1OIEAFIE 5. 22T, 177V DORIRITIF 1
ThHs. ZOK, (2*): 1= (2%, (@) :(2%) = (@) TH 505,

hull(7) = (%) : ((a*) : (2, 2%y, 2%z)) = (o?)
75, MOEAF o3y TAHELTS,
hull(7) = (aPy) : () : (0, 2%y, 02y2)) = (aPy) : (ay) = (2%)

DI EWRND.

3.2 Equidimensional Hull & B KMIIEES

A F 7 IVH I H¥ hull-primary T# 57 5, MIS-localization T equidimensional hull 23 %352 &£ T
5. 22T, hull-primary IZEA FD KD ITEZEINS.

E% 11 (Definition 13, [6])
I %2147 7NVed 5. hulll) BH¥EFEA T 7V TH B, [ % hull-primary 17 7 IVEIER. £72, P =
Vhull(I) &350, hull-primary 4 7 7 )V [ % P-hull-primary & FES.



5l 12
I = (2%, 23y, 2%y2) C K[z,y,2] £ 5 &, hull(l) = (2?) THS» 5, I F hull-primary TH 2. —H,
J = {x) N {y) N (z?,4?) iE hull(J) = (x) N {y) TH572®, hull-primary 1 T 7V TIEER\.

AFTNIEVIBHEATTNTH B0, (VI BEELEA T 7L LRENS ([9] O Definition 2.3) .
WEA T TR T 7V LD $55<, hull-primary 1 7 7V & D HIEWVEERTH 5.

5l 13

Qlz, Y| 1IZHBNWT, (2,y) FEATTIVTH 5. (a,y) (FMERA T TN TH DD, FAT 7LV TIERV. (22, 2y)
E/(@2,zy) = (z,y) THEH 5, Tﬁﬁ%’fTT)b’Cﬁ)% UL, (22, 2y) = (z)N(2?,y) THEMNSHER
4T TIVTIERV. (2(z—y), xy(y+1)> W hull({z(z —y),zy(y+ 1)) = (z) TH 555, (x)-hull-primary
1TTNTHS. UL, J(zlz—y),zyy+ 1) =(@)N{z+1y+1) THEI5, BWERS T T TR
AN U\J:@Eg{-ﬁ’iif‘i&bér‘:.5k&5.

Hull-primary ¥ 7)1 (z(z — y), 2y(y + 1))

(
weER 77 (22, 1Y)
277 (22, y)

5: A F 7L OO G

I P-HHERATTNVOR, PIZEENSEANI»S [IZEENLEHSIZEHTLI LB TED

& 12 (Lemma 56, [7])
PAFEATTN, 1% PHEZATTN, fi,....f. & PIZEENDERFIE TS, ZOK, +HKEk
BRmy, ... omATRHUT, M, e B TIZEENS BRI 05,

Bl 14
I=(z%ay), P=(z) T 5. [\Z PHERAITTILTHS. 2 3 PIZETNBETERIITHY, 221311
BENDEAFITH S.

hull-primary 1 7 7 WAL EE K 0 2 EEFEOHEEL H DD, 1T 7V EE CIRGTGOIMNEZ K71 1
DUAE7Z W, U7zd - T, hull-primary 1 5 7V I DA S U 12 & % MIS-localization 1% I &
FOCDEER K 7, 74205 hull(l) & —ET 5.

& 13 (Lemma 39, [6])
I % hull-primary 1 770V &3 5. U % I OBKMILESG L T S8,

hull(l) = TK[X] gy« N K[X].



5l 15
I = (x*, 23y, 2%y2) C Klx,y,2], U= {y,z} &9 5,

TK[X] g« N K[X] = (2°) = hull(]).

=
AR 2

I % P-hull-primary T®% 5K, P ORMKMIESIL T OMABVESGTEH 5.

3.3 Equidimensional Hull @&

BESRA T TV OBE LT, ZEIRIA TTAREITONS. AT TV & DINLERN T PIZx LT,
I:(I:P>®)> % P-HH¥ERA T TV, ZD equidimensional hull I% I ® P-INI¥ER L & —3T 5.

% 14 (Theorem 36, [6])
I1%4FT7), P2IDIMNENTFETE. ZORF,

hull(1 : (I: P*°)™)
13 P DISLHER LD & E L.

f5l 16
I = (x)n(z?, y)N{y+1), P=(x) & T2, I:([:P>®)>® = (z)N(z%,y) THY, hull(I : (I : P>)®) = ()
PR SLD.

AFTINTEFOERNFPIZHL, T+ P IdREEAT TGRS (midBRE) . 2512, m A
DR EWVEE, hull(I + P™) %1 D P-HEERH L5,

& 15 (Section 4, [3])
I1%A4T7), PEZDHERNTLTE. +aREHRmMIZHL, hull(l + P™) &I D P-HERKHTH 5.

5l 17
I=()nE2y)yn{y+1), P=(x,y) £35K, hull(l+ P?) = (2?,zy,y?) THH, Thix I OMHE P-
BRI TH 5.

MUED &SIz, FHEDHERK S DEHIZ equidimensional hull 2FHTEZ BN TES. ZLT, Z0D
equidimensional hull DFIEITIE, MARMSIES, EAFIELSHHWE I ENTES. X [7) ITBWVWTIFH
ALY 7 b7 27 Risa/Asiv ETHEEL 7 P-HERRIEIHT LT Y XL Local Primary Algorithm(LPA)”
DFIFRHEZ, MAMSES X2 ENMZ AW ZEGEIZ TN TN L TnS, £ 2 TR, MR ES
MW7 LPA L, 3& ALY OFITEASZH W LPA &) @@UZEIETETWE A, —HoflizsnT
BHEELVZSORMEZEL TV, —F, EAFIX]1 D204 T 7IVORRT I L OFMERHO 7 LAV
SLBENENZD LD TH 7.

EE 3

ATTNI EZDHERRF PIZRHLT, POWMAKMIEAU TIZREF LTSI L bTRETHS. TOHLE,
e 5 L [ARRIZ T DYERRD DS B U 2 MV EE L UTR DS DREOER Y & T DR LIE—HT 5.
DR FE LTI PEERED ZFIHOBRIZ, 1 T 7D ORDEHRENORS 2LV TE 201D 5.



4 FEH

WAL EEA I K B R LIEFH ERRBUT B W THANZRIEIED 1 DThH Y, HHEA T TIVNRIR LI
JGHAZT N T WA, equidimensional hull 1 —fRIZIERIF 2 HWTEHETEBH, 4 T 7NV I PEkRAT T
)V (hull-primary 1 7 7 )V) T 5K, fAMES % W T equidimensional hull % F15#9 % Z & A3 ATHE
TdH 5. equidimensional hull DEFIFEIFEZFL A DEFRICBIGHT I ENATE 5.
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