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Abstract

In this talk, we briefly compare the NewtonSLRA /1 algorithm against the Cadzow’s algorithm for
computing a structured Groebner basis approximately, and discuss on a possibility of using signature-
based algorithms for computing approximate Groebner basis.

1 EL®HIC

ARG TIE, iR [Nag09, Nagll] TEA U 72 #iE b Grobner FEE 2 3T BIIZ 3Rk 5 HIEIZDWT, 4E
AL GCD [A) OBRIZEL Y #lA T & 7z NewtonSLRA /1[SS16] D #fifd [Nag21] 2 & O WA HiAD 50
&, Vaccon 5 Dfiff5E [VVY21, Vacl8, VY17] THW 5 N7z signature-based algorithm O£ IHAER TDEF
B B INY21 12 &2 7T ZLHREAAEETH 20X DWW T DEREIBRR S,

9, KETHES OIF, 2K - Iid [SKO8] 12 & 2304l Groebner F£ED 27 7 A4 281 55 _f#
DIETH Y, KRN BBREEZF OFAERLEBLZ/HOZEIANGZION, TNEERRLTEHATTILO
Grobner ZEEZ RO HMETH 5, D7, FHETHEHAEOEEIZMbLR WA, LRI LRFEHREANDXIG
AT 70 0, B E UTIE, RO KD ITRRNIREREZ IR A E DR L 720,

Bl 1
ROZEARES F 086, BEWNIZZELTEY, 177V (F) ® Grébner &K G DFIE AT O BRO%
RN~ DB DT,

F = {2.000005z + 3.000001y, 0.999999xy — 2.000003}

G = {1.0z + 1.5y, 1.0y*> 4+ 1.33334} .

AW, ENTFHOD 12052 0.55DEENDZEZVEMEINT VWS &, RO X DIZHIAZRA F 7
HoTULEDS, ZOHEBMRIZEEWIRWDS, BRMLREZIZLOFENEL TS AR 6L, &
ERERBAEDLNT WS Z &Ik 5,

F = {2.0000052 + 3.000001y, 0.999999xy — 2.000003, —0.49995zy + 2.4001x + 3.59999y + 1.00001}

G = {1.0}.

*1 E-mail: nagasaka@main.h.kobe-u.ac.jp



ZDD, [MAohDHIETHRRNLESEE2RDERIGRUTLZEALLZNWE WD DB, BARTHIZEAAT W
ZeTHB, HIZIE, ROLSIZLERAESE2LD LRV EERSE, EFXFELRRE UL TOERENEZ N,

F = {2.00005z + 2.99997y, 0.999981xy — 2.00000, —0.499986xy + 2.400062 + 3.60001y + 1.00001}

G = {1.0z + 1.49996y, 1.0y + 1.3334} .

1.1 #i&1k Grobner &K

£ $IIMHEIE Grobner FEDEZ 2RV KD D5, T ORNIHEES T (ZHIHI L 72 Macaulay 1751 Mr(-) D
FEAEALTEL, ZNik, Grobner HEKZFIET 5 Fy 7V T Y X4 [Fau99] RETHW SN 5175 &
BEAZIZALTHY, ZEFOZHAEAIIEENIH/LEATH T, TOHNPTIZHEENTVWSHE
ZHRN % N RUTHIPR U 72 Macaulay 17501272 5,

£ 1 (HiE1k Grobner EE)
GHUFORMERT L%, GASHERES FICHT 5, HEE - € Rog, WEGED d € Zog, HEA
T, BRI S ORELL Grobner B £\,
1. GIFA N CTERIND Fyy = {fst1,---, fstx} € C[T] DEKT B 1T TIVD Grobner BJETH 5,
2. F & Fy 3SIZEBMEMZIHAEATH D, Wb, BEIE S ITNULNT XA =& p;,p5,; € CV F
LT, fi(@) =Si(h) & faald) = Si(pi;) &7
3| ZRZ PV NLELT, (Pr...Dk) — (Psty - --Paty)||= € ZHi727,
4. rank(M7(Fs)) = rank(M7(F)) — d %729, q
BB, REOFHEIZBWT, ERBTL2LHAREG F LERKRS ZBERITEALILNTELHD0D,
ZNBSOHEE ¢ € Rog, MHHED d € Loy, FHHEA T BARDICIET 5 LETERL, TNSE
EDEM N TR L 72D, HiFE [Nagll]) TEALZKOTILIY ALTH 5,
AN HEF -, BRIR S, 2HAEE F = {f1(D),..., fi(@)}.
oh: WAL Grober BB G, AVETE o, WROES d, FURA T, HEBEOSHERES F,, ¥7213 THK)
L. F @ Grobner £k %z 51587 GLE2H#) U, HES T Z24#& (F, ¥R TH O HIHF P sugar (IZ447).
2. 1751 MT(F) € C™*n DI FEAHE g; (l =1,.. ~,Torg) % B,
3. WS d 2 E (TRBU D5ES),
4

. SLRA 2f#< 7TV XLT, rank(M7(Fy)) = rank(M(F)) —d %72 THEECSTHAES Fy
CHRE e BEIH, TD X 5% Fy RO SR TE, TREL %2H,

5. Fy OBl Grobner #JE G & BERID HIETERE L, {G, e, d, T, Fu} 2H71,

2 1151k Grobner EEDETE & SLRA

ME1G{t Grobner HEFI A D BMBEEFIICIX, ZHAES F, BEED de Zso, HER T RENGX
LNTWBIREET, REDOFMFETH S rank(M1(Fyt)) = rank( M (F)) —dl %729 &S wNNT A —



R i par; €CY ZRDBZ LD (FDNRTA—=RD SILLBEN Fy THY, TOERTEATT
VD Grébner FEARD L5 & L TWVWABHEE( Grobner #ETH D), ZODEHE (ONT A—=XDEHE) 13,
NewtonSLRA /1[SS16] X% O #ifd [Nag21] FAIHR & L TW5 SLRA &IFEXNSMETH 5,

E% 2 (SLRA: Structured Low Rank Approximation)
Given a structure specification S : R"> — R™*™ | a parameter vector p' € R™, a vector norm ||-||, and

an integer r, 0 < 7 < min{m,n}, find a vector p* such that

min |5 — p*|| and rank(S(p*)) <.
o

Z @ SLRA %f#< 722l [Nagll] Ti%, H#fi7Z: Lift-and-Project 5 (ERG5 T  Balif 15| DEHRT
) WD, SENTERPRIZ & B Lift-and-Project % (Cadzow algorithm) X° NewtonSLRA /1[SS16]
IRETHEBRONDDOEREIT o7z, 728, 4l GCD AT IZHIFE L 7 #ifE [Nag2l] TdH 5 Relaxed
NewtonSLRA (ZDWTIX, NewtonSLRA/1 DR R THRIAD & & D IZHER RIAD IR D> T2 I EBRITA T -
TR,

2.1 ERRBRHNBELZOHERDO—EB

ROZHNES F 2 A U, 2UEHENET CHES T = {22y, v%, 2%, 2y, y%,y, 1} DHEEEZ D,
F ={0.002 + 1.012% — 2.09y?, 3.06zy + 4.03z%y, 0.504z% + 1.504xy + 2.04z%y — 1.02y%}

ZD L E, SLRA OXf4 L 75 Macaulay {78IZIRDE Y (FUE I NHHEEIE 3 DT, BEGEHIZd=1).

0 0 1.01 0 —-2.09 0 0.002

My (E) | 101 2090 0 0 0002 0
T 403 0 0 306 0 0 0
204 0 0504 1504 —1.02 0 0

g (B4R S) W DGE, 52 50775 0LFHIMEER%2iES (BEBDOTFIET 7« 42/
ZE)K), ZORBEIZHIT S YFIFL SO EHRBEREED 1 e UTREMHLE, &E, Zopae
DRI 7ARZD R )V AR FET HEEETHEDOHED L —AZ2HWTWS,

00000 0  0.707107 0 0 000.70710700 0 00.7071070000
000000.707107 0 00.70710700 0 00 0.7071070 0 0000
00000 O 0 "lo 0o 00 0 o0}’ 0 0 0 o0000]’
00000 0O 0 0 0 00 0 00 0 0 0 0000
0000000 0000000 0000000 0000000 0000000 0000000
0000000 0000000 0000000 0000000 0000000 0000000
0001000 | | 1000000 | |0000000| 0000000 |0000000]| |[0000000
0000000 0000000 0000100 0001000 0010000 1000000

Cadzow algorithm % NewtonSLRA DA A, PARTIZ W72 Lift-and-Project #£ & D HENT WS 5D
KERD 728, HEFZRETICRAKER % 1024 & U TFHEET o 2R FDITFITH 5,



0 0 1.01198 0 —2.08901 0 0
1.01198 —2.08901 0 0 0 00
4.03864 0 0 3.04856 0 00
2.02274 0 0.49605 1.52686 —1.02398 0 0

Cadzow algorithm :

0 0 2.50269 0 —8.79613 0 —5.61233
2.50269 —8.79613 0 0 0 —5.61233 0
NewtonSLRA/1 :
5.95215 0 0 3.51882 0 0 0
0 0 0 0 0 0 0
0 0 1.10807 0 —1.82471 0 0.386553
1.10807 —1.82471 0 0 0 0.386553 0
NewtonSLRA/2 :
4.28703 0 0 2.25747 0 0 0
2.59889 0 0 1.36853 0 0 0

EDFERS EEUITIED TV B DY, NewtonSLRA (FHUKSED Cadzow algorithm *LARTD Lift-and-Project
FIZHAT, R0 BEHPRESEHFITHNDE Z LFHLUWHRE 2> TWwS, iz ISSAC2011 TH
WBITEIEZT 272800, FAFEOE#FH 2R L TEYD, RErREEIZ X 2M5E L Grobner ZEDFH %,
NewtonSLRA X Z OHETWET 5 Z L LW EEX 5N 5,

3 #E1k Grobner EEDETE & signature-based algorithm

PETD 7N I3 LTI, RIIZHEHES T 2HE LT (EEIET), ZORERICHEETES O W L
DEHE Z KD D 2 B (HALD Grobner BIEFIH & ANIE 3 BfE) TEIHEZIT-TW5, Z0D72D), &
FINAT S HEBDEIEDN S < WiRWE kT & (RBPIES), IThE2lET 570, HEGDOEIR%ZE
b 2 BB ClRIFFIZ TR B O IR P EBR OB E) % KD 2 BRI FHEEE 2720, BIRINZEIHE %2175 2
EERIELARTO HIETHARETH 508, @RPDOFHEDE UM E I TS Z e H [y ERTIZH L7, %

Z T, signature-based algorithm D F|H %K LT3, 728, ISSAC2011 D7) TV ALTHWT WS
HEGDOWE HIEFZRDEE Y TH 5,

L. F:= Fipi, T :=A{}, Tr == {supp(fi) | fi € Finit}, P:=F OXTEE

2. while P # ¢

(a) {i,j} € P, P:= P\ {i,j}

(b) T;j :==TermUpdate(F, Tr,{i,j}) (Fy @ Symbolic-Preprocessing @ & 5 7 4LH)
(¢) Finit DREATH] Mr,, %& Tij IZEED W THEL
(d) Mz, ® QR AR THEEZEBLODRELHREZREL, #RE Frew = {f,.... [}
(e) F:=FUF,eu, POEH, Tp:=TrU{Ty,...,Tij}

3. T =N



3.1 FEHEICLAFEEMOER

EBIZIRD F % AJ1&2 LT, signature-based algorithm OFETH - T, 2REERF & POT CIEENE
F) DRt Grobner ZE % KD B Z & 2idAsz, HIB, signature-based algorithm O FNE T IXIZIH
ELEEMEIELRDS, SLRA 20 UAWNTWBIZAR S, 4, FREbEEE2RLTW5S,

F ={f1 =0.002+ 1.012> — 2.09y°, fo = 3.06zy + 4.03z%y, f3 = 0.5042” + 1.504xy + 2.04z>y — 1.02y°}

ZDEBETOREALRT X OFMIZKXOEY ., REDHIF, S EHTHEIIHWS Z & AEREIH
AP Z DEBEDOEHES DIREIZHELDTHRHEL TWD,

BIERIZ2 T SZEXNTHEDIEE guessed signature RIEDIH
(f1; f2) (yer, é2) €2 {y*, 2y, y}
(f1, f3) (yer, es) €3 {v°, 2% 2y, y*, y}
(f2, f3) (€2,€3) €3 {2?, xy, v}

BIEAI7Z2 T O T $ guessed signature DR (f1, fo) PHBRE N, 2D SLEAL ZD & HHNTOIE
B zRkDBMN, TOSLENIRIZGHNTHY, ZIHAESGPBREMRTIZRO LS IZEHI NG,
7B, REDHIIFTRITHEEN LW Z L2 nh, SEOZELTIE QR OIZL 2 HEEBEHALTWS (£
NTHEBED S kR 132D ELD),

G = {f17f27f37f4 = SpOIy(flafZ)} where S’Lg(f4) = 52

Al 78 R %I\ CH SAYH guessed signature RIADIH
BER R S LIEATHEDEE d t RIFDIH
(f17f4) (y3€1,$2€2) .%'252 {y5=$3ya$2yai‘/3}
(f27f4) (y2é'2,:132€2) 90252 {903%95?/37332?/}
(f17f3) (y€1563) é‘3 {y35x27xy7y27y}
2,J3 €y, €3 €3 r=,TyY,y
(f2, f3) ( ) {? ’}
(f3: f1) (y2€s, 2%62) y2és {3y, 2*y?, xy®, v, 2%y}

BNT, (f1, fr) DBERRT OFIFHIZE S, 20T D SZHEAL S BHNTIEAR W), RIEEMEAEE
BREHEA» SHEGEZ KD D, D72, BlHAT S M HAREZRZHEHA2HEELTHL,

LM(f1) = «*, LM(fy) = 2y, LM(fs) = 2%y, LM(fs) = ¢*
sig(f1) = €1, sig(f2) = €2, sig(fs) = €3, sig(fa) = €2

RN {y°, 23y, 2%y, Y3} TH 5 T £ guessed signature IZIERE L T, & BHIIIERH WS Z & A A[RELR %
HRZRDB L, MO LDI1Z75, BB, f3ldsignature PRKEWVWZDRATLHZ LIXTER,

(P f1, 2 fa=(@Pyf1,2° f2), v fa= W fr, 2 fo), wy fr, wfa = (y fr, o fa), y fr, fa=(wfr, f2)}

ZZTHFEER T(, )] &, ANOZHEAELE F2HVWTEDISITERINELPERLTVSE (BIRNIC
SLRA 2fRNTW DT, ETOHERIIANOLZHERAZHWTRETIHELD D), FERIZHEIL 72k
R, MOZIHAT G DR L2 EBATRELR Z L b h 5,

{f27 xf?a (E2f27 Y1, ‘ryflu -’I:2yf1, y2f27 ygfl}

% @ Macaulay 175 (KE XX 8x9) ZHK L, ZOBNFRIA o5 2ROz, FEROB/NRFEREITIER
IZNE L, BRAEDTZDIZPERARE L RoTWB LHWT 22 L1295, HH, (fi, fi) PBEAMRTIZS



FINZ LD 0IZRo T L2 EKT 5,

, 0g = 1.92835e-16

0 0 0 403 0 306 O

0 403 0 306 O 0.

403 0 3.06 0 0 0 0.
0 0 0 0 1.01 -2.09 0 0.002

0

0

0 0 0.002 O 0
0 306 O 0. 0
09 0 0 0 0.002 0

1.01 —-2.09
0 4.03
0 1.01

0
0
0
0
0 0 0 1.01 -2.09 O 0. 0.002
0
0
—2.

0
0
ZORER (fi,f1) OIS HENEING) 6, BEMRTIZXRO LS IZEH INS (signature-based

algorithm T, #ERIRT A 0 IZfEH T N725E1Z, guessed signature DfEZIEND guessed signature
ZFROEIERIRT PHIBRE NS ),

BIEAZR T  SZIHATHEDIHIE guessed signature RIEDIH
(f17f3) (951753) 63 {y3=3327$y711273/}
(f2, f3) (€2,€3) €3 {22, 2y, 9%}
(f37f4) (y2€3ax2€2) y2€3 {x3y5x2y27xy35y4ax2y}
BNT, (f1, f3) OIEAINRT OFHICHE 225, Bl T & ifICFIATRERZHA 2 HEB L TE <,

LM(f1)=a?, LM(f2) =2y, LM(f3) = z*y, LM(fs) =¢*
sig(f1) = €1, sig(f2) = €, sig(fs) = €3, sig(f1) = €, 126, € LM (syz)

RN {1y, 22, 2y, 92, y} TH B L guessed signature IZJER L T, & BfICIEIRA WS Z & B AlgER%
HAZRDL L, MDLIIT0B,
wh f3, fa=h fo), it ——— {vfi, fs. f2, fi}

IS5 v
% ®D Macaulay 174 (KEX1Z4x7) 2HEL, TORNEERE oy ZRDZHDMBLUNTH 5,

1.01 —2.09 0. 0 0 0.002 O.

204 0 0.504 1.504 —1.02 0. 0.

4.03 0 0. 3.06 0 0. 0.
0 0 1.01 0 =209 0 0.002

, 04 = 0.0293402

EZAN, ZOITFNTIRERDFER ((f1, f1) PP0IZ SENEND) DIKINTWARW, ZD7D, (f1, f1) D
BUZFHW Tz CREEED) ZIHAS &, SED (f1, f3) DBICAWEZZER SRR, ThENr» M LTLE
D, TIIEWARGIHEA L TCWB L 2EIKT 5, 22T, SRIOFIHEIZBER {yf1, f3, fa=Wf, f2), fi}
AT, (fi, f1) OFIBICBETH > FOMREEZ B TSI L1275,

{y3f1,$2f4:($2yf1a$2f2)7y2f4:(y3f17y2f2)a$yf1,$f4:($yf17$f2)ayfla f4:(yf1= fz)}
R LTHoND, BHLZ G HHNOFREICKELRZEHANIRDOLEE Y TH 5,

{f17 f27 f37 xf?a $2f27 yf17 myflu 'Tnylu y2f27 ygfl}



ZOFERIZEEDE, D Macaulay 175 (KEXIX10x 12) 2K L, FORNMNIERMEE 09,010 ZRD
770 o0 | (f17f4) DEEHIRT D012 G HHINEZ L IZHIGLTE Y, ZDMHEIXIEFIZNII WV, —4F,
a9 MEEID (fi, f3) ITHIELTEDL, 0N I RN Db h s

0 0 0 0 0 0 0 1.01 0 =209 0 0.002
0 0 0 0 0 403 O 0. 3.06 0 0. 0.
0 0 0 0 0 204 0 0.504 1.504 —1.02 0. 0.
0 0 0 403 O 3.06 0 0. 0 0 0. 0.
4.03 0 0 306 O 0 0 0 0 0 0. 0.
0 0 0 0 0 1.01 -2.09 0 0 0 0.002 0. ’
0 0 0 101 -2.09 0 0 0 0.002 0 0. 0.
1.01 -2.09 O 0 0 0.002 O 0. 0 0 0. 0.
0 4.03 0 0 306 O 0. 0 0 0 0 0.
0 101 -209 0 0 0 0002 O 0 0 0 0.

o9 = 0.0253285, 019 = 7.29561e-17

ZDOFHETIL, JFEE signature DRGSO S BIICHWA Z B TE Aoz fs Wb b XS ICR X
573, signature-based algorithm OME ERIEE TR 540\, £72, ZOMEZ2S M52 2T, F4§
WO GIETIFH L W, BEPEDL I L 0ITBHNIND ZEAREFHTH DI L 2 RG] BE
WL TWS, 5%, INoDFZLITH D E, signature-based algorithm (Z3£0 < j (KEI"J 1‘%
&1t Grobner %E%Efﬁ'ﬁ'%?)l/j“) ALEBMWESLLIZVWEEZTWD

B
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