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Abstract

This paper describes computations of the relations between the circumradius R and area S of
cyclic polygons given by the lengths of the sides. The classic results of Heron and Brahmagupta
clearly show that the product of R and S is expressed by the lengths of the sides for triangles and
cyclic quadrilaterals. In the author’s previous paper (2015), the similar integrated formulae of the
circumradius and the area for cyclic pentagons and hexagons were computed using elimination by
resultants and factorization of polynomials. In contrast, we revisit the computation of pentagon and
hexagon formulae applying “new Brahmagupta’s formula” discovered by Svrtan. As a result, we
succeeded in computing the integrated formulae for cyclic pentagons and hexagons more efficiently.
Analogously, we tried to apply “new Brahmagupta’s formula” for the heptagon and octagon cases.
However, the elimination process has remained still very difficult, and there seems no other applicable
methods than the method of numerical interpolation.
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(4SR)2 = (a1a2 =+ a3a4)(a1a3 =+ a2a4)(a1a4 + a2a3) (3)

LRING., ZIT, a? IZHTD 4 MOERNHRN 51 =af + -+ a3, 5o =afad + -, s3 = aladd} +
o, /S4 = aasazas ZFAVD L, RD XD BRIV EOLND.

Z = S3 + 31\/5 (4)

7, XNB)FMEARDOGEEZRLTWSDT, MTHEWGEIZIE, ag:=—ay EBVWIRERD, F
ARHFARRIFNCEBRT 5 MDD LI ITRKI NS,

ZZSg—Sl\/S_4 (5)

b, n BMEROGEORMBINGEDL /s, = a1 - an, DIREUT crossing parity e [4][1] ZHAL, e =0
(ZMA), 1 (AR, -1 (MTRWHAR) IR 'L L, - UAEREREONS.

EE 1
K2 “4) () FLDT, n=3,4D5EDMEM x FREARNIE, UFNDLIRLEATREINS.

gOg(Z) = |Z‘ - \/8—3 (6)
1/)3)4(Z) = Z-— (83 +e-581 \/€_4)



1: new Brahmagupta A= [5]

3 LAWK - NAFEOBaDHEER
3.1 new Brahmagupta A3
LDOEX % {a,b,c,d} & 5 FNBEIATEIZAT 5 Brahmagupta OEFAR
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ti%é”h, ay = 0 tj:a‘ﬁ'li, Eﬁﬂﬂé {(117(127(13} 0:;@?5 Heron @ﬁiﬂ:ﬂ%%?‘%

3.2.1 HMRELAFORBEE
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(avﬂ € Z[a17a27a37a47a57d])
EWIHET, 2=4SRDOEHRLZEAN 1 XA (BT 2L 9IH, dIZBILTIZ21K) THRES.
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{ (4S1R)? = (ayas + asd)(ayas + axd)(ard + asas) 21
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@%ﬁdl,dz C:JZ Dy

VUFAIE {a1,a2,a3,d1} + = {di,a4,d2} + WAE {as, a6, a7, ds} (29)
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THITdy |, day |y ZRIHLT, Mild% did, THIZ &

folai,dy,dg, 2) = (ai_(d%—dgf)'Z+(ﬁ’y—0f7+a5)a4 (34)
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hg(ai, dl, dz) = RQSR2 (fz, f3) (52 IE) degdl h2 = 4, degd2 h2 =7 (37)
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5 EM x £EAR (n = 8) DEHEADEA
5.1 EEORAFROENL
2R & DI, MRS OHWNEE/AK {a1,as,a3,a4,a5,a6,a7,as} % 2 KD AER dy,do 12X,
WA {a1,a2,a3,d1} + WMAK {as,d2,as,d1} + WMAWK {as,a6,a7,d2} (39)

EREIL, TNENOMEFEE S1,59,,5; £BLL, S=9,+S5+8Thbd. £/, ZNH5DOEFIFOL
DONEMEILBIZEDDT, TD¥EFE% R & BL.
ZorE, X9 2HVWCHBLERL,

Sy glandsag; di)  « Sp _ glas,di,asidy) (40)

S1 g(ay,az,as; dy) B S3 glas,ae,ar; do) 0

LIAET B, S? = (S 4 So+S5)? OEWAEML, S1,5 O 1 ROAEELEIC S — —gsz BXU
Sy = _%sz ERAT 3.
5% = 57+ 53+ 55 +2515 + 25155 + 25,53
B B 0 )
SE+ 53 +855+2 _ESZ> Sy +2 (—552) (—;SZ +28y [ —= ) Sa (41)

~
B6 6
SE+ 83 +52+2 §+——)S§

WA ay 2000, HLEERT S L

ayS? ay (SE+ 52+ 53) +2(—By+ B6 — ad) S3

ayS? + ayS2 + (ay + 2(— By + 36 — af)) S3

AT (AR)? & H T
oy (4SR)* = ay(451R)? + ay(455R)? + (ary + 2(— B + 86 — ab)) (45, R)? (43)
ZZ7T, A3 &Y,

(451R)2 = (a1a2 + (Igdl)((llag, + (lzdl)((lldl + a2a3)
(482R)2 = (aqd2 + agdl)(a4ag + dzdl)(a4d1 + dgag) (44)
(453]?)2 = (LL5CL6 + a7d2)(a5a7 + a6d2)(a5d2 + CL66L7)



rRINS. (X,ﬁ,’y,5€Z[Gl,...,ag,dl,dz] EHHET, J‘:(43) @EMCia“dl DEZHEATH DI LT
BT, LadoT, MAB/\ARIZBEWT Z = (4SR)? L Bz L &,

for=ay-Z— u(ag, d;) (u(a;,d;) € Zlay, ..., as,dy,ds]) (45)

EWISIET, ZDERLEADN 1IRA (BT D & 5491H, di,de IZ2WTIEHENENGIR) TRES.

5.2 XAERRd, d, DEIRE

fo(@i,dl,dg,Z) 75“53@%%7? d17d2 %(ﬁﬁj‘;‘é f:@‘:Ci, Z[ai,dl,dz] Lz)ﬁjéﬁﬂﬁtglﬂﬁﬁ)2 OLK‘%.’C
H5. ZnZiF, RFTTE 3 D2ONAITEEAR (11) 2 BHAL X2 HAL T35,

Ji(a1,a2,a3,d1,R) = (a!+a3+a3+di+---)R*+ (afa3a3 + aia3di + aia3d} —|—a2a3 )
folaa,dz,ag,di, R) = (a}+dy+ag+di+---)R®+ (ajd3a3 + ajd3di + aja3d? + %f )
f3(as,a6,a7,d2, R) = (a?+ag+at+di+---)R*+ (aZaia? + aZadd} + a?a2d} + a6a$d2 )

(46)
TS IFHEFER B2 LB DT, KRR EZBRAICKONET 22 (M FOMAEIC ZhiE, ik
RERIBRTFEEET), RO2RE1F5.

hi(ai,dy,ds) := Resgz(f1, f3) (176 )  degy, h1 =4, degy, hy =4 (47)

ha(ai,dy,ds) := Respz(fa, f3) (150 1)  degy, ho =4, degy ho =7 (48)

5.3 JHEFTEDORERE
BUETaRed 7 3R (45)(47)(48) & HABIRRE U, dy, dy BIET ENUE
w(Z)6Z[(Il,...,ag;Z]:ZBS+V237_|_... (49)

Tw‘) OND T LiTin5d. MELDFEMEZ 8MMEAT a; :=p; %ﬁ)\bf*T’G?“V?%-%V%%’%b’C&
ZROMERIL 38 THY, A TTNELUTEINERESZEATVERWD, KEX2FE LS
%x4:w2ﬁﬁ#%bm,%®.ﬁﬁM@%m ¥, n=705%4 @ﬁ@&&ﬂ%f%é.ttb,%%
DEMFEIEn =7 DEHEMU LIZR#TH 5.
U7zh3o T, BURTIXBIERIMZ D B M, BEHTE 2TV TV XLPMFELRN. 72720, BIEN
TR A BB ARERZ VT R D B2 D1TiE, K (45)(47)(48) 1T LT, DM (py,...,ps) 2EHE 25
L THTEBDT, ZDEHTIX Tnew Brahmagupta AR (FAEHTH 5.

6 FEHESEDEREE

ARETIE, Svrtan[b] A3FEH U 7z new Brahmagupta A2 (9) Z HWNEZ A (n = 5,6,7,8) D “HE x
£ RADFIRIZEMA L7256 OEABEBRRDOEH @R 2R Uz, #RELT, n=56 D581, £EH
S OHIF (3] DHIEEL D BEMERMARIEICEM S N, KRN LFEEPRHS TR 572, T
BEERIZEENDREIBRHETFEZHRT 2 72O DR RVPAEIZ IR 5722 212 Lo T W5,

T L, n="7,8DHAEIE, TIREDZRWA T T IVOEBITHAR (34)(36)(37) B LT (45)(47)(48)
LLTHELNED, TOEOWMERS VT F—HETHLKERATERETHS. B, ThsDERERN



BB O 7= D DFEMAR 1 >~ NOERIZIZAHTH Y, ZHROBUERNZDELISERTEINTES L
o7z,

S OBEE U TiX, New Brahmagupta’s formula OIERAREMEAFE Z 51 E. NAE L O HILOEA
LWL LU NOMAERFITHLTH, S/ OFMARINGFLET 200 METH 5.

o LARONE FHML+NMAE, NAK+=MAF
o NARDNE T+ TAK, NAE+HUME, CAR+ =41

HAE (HEL S 12X LT 1652 129 % 7R ARR) UL EDBFE, HRE S % explicit IZRT I 2 IETER
WI IR EHET 5.
B2, n=8 DHFEHD “HK x K ARXOFERMMIT X 23R % BB R T,

WSN(Z) = 7% —16532°7 + D3 Z% + -+ + D17 27 + (D16 Z' + -+ D1 Z) + Dy (50)

X (50) 1ZBWT, BERLNTWVWAEEUL, HEDODR WS (Dsg) 5 D1 £ TTH 5. M EBUH
Do(554,173 IH) 1% TR & R DB 2 SHERIIZRO 5ND DY, HED L DL\ D, ..., D EFIHETE
L RIABDRN, BEANRIEREZ R 1ICEZ O TRUEZ. B{EETIZEIHETETCWA T THEEEAD Dy
1%, feefli e 7 5 BIEHX OMEE D 5, 125,054 ;TTOEN. — IR AGREREZMNT, 102,247 HDOIEFEE %2 E TR
RT MR OENS.

Z DIRDRE Dyg % KD 5 121F 165,235 DN, — IR XN %2 < BMEDH D, BALOFIHERS (256GB
RAM) TIZEATAABETHS. TORTIE, TP ZFHEFAMML T, D, D72HI1T1F 4,116,544 JT & 78
5728, Dig BRIZEIERE RS o5,

n="7®0 “ME x PR ARITBIERMB TR 2] TH 2D, HRDITHIV A XH126,226 TLTH-7-Z
LLtRB Y, n=8IFERBHERIIREZ AR ZITL 5.

B

AW ITRIFE (21K03335) D& Z T T\\Wab. £7z, EEELFRFIA - LEFEIS T 2 5K FE
WM AT OBk &2 Z T T\ 5.
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deg in Z | t-deg | #terms of ¢7 | #candidates | deg in /sg #pp | #terms of g
0| 114 5,120 4,877,338 28 549,053 554,173
1 111 9,577 4,116,544 27
2 108 15,564 3,460,093 27 — —
3 105 23,239 2,895,100 26 — —
41 102 32,597 2,411,333 25 J— J—
5 99 43,316 1,998,245 24 — —
6 96 54,102 1,647,556 24 — —
7 93 64,045 1,350,718 23 — —
8 90 72,291 1,101,116 22 — —
9 87 78,269 891,903 21 — —

10 84 81,969 717,874 21 — —
11 81 77,990 573,604 20 — —
12 78 71,316 455,045 19 — —
13 75 63,500 357,987 18 — —
14 72 595,553 279,332 18 — —
15 69 47,257 215,854 17 — —
16 66 39,733 165,234 16 | (> 256 GB) —_—
17 63 32,591 125,054 15 102,247 134,838
18 60 26,301 93,612 15 77,131 103,432
19 57 20,757 69,128 14 57,069 77,826
20 54 16,064 50,393 13 41,666 57,730
21 51 12,152 36,134 12 29,848 42,000
22 48 9,063 25,514 12 21,059 30,122
23 45 6,636 17,648 11 14,556 21,192
24 42 4,776 11,081 10 9,867 14,643
25 39 3,366 7,923 9 6,520 9,886
26 36 2,328 5,120 9 4,210 6,538
27 33 1,561 3,194 8 2,623 4,184
28 30 1,025 1,935 7 1,587 2,612
29 27 645 1,116 6 918 1,563
30 24 393 620 6 509 902
31 21 227 319 5 264 491
32 18 124 156 4 130 254
33 15 63 67 3 56 119
34 12 30 27 3 22 52
35 9 12 8 2 8 20
36 6 4 2 1 2 6
37 3 1 3 0 1 1
38 0 1 1 0 1 1
% 1 MARAR O (s 2) TP BEFI (—— RS
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