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1 Introduction

A knot in the 3-sphere is either a torus knot, a satellite knot, or a hyperbolic knot, by the
uniformization theorem for Haken manifolds due to Thurston. The complement of a hy-
perbolic knot admits a complete hyperbolic structure of finite volume, which is unique by
the Mostow-Prasad rigidity. Thus it is important to understand the hyperbolic structures
from the view point of 3-manifold theory. For that purpose, theories of canonical funda-
mental domains for hyperbolic manifolds are developed. A hyperbolic knot complement,
with the canonical hyperbolic structure, contains a unique cusp, which is an end of the
manifold with a neighborhood isometric to the quotient of a horoball in the hyperbolic
3-space, H?, by a discrete group of isometries isomorphic to Z? stabilizing it. By using the
information of the cusp, there are two canonical fundamental domains of the manifold.
One is the Ford domain, and the other is the canonical decomposition defined by Epstein
and Penner [4], where it is pointed out that the canonical decomposition is dual to the
Ford domain. The assumption that the manifold is of finite volume is not necessary for
the definition of Ford domain. Epstein-Penner’s construction of canonical decomposition
can be applied to the manifolds of infinite volume, and one can obtain a decomposition of
the convex core, which is called the EPH-decomposition [1]. In this case, the Ford domain
is dual to the Euclidean subcomplex of the EPH-decomposition.

The aim of this talk is to extend the Ford domain for a cusped hyperbolic manifold
of infinite volume to the outside of hyperbolic space. The hyperbolic space is canonically
regarded as a subspace of the real projective space, and the extended Ford domain is a
compact convex set in the projective space. We also define a compact convex subset of
the projective space from the convex set which appears in Epstein-Penner’s construction,
and observe that the two convex sets are polar duals to each other. We also study
quasifuchsian punctured torus groups contained in a rational pleating variety, and obtain
the facial structures of the convex sets (Theorem 6.2).

2 Preliminaries

The Minkowski space E? is the real vector space of dimension d + 1 together with the
Minkowski bilinear form (-, -), where

d

(z,y) = —zoyo + Z ZiYi
i=1



Figure 1: Isometric hemisphere: the underlying space of the upper half space model for H? is the upper
half space of R?, whose ideal boundary is identified with the one-point compactification C of the horizontal
plane of height 0 identified with C.

for z = (20,...,74), ¥y = (o, - -, yq) € EM4. In this paper, we often regard the underlying
set of B as R x RY; for x = (x¢,21),y = (Yo, y1) € EM, (x,9) = —x0yo + 1 - y1, where
21 - 4, denotes the Euclidean inner product of z,y; € R%.

The hyperboloid model of the d-dimensional hyperbolic space H? is defined by

H? = {z = (20, 21) € EY | (x,2) = —1, 29 > 0},

where the inner product on the tangent space T,H? at each x € H? is defined by the
restriction of (-,-) on T,H®. This defines the hyperbolic metric d on H.

The subspace LT = {z = (zg,71) € EY | (x,2) = 0, 9 > 0} is called the positive
light cone. For v,v' € LT, let v ~ v if v/ = kv for some k > 0. Then ~ is a equivalence
relation on L*. The quotient space L/~ is regarded as the ideal boundary OH¢ of the
hyperbolic space. We denote the projection by 7 : L1t — 0H<.

For any v € LT, the set H, = {z € H? | (v,x) > —1} is a horoball with center
7(v) € OH?. There is a one-to-one correspondence between Lt and the set of horoballs
in H¢ by this correspondence. For z € H? and a horoball H in H¢, let & be the distance
between x and 0H. The signed distance d(x,0H) is defined to be 0 if o & H, otherwise
—§. By a calculation, we obtain d(z,0H,) = log(— (v, z)) for any z € H? and v € L*.

For a € OH? and v € Isom™ (H%) which does not stabilize a, pick a horoball H with
center a and define

Eu(7) = {z € H' | d(x,0H) < d(x, v (9H))}.

This does not depend on the choice of H and called the isometric hemisphere of v with
respect to a. The terminology will be natural in the case of d = 3 and by employing the
upper half space model for H?. The ideal boundary OH? is canonically identified with
the Riemann sphere C = C U {oco}. Then, for the choice a = 0o, E(7) is the Euclidean
hemisphere in the upper half space with equator {z € C | |rz + s| = 1} for v = ]ﬁ Z :
(See Figure 1.)

We introduce another model for the hyperbolic space. Define K Cc Eb? by
K= {2z = (zo,71) €EBEY | g =1, 2y -y < 1}

Then the ray emanating from the origin, O, of E}¢ which passes through a point in H?
intersects K¢ at a single point. This induces a one-to-one correspondence between H? and



Figure 2: Ford domain for a quasifuchsian punctured torus group, looked down from oo in the upper half
space model for H?

K% We identify H? and K¢ and call K¢ the projective space model or the Klein model
for the hyperbolic space. The equivalence relation ~ on L7 is extended to the one on
Eb4\ {O} so that x ~ 2’ if 2’/ = ka for some k # 0. The quotient space (EV¢\ {O})/~ is
the d-dimensional projective space RP?. Let 7 : Eb\ {O} — RP* be the projection. Then
the restrictions of 7 on H? and K¢ are injective, and so the hyperbolic space is naturally
embedded into the projective space. From the definition, the embedding naturally extends
to the ideal boundary. In fact, the closure K¢ embeds into RP? and is naturally identified
with H¢ U OH<.

3 Ford domain and Epstein-Penner’s convex hull construction

Let T’ be a discrete subgroup of Isom™(H?). Fix a point a in OH¢, and let T, be the
stabilizer subgroups of I' with respect to a. The Ford domain P, of I" with respect to a
is the intersection of all E,(v) for v € I'\ I',. (See Figure 2, which illustrates the Ford
domain of a quasifuchsian punctured torus group, where a quasifuchsian punctured torus
group is a discrete subgroup of Isom™ (H?) obtained as a quasifuchsian deformation of a
fuchsian group of a once-punctured torus.) For a fundamental domain @, for the action
of ', on H, the intersection P, N Q, is a fundamental domain for the action of I' on H¢.

Epstein and Penner [4] introduced a certain ideal polyhedral decomposition of a cusped
hyperbolic manifold of finite volume, which is closely related to Ford domain. In what
follows, we give a quick review of their construction, which uses the Minkowski space
model.

Let M be a d-dimensional complete hyperbolic manifold with a unique cusp. Then
there exists a discrete subgroup I' of Isom™ (H?) such that H¢/T" is isometric to M. Let
p:H? — H?/T = M be the projection. We obtain a family of horoballs in H? with disjoint
interior as the inverse image of a neighborhood of the cusp by p. The neighborhood of cusp
is isometric to H,/T',, where H, is the horoball in the family corresponding to v € L+
with m(v) = a, and I', is the stabilizer subgroup of I" with respect to a. We assume



that the cardinality of I', is infinite. Let B be the subset of L™ consisting of the points
corresponding to the family of horoballs. Then v € B as H, is such a horoball. One of
the key observations in [4] is that B is a discrete subset of E4. Define C to be the closed
convex hull of B in EL4,

It is assumed in [4] that the volume of M is finite. Then any ray in E¢ emanating
from O which passes through a point of H¢ intersects the boundary of C at a single point.
By this correspondence, the facial structure of dC induces a locally finite tessellation on
H¢ with finite sided ideal polyhedra. Since the tessellation is I-invariant, it descends to
an ideal polyhedral decomposition of M. The decomposition is called the Epstein-Penner
decomposition or the canonical decomposition of M.

One can proceed a similar construction even if the volume of M is infinite (see [1]).
Then one obtains a certain decomposition of a subspace of M whose closure is equal to
the convex core. In this case the decomposition is called the EPH-decomposition.

In [4], it is pointed out that their construction is dual to the Ford domain. In what
follows, we explain how the Ford domain is obtained from the set BcC LT, which may
suggest their main idea. In the Minkowski space model, the set F,(v) is determined by
using the Minkowski bilinear form. Since v 'H, = H,-1,, the inequality d(z,0H,) <
d(z,yY(0H,)) holds if and only if (y'v —v,z) < 0. Thus E,(y) = {x € H* | (y v —

~

v,y < 0}. Since M has only one cusp, B = {yv | v € '}, and
P, = ({z e | (w—v,2) < 0}. (1)
w€§

For cusped manifolds of infinite volume, the Ford domain is dual to the Euclidean sub-
complex of EPH-decomposition [1].

4 Extended Ford domain

In this section, we introduce two convex sets T, w and ﬁa in EM which naturally arise
from the equality (1). Each of them has a structure of closed convex cone whose base

is a compact convex set, under a certain additional condition. The bases of T\a and ﬁa,
regarded as subsets of R?, are defined to beA T, and D,, and we call D, the “extended”
Ford domain. We can see that the pair T, D, (resp. T,, D,) is polar duals to each other
as convex sets.

Definition 4.1. Define the subsets ﬁa and fa of Eb? by
D, = {z € E™ | (w—v,z) <0 for any w € B},
T, = {ueE" | v+kue C for some k > 0}.
From the definition, lA?a is a closed convex cone in EM with apex O. We can see that

T, » is also a closed convex cone in E¢ with apex O by the following lemma, whose proof
uses the fact that B is a discrete subset of E,

Lemma 4.2. fa is a closed subset of B



The set D, is an extension of the Ford domain in the following sense.
Proposition 4.3. ﬁa NHY is equal to P,.

The tangent cone of C at v € 9C is the closure of the union of rays emanating from v
and intersecting C' in at least one point distinct from v. By Lemma 4.2, T, is the image
of the tangent cone by the parallel translation which maps the apex to O.

For a closed convex cone A in Eb, the polar dual, A°, of A is defined by

A° = {zx € EY | (u,z) <0 for any u € A}.
It is a standard knowledge in the theory of convex sets that A°° = (A°)° = A.

Proposition 4.4. T\a and ﬁa are polar duals to each other, namely, the equalities fj = ﬁa
and D; =T, hold.

From now on, we further assume that the convex hull, Hull(Ar), of the limit set A of
I' in H? contains an interior point.

Definition 4.5. Let D, = D,NR? and T, = T,NRY, where RY = {z € R? | (1,z) € E'4}.
We call D, the extended Ford domain for I' with respect to a.

Proposition 4.6. By choosmg the universal cover p : HY — M appropriately, both D,
and T, are compact, and D and T are the conver cones over D, and T, with apex O,
respectively.

For a compact convex set A in E?, the polar dual, A°, of A is defined by
A ={z €E*|u-z <1 forany u € A}.
It is another standard knowledge in the theory of convex sets that A°° = (A°)° = A.

Proposition 4.7. T;, and D, are polar duals to each other, namely, the equalities T; = D,
and D; =T, hold.

5 Facial structure of 7,

A convex set has a facial structure. Let K be a convex set in R, A face of K is a convex
subset /' C K such that each segment in K whose interior intersects F' is contained
entirely in F'. The example of a face which comes up immediately will be an exposed face
defined as follows. A hyperplane W is a support plane to K if WNOK # () and W bounds
a half space containing K. An exposed face of K is the intersection of K and a support
plane. It is known that the family of relative interiors of the faces of K gives a partition
of K, which is called the facial structure of K. (For details, see [8] for example.)

As stated in Proposition 4.7, the sets T, and D, are dual to each other as convex sets.
Our interest is in their facial structures.

Definition 5.1. Let F(D,) and F(T,) be the sets of faces of D, and T,, respectively.
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Figure 3: Polar dual convex sets: K and K° are the convex sets bounded by Jordan curves depicted in
the above pictures. Some of the 0-dimensional faces of K° are not “visible” from the faces of K.

One may expect that Proposition 4.7 implies a one-to-one correspondence between
F(D,) and F(T,). Even though we know the following general property, the duality of
convex sets are more complicated. (See Example 5.3 below for a simple but “nontrivial”
example.)

Proposition 5.2. Let K be a compact convez set in R? which contains the origin of R? as

an interior point. Then there is a one-to-one inclusion-reversing correspondence between
the sets of exposed faces of K and K°.

For a reference to the above proposition, see [7, Lemma 23.10] for example, where the
term “face” is used for “exposed face”.

Example 5.3. Let K be the convex set illustrated in the left picture of Figure 5.3, which
is the region bounded by the union of the two curves ¢; and ¢, sharing the endpoints
vy and vo. We can see that the singleton consisting of each point in the boundary is a
0-dimensional exposed face of K. In particular, K has uncountably many faces. The
polar dual K° of K is illustrated in the right picture of Figure 5.3, which is the region
bounded by the union of four curves ¢, ¢, U7 and . We can see that the singleton
consisting of each vy, U5, and interior points of ¢; and ¢ is a O-dimensional exposed face,
and the segments v; and v, are 1-dimensional exposed face, whereas the four singletons
0;N ¢ (i, € {1,2}) are unexposed faces. By the correspondence of Proposition 5.2, each
interior point of ¢; (resp. ¢g) corresponds to an interior point of ¢; (resp. ¢), whereas the
O-dimensional exposed face {v;} (resp. {vy}) corresponds to the 1-dimensional exposed

face {vh} (resp. {¥2}). The four unexposed faces of K*° are not visible from the faces of
K.

The faces of T, are described as Proposition 5.5 below.

Definition 5.4. Let ]-"(fa) be the set of faces of ﬁ. Let ]-"v(a) be the set of faces of C

containing v, and 521)(6) be the subset of F,(C) consisting of the faces of dimension at

least 1.



Proposition 5.5. There is a one-to-one correspondence between }"521)(6) and F(1,).

The proof of the above proposition requires the following observation.

Definition 5.6. For any f € F,(C) and F € F(T,), define
ext(f) = {kueEY | k>0, v+uef}, res(F)={v+u|uecF v+ueC}

By using the discreteness of Bin EY. we obtain the following lemma.

Lemma 5.7. For any f € }—v(a) and F € F(T,), we have ext(f) € F(T,) and res(F) €
Fu(C). Moreover, this correspondence induces a one-to-one correspondence between F,(C')
and F(T,).

6 Rational pleating variety of punctured torus groups

The space of (once-)punctured torus groups is decomposed into pleating varieties. (See
[6] for example.) Here we write a brief idea of the decomposition. Let I' be a quasi-
fuchsian punctured torus group. The boundary of the convex core Hull(Ar)/T of H3/T
has two boundary components, each homeomorphic to the punctured torus and has a
complete hyperbolic structure bent along a measured geodesic lamination, which is called
the bending measured lamination. Let p be a pair of projective measured laminations on
the punctured torus, and P(u) the space of punctured torus groups such that the pair
of bending measured laminations induces u. This space is called a pleating variety of
punctured torus groups. When both p* are rationals, namely the supports are simple
loops, P(u) is called a rational pleating variety.

In [1] and [2], the combinatorial structures of EPH-decompositions for punctured torus
groups are studied. They proposed a conjecture which says that the combinatorial struc-
ture of the EPH-decomposition of a group in a pleating variety of punctured torus groups
is completely determined by the bending measured lamination, in particular it is invari-
ant on a pleating variety. The conjecture has been proved affirmatively by Gueritaud [5].
In what follows, we give a quick review of the combinatorial structure for a group in a
rational pleating variety by using an example. (See [1, 2] and [5] for details.) Actually,
we describe the combinatorial structure of the intersection of a small horosphere H with
center a € OH? and the lift A of the EPH-decomposition to the universal cover H3. Let
I' be a punctured torus group in a rational pleating variety P(u). In what follows, we
assume 4 is a pair of projective measured laminations whose underlying sets are simple
loops with slopes co and 2/5.

Let ¢ be the geodesic in H? with endpoints oo and 2/5, where the set Q U {oo} of
slopes of simple loops on the punctured torus is canonically identified with a subset of
OH?. Let ¥ = {01, 09,03,04} be the sequence of triangles in the Farey tessellation of H?
which intersects ¢ in the interior (see the left picture of Figure 4). Then we can define
a simplicial complex L£(X) embedded in the complex plane. The complex L£(X) is the
subcomplex of the cell complex illustrated in the right picture of Figure 4 consisting of
the triangles. The vertices of £(X) are classified into 6 equivalence classes so that the
vertices in each class correspond to a vertex of 3, and are arranged in the complex plane so
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Figure 4: The facial structure of T,

that they are invariant under the horizontal parallel translation z — 2z 4 1. Each triangle
in ¥ corresponds to a broken line consisting of the segments joining pairs of vertices
corresponding to pairs of vertices in the triangle and their edges and vertices. Then the
triangles of £(X) correspond to pairs of adjacent triangles in ¥. The triangles in £(X)
is the intersection of H and the ideal tetrahedra in A. There are 2 more polyhedra in
A each of which projects onto a subset of H?/T" with nontrivial fundamental group. The
intersection of the polyhedra and H forms the 2 equivalence classes of quadrangles in the
right picture of Figure 4, one is arranged above £(X) and the other is below.

Recall that T}, is a compact convex set in R3, which has an interior point. Thus 97, is
homeomorphic to the 2-dimensional sphere. We regard the Riemann sphere C=CuU {o0}
as OT, and describe its facial structure. The cell complex AN H is a subcomplex of F(T,).
There are 3 more faces of F(T,). Two of them come from the invisible faces of C, which
do not appear as cells of A. Those are polygons with infinite sides, which are illustrated in
the right picture of Figure 4 as unbounded regions lying above and below the cell complex
AN H. The remaining face is the vertex {co} C C, which is not illustrated in Figure 4.
The vertex comes from the ray in C emanating from v with direction v.

Proposition 6.1. The facial structure of OT, is as described above. In particular, the
facial structure of 0T, is invariant on the rational pleating variety P(u). Moreover, every
face of 0T, is exposed.

Finally, we obtain the following theorem.

Theorem 6.2. Every face of 0D, is exposed, and hence there is a one-to-one inclusion-
reversing correspondence between F(T,) and F(D,). In particular, the facial structure of
0D, is invariant on the rational pleating variety P(p).

For the proof of the above theorem, we define an exhaustion TV c1® c.o 5T "



of T, with polytopes. Then we obtain a descending sequence DY = (Tél))O > DY —
(Ta(Q))O D .-+ = T2 = D,. Since the polar duality of polytopes is well-understood, we can
show that the exposed faces of D, obtained as the dual to exposed faces of T, does not
contain unexposed faces.

References

[1] H. Akiyoshi and M. Sakuma (2003). Comparing two convex hull constructions for
cusped hyperbolic manifolds, Kleinian groups and hyperbolic 3-manifolds (Warwick,
2001), 209-246, London Math. Soc. Lecture Note Ser., 299, Cambridge Univ. Press,
Cambridge.

[2] H. Akiyoshi, M. Sakuma, M. Wada, Y. Yamashita (2003). Jorgensen’s picture of punc-
tured torus groups and its refinement, Kleinian groups and hyperbolic 3-manifolds
(Warwick, 2001), 247-273, London Math. Soc. Lecture Note Ser., 299, Cambridge
Univ. Press, Cambridge.

[3] H. Akiyoshi, M. Sakuma, M. Wada, Y. Yamashita (2007). Punctured torus groups
and 2-bridge knot groups. I, Lecture Notes in Mathematics, 1909. Springer, Berlin.

[4] D. B. A. Epstein and R. C. Penner (1988). Euclidean decompositions of noncompact
hyperbolic manifolds, J. Diff. Geom. 27, 67-80.

[5] F. Guéritaud (2009). Triangulated cores of punctured-torus groups, J. Differential
Geom. 81, no. 1, 91-142.

[6] L. Keen and C. Series (2004). Pleating invariants for punctured torus groups, Topology
43, no. 2, 447-491.

[7] S. R. Lay (1982). Convex sets and their applications, Pure and Applied Mathematics.
A Wiley-Interscience Publication. John Wiley & Sons, Inc., New York.

[8] R. Schneider (1993). Convex bodies: the Brunn-Minkowski theory, Encyclopedia of
Mathematics and its Applications, 44. Cambridge University Press, Cambridge.

Graduate School of Science
Osaka Metropolitan University
3-3-138 Sugimoto, Sumiyoshi-ku Osaka 558-8585

JAPAN
E-mail address: akiyoshi@omu.ac. jp

INUNYINEINES TS EE 2T v s SV N



