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1 Introduction

Let F = R or C. Explicit formulas of Whittaker functions on GL(2, F') and GL(3, F)
and related archimedean zeta integrals have been studied by several authors (cf. [2]).
In this note we give explicit formulas of Whittaker functions on G = GL(4,R) and its
application to archimedean zeta integrals. Since the case of principal series are already
done in [4], we consider the remaining cases —P,11) and Po2)-principal series. As in
our previous work [2], we derive a system of partial differential equations satisfied by
Whittaker functions, and give Mellin-Barnes integral representations of moderate growth
solutions. By using these explicit formulas, we compute the archimedean parts of Bump-
Friedberg zeta integrals ([1]) to give test vectors.

2 Basic notation
We define subgroups N, A and K of G = GL(4,R) by

N:{$:($17])€G|1’w:1(1§Z§4), $]7k20(1§]{5<‘]§4)}

A = {y = diag(y1y2Y3Ya; Y2YsYa, Y3y, Ya) | Y1, Y2, Y3, ya > 0},
K =0(4).

Then we have an Iwasawa decomposition G = NAK. Let g, n, a and € be the associated
Lie algebras of G, N, A and K, respectively. Let p be the orthogonal complement of £ in
g with respect to the Killing form, that is, p ={X € g | ‘X = X}. For 1 <14,j <4, the
symbol E;; denotes the matrix in g with 1 at the (4, j)-th entry and 0 at other entries.
We set Ef; = E;j — Ej; and B} j = Eij + Ej; (1 <4,j <4). Then {E;; | 1 <4,j <4},

{11 <i<j<4}and {E];|1<i<j <4} are bases of g, ¢ and p, respectively.



Let gc be the complexification of g, and U(gc) the universal enveloping algebra of gc.
We define a matrix £ = (&; j)1<i j<a of size 4 with entries in U(gc) by

8 . { Em‘ — 5_22i le == j,
I E;; if i # j.

We define the Capelli elements Cy, Cs, C3, C4 by the identity

Det(tly + &) = t* + Cit? + Caot?® + Cat + Cy

in a variable t. Here Det means the vertical determinant defined by

Det(X) = ) sgn(w) X1 1) Xa (@) Xa ) Xaw), X = (Xijh<ij<a

weESY

with the symmetric group &4 of degree 4. It is known that the Capelli elements C;, Cs,
Cs, Cy4 generate the center Z(gc) of U(ge) as a C-algebra.
We define a character 9, c, ;) of N by

Ver ea,05) () = exp{2mV/ —=1(c1212 + Coxa 3 + c3234)} (x = (x;;) € N)

for (c1, 2, c3) € R3. Then unitary characters of N are exhausted by the characters of this
form. We say that 1., ¢, ¢, is non-degenerate if (c1, co, ¢3) € (R*)%. For ¢ € R, we denote
w(c,c,c) Slmply by %-

We regard C*°(G) as a G-module via the right translation. For a non-degenerate
character ¥ of N, let C*°(N\G; ) be the subspace of C*°(G) consisting of all functions
f satistying f(xg) = (x)f(g9) (x € N, g € G). For an admissible representation (II, Hy)
of G, let

Ty = Homyg k) (Hu i, C°(N\G; ¢) k).

Here Hyx and C®(N\G; ) are the subspaces of Hy and C*(N\G; 1) consisting of
all K-finite vectors, respectively. We define the subspace Irn[“’ 3} of Ty consisting of all
homomorphisms ® such that ®(f) (f € Hn k) are moderate growth functions. We define
the space Wh(II, ) of Whittaker functions for (II, v) by

Wh(H,’QZ)) = C—span{(I)(f) | f S HH,Ka P e Il‘[’w},
and define the subspace Wh(II, ¢))™¢& of Wh(II, ¢) by
Wh(IL, ¢)™ = C-span{®(f) | f € Hux, ® € Iy}

Let p: V., — Wh(IL, ¢) be a K-embedding with a K-type (7, V;) of 1I. By definition,
we have

e(v)(zgk) = (x)p(T(k)v)(g) (veV,, xeN, geqG, keK).

Because of the Iwasawa decomposition G = NAK, ¢ is characterized by its restriction
v o(v)|a to A. We call v — p(v)]a the radial part of .
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Assume that II is irreducible. Then the multiplicity one theorem tells that the inter-
twining space Zyj", is at most one dimensional. It is known that Zy; 4 # 0 if and only if II
is large in the sense of Vogan [5].

For (1, ca, c3) € (R*)?, there is a G-isomorphism

E(C1,02,03) 1 C(N\G; 1) — C(N\G; ¢(C1,C2,03))

defined by Z(c; c,.00)(f)(9) = f(diag(cicacs, cacs, ¢3, 1)g) (9 € G). Hence, it suffices to
consider the case of ;. In this note, we give explicit formulas of the radial part of a
K-embedding ¢: V, — Wh(II, ;)™ for an irreducible admissible large representation II
of G and the minimal K-type (7,V;) of II.

3 Representation theory of K

Let us briefly explain a way of construction of irreducible representation of K. We define
a representation (7, Vi) of K by Vi = My 1(C) ~ C* and 7 (h)v = hv (h € K, v € V).
Here hv is the ordinal product of matrices h and v. For 1 < ¢ < 4, the symbol §;
denotes the matrix unit in Vi = My 1(C) with 1 at (i, 1)-th entry and 0 at other entries.
For 1 < 4,57 < 4, we define §; = § A& € Vi Ac Vi We define the graded C-algebra

R = @/\12)\220 R()\17>\2) by
R = Sym(Vy) ®c Sym(Vi, Ac Vi), Ry = Sym’\l_’\2(VSt) RXc Sym)\2(‘/;t Ac Vit)-

Here Sym(V') = €),,~, Sym™ (V) is the symmetric algebra on V' with the usual grading
for a C-vector space V. We regard R as a K-module via the action 7~ which is induced
from 7. Then Ry, x,) is a K-submodule of R.

For v € V; and v’ € Vi Ac Vi, the elements v ® 1 and 1 ® v" of R are denoted simply
by v and v’, respectively. Then we note that {&; | 1 <i <4} U{ |1 <j<k<4}isa
system of generators of R as a C-algebra.

For 1 <i,j,k <4, we define elements &, &, &jr, &ij, 1231 of R by

£= (&) + (&) + (&)* + (&),

& = &16n + Eabin + E3Eis + Exba, gijk: = &i&ie — &i&in + &g
&ij = &n&n + &injo + &is&ys + Cinjas §1231 = &12834 — &1380a + &14&03.
Let Ix be the ideal of R generated by

(€& UE | 1<i<4}U{g; |1<i<j<4}U{&nll<i<j<k<4)

We can show that the ideal I is K-invariant. The action of K on R/Iz induced from
T is denoted by 7. Let qr: R 2 r — r + Igx € R/Ix be the natural surjection. Let
A= (A, Ao, A3) € Z% x {0,1} with Ay > Xy > 0. We define a representation (7, V}) of
K by

(k) = (det )T (k) (k € K), Va = ar(Rea))-

Then we can show the following:



Proposition 1. Let
Ak ={X = (M, 20, 09) € Z2 5 {0, 1} [ A1 > X9 > 0, dohg = 0}

The correspondence X <+ Ty gives a bijection between Ay and the set of equivalence classes
of irreducible representations of K.

Let S)\ be the set of [ = (ll, lQ, 13, l4, llg, 113, l14, l23, 124, 154) € (Zzo)lo satisfying
i+l + 13+ 1= A — Ao, Lo + 1z + L1y + log + log + 134 = Ao
For [ = (I, 12,13, ls, L2, l13, lia, los. laa, I34) € S, we set
U = QR< IT @ 11 (fjk)lj‘“> :
1<i<4 1<j<k<4

We note that {u;}cs, forms a system of generators of V) as a C-vector space. It is
convenient to set u; = 01if [ & (Z>0)'. We set 0 = (0,0,0,0,0,0,0,0,0,0) and

er = (1,0,0,0,0,0,0,0,0,0), es = (0,1,0,0,0,0,0,0,0,0),
es = (0,0,1,0,0,0,0,0,0,0), es = (0,0,0,1,0,0,0,0,0,0),
€13 = €1 = (0,0,0,0,1,0,0,0,0,0), e13 = es = (0,0,0,0,0,1,0,0,0,0),
1= eq = (0,0,0,0,0,0,1,0,0,0), €93 = €32 = (0.0,0,0,0,0,0,1,0,0),
€21 = es3 = (0,0,0,0,0,0,0,0,1,0), €31 = eq3 = (0,0,0,0,0,0,0,0,0,1).

For A = (A1, A2, A\3) € Ak, we have the following relations.

e When A\ — Xy > 2, for [ € Sy_(20,0), we have
Upy2e; + Upg2e, T Uiyoe; + Upg2e, = 0.
e When A\ > Xy > 0, for [ € Sy_(2,1,0), we have

Doicjca j2i 5801 — DUitejre; =0 (1< <),

ul+6i+ejk - ul+€j+eik + ul+ek+€ij = O (1 S Z < ] < k S 4)

e When X\, > 2, for [ € S\_(2.2,0), we have

21§k§4,kg{i,j} sgn((k —i)(k — -7))ul+eik+ejk =0 (1<i,j<4),

Ulterotess — Ulterzteos + Ulte1atess — 0.



4 Generalized principal series representations of G

We recall the definition of generalized principal series representations of G' and the as-
sociated L- and e-factors. We specify certain representations of G; = GL(1,R) and
Go = GL(2,R) as follows:

e For v € C and ¢ € {0,1}, we define a character x(,5 of G1 by X4 (t) = sgn(t)’[t]”
(t € Gy).

e For v € Cand k € Z>y, let D, ) be an irreducible Hilbert representation of Gy such
that D, (t1y) =t* (t € Ry) and D,y ~ D ® D as (s1(2,R), SO(2))-modules,
where DT is the discrete series representations of SL(2, R) with the minimal SO(2)-
type: SO(2) > (%0, sinf) iy eEV=1n0 ¢ Cx,

—sin @ cosf

Forn € {(1,1,1,1),(2,1,1),(2,2)}, we associate the block upper triangular parabolic sub-
group P, = N, M, of G as usual manner. Here N, and M, are the unipotent radical and
the Levi part of P,, respectively. Because of Vogan’s characterization, any irreducible ad-
missible large representation II of G is infinitesimally equivalent to some II, := Indgn (o),
which is induced from one of the following representations:

e Case 1 (n=(1,1,1,1)):
T = X(01,60) BX (v2,02) X (v5,85) B X (4,60) Where vy, vo, 15,14 € C and 8y, da, 03, 04 € {0,1}
with 51 Z (52 Z 53 Z 54.

e Case 2 (n=(2,1,1)):
0 = Dy ) XX (02.62) B X (v3.,65) Where vy, 15,13 € C, k1 € Z>y and 0y, 03 € {0, 1} with
Oy > 03.

e Case 3 (n=(2,2)):
0= Dy, k1) ¥ Dy, ry) Where vy, vy € C and ky, ky € Z>o with k1 > K.

We call T, a generalized principal series representation of GG and the representation space
of II, is denoted by H(o). To discuss three kinds of the generalized principal series
representations simultaneously, we set k1, kg € Z, 01, 02,03 € {0,1} and v/} € C as follows:

e Case 1: K1 = 51 — 54, Ro = (52 — 53, V{ 1= K1V1 + Kalj.
e Case 2: §; =k (mod 2), kg 1= 09 — 03, V] 1= 1.
e Case 3: 0; = Kk (mod 2), dy = Ky (mod 2), 93 :=0, v := 1.

Then we know 7., u,,5,) i the minimal K-type of 1I,.

Let us recall the L- and e-factors of Il,. See [2, §5.1, §5.2] for the precise. The
equivalence classes of irreducible representations of the Weil group Wg is exhausted by
the characters ¢° (v € C,§ € {0,1}) and the two dimensional representations ¢, (v €
C,k € Z>1). The associated L- and e- factors are

L(s, ¢,) = Tr(s + v +9), e(s. gy 1) = (V=1)°,



L(s,¢vr) =Tc(s+v+5), (8, bu, 1) = (V—1)",

Here we set I'g(s) = 7 %2I'(s/2) and T¢(s) = 2(2n)~*I'(s). For a finite dimensional
semisimple representation ¢ of Wg, we define the corresponding L- and e-factors by

m
= [ L(s, 00), 5. 0,91) He 5,05, 01),

i=1 1=1
where ¢ ~ @;", ¢; is the irreducible decomposition of ¢. The local Langlands corre-
spondence is a bijection between the set of infinitesimal equivalence classes of irreducible
admissible representations of GL(n,R) and the set of equivalence classes of n-dimensional
semisimple representations of Wg. For an irreducible admissible representation II of
GL(n, R), the corresponding representation ¢[I1] of Wk is called Langlands parameter of II.
We define the local L-factors L(s,II), L(s, I, A%) and e-factors (s, IT,¢y), &(s, IT, A%, 1)
by

L(s, 1) = L(s. 9[11]), L(s, T, A%) = L(s, A(@[TT))).
5(‘97 H: ¢1> = €<Sa ¢[H] ¢1>7 €<57 H, /\27 ¢1> = 8(5, A2(¢[H])7 7vb1>
Here A? : GL(n,C) — GL(@, C) is the exterior square representation.
Since the Langlands parameter ¢[I1,] of irreducible generalized principal series II, is
given by
OO B O B @l B Pl case 1,
(b[HO] = Qbyl,m—l D ¢1/2 ¢V3 case 27

Ovikr—1 D Puy ra—1 case 3,
we know that
(H1§i§4 [r(s+vi +0:) case 1,
L(s,11,) =< Te(s + vy + ”12_1)FR(3 + vy + 9)r(s+v3+d3) case 2,
\FC(5+V1—|—”12_1)FC(3+V2+”22_1) case 3,
(ngkngR(s—l—l/ﬁ—uj—l—|5i—5j|) case 1,
Te(s 4 v+ o + 554 De(s + vy +vg + 511)
L(s, Iy, A%) = XT'r(s 4 2v1 + 01)Tr(s + v + v5 + |09 — 03]) case 2,
De(s + vy + ve + B552)De(s + vy + vy 4 S1H2=2)
\ XTgr(s 4 2v1 + 01)TR(s + 215 + 95) case 3,
( (\/_1)61+62+53+64 case 1,
e(s,Il,, 1) =  (y/—1)r+otds case 2,
| (V/—T1)rt case 3,
( (\/_1)61 2+013 4014 +02 840244034 cage 1
(s, I, A%, 9)) = § (y/—1)01H023+2m case 2,
| (V1) ot case 3.

Here we define 6; ; € {0,1} by d;; = 6; +J; (mod 2).
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5 Differential equations

We give a system of partial differential equations satisfied by Whittaker functions belong-
ing to minimal K-type T(., x,.5,) Of Io. For 1 < i < 4, let Si(as, as,as, as) be the i-th
elementary symmetric function:

Sl(ah a2, a3, (l4) = 21954 a;, SZ(ala a2, a3, @4) = Zl§i<]’§4 a;a;,

S3(a17 Gz, ag, a4) = 21§i<]’<k§4 a;a;0k, 54(01, az, ag, @4) = @102a304.
For 1 <1 <4, we set

Si(v1, va, V3, 1y) case 1,

_ 1 1
Vi =< Si(v + M=, v — F= g, 1) case 2,

Si(Vl + HlT_l, vy — 512_17V2 + H22_1,V2 — ﬁ12_1> case 3.

Then we have
M,(C)f = uf for f € H(o)x. (5.1)
As in [2], we can find that Homg (V(x, s.64), 1 (0) k) = Cij), and show the following:
e Assume that k; > k. For [ € S(., 1.x,4,) and 1 <i < 4, we have

4
20 (te) = D Lo (B )il (ursey ). (5:2)
k=1

W — é 2 4 I

e Assume that ko > 1. For [ € S(,,-14,-1,0) and 1 < ¢ < j < 4, we have

2(V1 + VZ) ,flo'(ul'f‘eij) = HU(Eﬁi + E;,j)ﬁd(ul+€ij)

+ Z {sen(j — k)HU(Eik)ﬁU(uH-ekj) + sgn(k — i)HU(E;,k)ﬁU(ul+eik)}-
1<k<4,kg{i,j}
(5.3)

Let ¢ : Vigy hos3) — Wh(II,, ) be a K-homomorphism. For | € S(k1 r2,03), We give a
system of partial differential equations for ¢(u;)(y) (v = diag(y1y2ysya, Y2YsYa, YsYa, Ya) €
A). Let 0; = yi%. Since (5.1) with ¢ = 1 implies that

(01 — m)ep(w)(y) =0,
we can define a function ¢; on (R, )3 by

o) (y) = (V—1)htls—hatlag(_qylathatla 82,2, 8/2702 0 5 4, g )

for I € Siei ko5y)- From (5.1), (5.2) and (5.3) we get the following system of partial
differential equations for ¢;.



Proposition 2. (i) Forl € Sy, x,.6,), we have

{Ay — (2my1)Ria — (2my2)Ras — (2mys)Raa b1 = 0,

{As + (27my1) (02 — 1) Rz + (27y2) (=01 + 05 — 11 — K2)Raz
— (27Ty3)82ﬁ34 + (27Ty1)(27ry2)ﬁ13 + (27Ty2)(27ry3)ﬁ24}g5l = 0

and

[Ay — 2ry){(=0s + O3 — k) (=03 + 71 + ko) + (27y3)* } Ko

— (2my2)O1 (=05 + 1 + ko) Raz — (2my3){O1 (=01 + 02) + (27y1)*} Rau
+ (2my1) (27y2) (=03 + 71 + K2)Ris + (27my2) (27y3) 01 Roa

+ (2my1) (2my2) (2mys) Ria + (2my1) (27y3) Riz,sa)or = 0,

where Ay, Asg and Ay are the differential operators defined by

AQ = —6% — ({93 — (({93 — :‘12>2 -+ ({9182 + 62(83 — :‘iz) + ’71(83 — Hg)
+ (27y1)? 4 (27y2)? + (27y3)? — 7,

A3 = 82(61 - 83 + /iz)(&l - 82 + (93 — /ig) — ’)/1((9% + 822 - 3182 — (92(83 — /ig))
+ (2my1)* (=02 + ) + (2my2)* (01 — 05 + 71 + K2) + (2my3)° 0y — 73

and

Ay = 01(0y — 01)(05 — 0o — Ko2) (=03 + 71 + K2)
—+ (27Ty1)2(83 — 82 — /@2)(—83 + T + /62) + (27Ty2)281(—83 + 71 + KQ)
+ (27y3)?01(0y — 01) + (27y1)? (27ys)? — 4,

respectively. Here

ﬁ12§2l - ll@l—eﬁ—ez + l2¢l—ez+e1

+ 113951*813-&-623 + 114951*614-!—624 + 123951*823-&-613 + 124/521*624-!—6147
ﬁ23¢l - l2¢l—62+63 + l3¢l—63+62

+ loP1erprers T 113P1ersrers T (24P1-estess T [34P1—esitenss
ﬁ34¢l = l3@l—eg+e4 + l4¢l—64+63

+ ll3@l—613+614 + ll4¢l—e14+613 + l23¢l—623+624 + l?4¢l—624+6237
ﬁliﬂﬁl = ll@l—eﬁ—eg + l3¢l—€3+€1

- 112¢l—€12+623 + l14¢l—614+634 + l23¢l—623+612 - l34@l—634+6147
ﬁ24/123l - l2¢l—eg+e4 - l4¢l—e4+82

+ 112951—612-&-614 - ll4¢l—614+612 - l23@l—623+634 + l34¢7l—634+6237
ﬁléﬁﬁl - _ll¢l—el+e4 - l4¢l—e4+el

+ l12@1—812+824 + 113901—813-!—634 + 124(701—824-&-612 + l3495l—634+613



and

Ri2.3401

- lll3¢l—el—eg+eg+e4 + lll4¢l—61—64+62+63 + l2l3¢l—62—63+61+64 + 12l4¢l—62—64+61+63

+ ll(ll3@l—e1 +ezx—e13+eiq + l14¢l—e1+62—614+613 + 123951—61—&-62—623-!—624 + l24¢l—61+62—624+623>
+ 12(ll3¢l—€2+61—613+614 + ll4¢l—62+623—614+613 + 123¢l—62+61 —e23+e24 + l24¢l—62+61—624+623)
+ l3(l13¢l—€3+64—613+€23 + l14¢l—€3+€4—€14+624 + l23¢7l—€3+€4—623+€13 + l24¢l—63+€4—€24+614)
+ l4(ll3@l—€4+63—613+€23 + l14¢l—64+63—614+624 + l23¢l—64+€3—623+613 + l24321—64+63—624+614>
+1i3(lia + log + 1)@i—eistens + l2a(lis + log + 1) G1enivers

+ la(liz + loa + 1)@1epytens + l23(liz + loa + 1) P1oepgrens

+ l13l24(¢7l—613—€24+2614 + ¢1—613—624+2623> + l14123(¢7l—614—€23+2613 + 321—814—823-&-2624)

+ 113(l13 - 1)¢l—2613+614+623 + l24(l24 - 1)@1_2624+614+323

+ l14(ll4 - 1)@l—2el4+613+824 + 123(123 - 1)¢l—2823+813+€24'

(ii) Assume that Ky > ka. For 1 € Sge, 1 .64), We have

(O — Vi - mz_l)@lﬂ—el + 271 P14e, = 0,

(=0 4 02 — v — 552 + 1) ¢riey — 2T1P14er + 2TY2 P g
+ loPi—ent2e; T 113P14e1—er5+ens T 114 Pi4er—erstess

+ l2390l+€1—€23+813 + l24901+€1—€24+€14 =0,

. . / k1—1 ~ ~ ~
(=02 + 05 — ) + "5— — Ko — 14)Pires — 2TY2Prres + 2TY3P1sey
- l3gpl—€3+2€4 - ll3gpl+e4—€13+614 - l14gpl+€4—€14+613

- l23901+64—623+624 - l24§0l+€4—624+623 = 07

(=0s4+m —vi+ mg_l + K2)Pires — 2TY3Pige; = 0.
(iii) Assume that ko > 1. Forl € Sy, 1,10y, we have
(Or —v1 — vy = B2 £ D) Prey, + 270014 ers = 0,
(81 — O+ 05— v — vy — m;m — i3 — lig — I3 — lz4)¢l+e13

+ 27Ty1§27l+623 - 27(@/2@1—&-612 + 27Ty395l+614

+ l2301_62+63+612 + l3¢l—63+62+612 + l13901—613+2612 + l24901—624+612+634 = 07

(L =05+ —v1— 1 — K'l_;mz +14) Pryers
+ 27Tyl¢l+€24 - 277?/3@[4-@13 + l2¢l—62+€4+€12 + l3¢l—€3+€4+e13 - 07



(=01 + 03 —vi — 1+ M_T?m — 14)Prtess

— 2MY1Piters T 2TY3Pitens — L2P1-entestess — 13P1—estestens = 0,

(=0 + 0y — D5+ — vy — o+ B2 4 lg + Ly 4 log + loa) Prrens
- 27Ty1¢l+e14 + 27Ty2¢l+634 - 271'2/395l+e23

- 12@01762-&-63-&-634 - 13901783-!—62-!—634 - l13gpl*€13+612+634 - 1249017624-!—2634 = 07

(=0 +m —vi — vy + m;m — D)@Prress — 2TY2Pryers = 0.

6 Explicit formulas of Whittaker functions

We shall give moderate growth solutions of the system above. Since the case 1 is al-
ready done in [4], we treat the cases 2 and 3. Our key observation is that the function
$(0,0,0,14,112,0,0,0,0,130) (¢) satisfies similar system of partial differential equations as that for
the class one Whittaker functions (case 1 with d; = 62 = d3 = d; = 0). Then we know
Mellin-Barnes integral representation of $(,0.0,14,112,0,0,0,0,54)(¥) and the other ¢;(y) can be
determined by the equations (ii) and (iii) in Proposition 2.

Here are our main results. In the following, the path of integration is a vertical line in
the complex plane, of sufficiently large real part to keep the poles of integrand on its left.

Theorem 3. (Case 2) Let 0 = D, o) W X(02,60) B X(us,55) With vi,v9,v5 € C, Ky € Z>s,
02,03 € {0,1} and 05 > 03 such that 11, is irreducible. There exists a K-homomorphism
o+ Vikys—d3.05) — Wh(Ils, 11)™® whose radial part is given by

@a(ul)(ZD _ yf/ngyg/Qyiw-&-Vz-&-Vs . (\/__1>—l1+l3—l13+l24(_1)lz+ll4+123

1 . .
X m / / / Vi(51. 52, 83) Yy "'y Pys P dsidsadss
Js3 Jso Jsq

with 1 = (l1, 1o, ls, 1, Lo, b, lia, Lo, loa, 134) € Sy 6,—5.05)- Here

‘/1(51,52,53)
= F(C(Sl —+ 141 + MQ_I)FR(SQ + 2V1 + 15 + l4 + l12 + l54)
X Tr(sg 4 vy + vs 4+l 4 lg 4 hia + lsa)De(ss + v1 + vy + v + #1574)

lia loz 113 log

DIDIPIDI

i14=0 i23=0 i13=0 i4=0
" 1 / Tr(sy — g+l + 14 +do3 + i13 4 i24)De(s2 — ¢ + vy + B4
dry/—1 )y Tr(s1 452 — g4+ 200 + 1+ 13 + 1y + Lo + lsg + i1y + dog + 13 + i24)
y Ir(s3 — q+2v1 + 1y + Ly + Iz — d14 — Go3 + 113 + 124)
[r(sy+s3—q+2v1+va+vs+ 1 +lo 4 Iy + Lo+ Isg + lig + Loz — d14 — dog + 113 + d24)
X Tr(q + v + l3g 4 log + log — do3 + 14 + 113 — 124)
X Tr(q 4 v5 4 lio + lig + lig — d1a + dog — 413 + 424) dg.
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Theorem 4. (Case 3) Let 0 = Dy, o) M Dy py with 11,10 € C, Ky, Ky € Z>y and
K1 2 Ko such that I, is iwrreducible. There exists a K-homomorphism ¢, @ Vi ro0) —
Wh(II,, ¥ )™ whose radial part is given by

@a(’W)(?J) _ yf/ngyg/Q 2w1+2vs <\/_1) —l1+l3— 113+l24< 1)12+114+l23

(S1, 92, 53) Yy “'ys Pys P dsidsadss
Q=AW

with | = (11752753,%l12,ll371147 l23;l247134) € S(Kl,HQ,O)' Here

Vi(s1, 52, 53)
=De(s1 +v1 4+ S5 TR(se 4+ 201 + U5 + 1y + lia + ls4)
X FR(SQ + 2V2 + ll + l2 + l12 + l34)FC(53 + v+ 2V2 + MT_1>

l1a+l23 li3+124
lis + las\ (13 + loa
<2 3 (7))

Tr(s1 —q+ L +i+j)Tc(s2 — g+ vi + 251)
47r\/_/FR (s1+8—q+2r+l+l3+1ls+lo+1a+i+7))
FR(S3—C]+2V1+l4+114+123—Z+.7)F<C(Q+V2+MTl)
Tr(so+83—q+21 + 200+l +lo+ 1+ lio+ g+l + 134 —i+7)

dq.

7 Archimedean Bump-Friedberg zeta integrals

As an application of our explicit formulas, we evaluate the archimedean part of Bump-
Friedberg zeta integral ([1]) which represents the product of the standard and the exte-
rior square L-functions on GL(4) at the unramified non-archimedean places. Let Gy =
GL(2,R), N = {(}%) | = € R}, Ky = O(2). We define an embedding 7 : Gy x Gy — G
by

a1 by

[ bl [ a2 bg ~ L Q9 bg
(91 = (Cl dl) 192 = (02 d2>) = 1(g1, 92) = c dy

C ds

Let S(R?) be the space of Schwartz functions on R?. For s1,s, € C, & € S(R?) and
W € Wh(Il,, v)™8, we consider the following archimedean zeta integral:

Zos W) = [ [ Wil ge)0((0. D)
N2\G2 NQ\GQ
| det 91| = 2 | det gg| 81+82+% dgldg2

Here dg is the right Go-invariant measure on Ny\Gs normalized so that

. R . 2dy; 2dy

/ flg)dg = / / / f(dlag(ylyg,yg)k) dk 21 -

N2\G2 0 Jo Ko i Y2
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for any compactly supported continuous function f on Ny\Gs. Here dFk is the normalized
Haar measure on K such that f dk = 1. By using our explicit formulas we can compute
the integral Z (s, so, W, ®) to get the following:

Theorem 5. For each 11, there exists (W, ®) € Wh(IL,, ¢)™ x S(R?) such that

Z(SMSQ: W7(I)) = L(‘qla]-_-[G)L(SQ?HU?/\Q)v
Z(]- — 81, 1- 52, W? 6) = 6(817 HU?d}l)E(SQa H0'7 1/}1, /\Z)L(]- — S1, ﬁo’)L(]- — S2, ﬁo‘: /\2)

— N 1
Here W is the contragredient Whittaker function of W defined by W(g) = W(( = ) tg=1)
1

and ® is the Fourier transform of ®.

Here are test vectors, that is, pairs of (W, ®) such that the above identities hold. The
symbol R means the right differential. Since the case 1 is done in [3], we treat the cases
2 and 3. We define 01, 0y, 93 as before, and define 6 € {0,1} by § = d; + d2 + d3 (mod 2).

e Case 2: 0 = Dy, x1) ¥ X(02,60) B X(13,65) With d2 > 3. We have

D (1, 22) = (V—1a1 + 22)° exp{—m(a] + 23)}

and

= (—v-1)"

( 0y (w0) (51,85, 83) = (0,0,0),
Yo (wa + v/ —1wy) (01,02,03) = (1,0,0),
(47) " R(EY 5) o (ws4) — R(ES 3) @0 (w1 ,4)

+R(EY ) po(w12) — R(E} )@o(was)}  (01,02,03) = (0,1,1),

x q (4m)"H{R(~ E§,4 + \/_E273)g00(w1)

+R(E’f74 - \/__1E]13,2)900(w3)} (01,02,603) = (1,1,1),
Yo (—v—1wa 24 + Wy 24) (01, 62,03) = (0, 1,0),
(4m) " R(E} )0 (w12) — R(ES 3) @0 (w2s)

+R(ES ))@o(w3a) + R(E} ))po(wia)}  (01,02,05) = (1,1,0).

Here we define wy, wp, Wy g, Wpg, Wp.gr € Vi, 50,65 (1 < poq.7 < 4) by

wo = qr (€ +€)772),  w, = ar((€+&) ™ 7%,),
Wp,q = QR(@% + €§>(H1_2)/2§p€q>7 Wpq = QR(@% + 5%)(!{1—1)/2@)(1)7
Wp,qr = QR(@% + &?)(51—2)/2@)&”‘)‘

e Case 3: 0 = Dy, ) K Dy, x,) With k1 > k2. We have
O(zy, 29) = (V—1ay + 29)° exp{—7(2? + 22)}
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and

o (wp) (01,02) = (0,0),
R(EY 5)po(w12) — R(ES 3)pq(wss)

+R(ES ) o (wsa) + R(ET )po(wia)  (01,02) = (1, 1),
0o (wy + v/—Twy) 81 # bs.

Here we define wo, wp, Wpg € Vi, k000 (1 < p,q < 4) by

wo = qr((§ + &) 22), w, = qr((& + &)W 2,853,
Wpq = QR((S% + fg)(m_m)/zgqugf_l)~
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