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1 Introduction

i < (3 Poincaré % Fuchs % &, BT OIEHITAZE & 74 2 BB O 2 06 Wi 72 P
Wi RIS O W TR M T b v Tw 7z, [10] I8 W T, Kaneko-Zagier 12 X % fi# 22
DE S k O slash (EHTAZ L % 2B TBRER, T4hbb “€2 2 7 —FUERIT i
X" Z2ERZ-HBAINLILITKD, EE, €Y 27 —#IEMD TR supersingular
j-polynomial %, fAEEEABCCIE S N5 2] & €Y 2 7 — M TR DEZER] & DG
BtR 2 W COTTREZERBODEL &, R4 L XRTIHNZNRTH 5.

A TlE, €Y 27 — Mo RIS 2 &2 EL, £, MEDEY 2T —
P iR, Y 2 7 —BIEEHE TH % Kaneko-Koike fEA 5 & Rankin-Cohen
RO CRLATE S 2 E2MET 5. I 512, B Wiyl (modified derivative,
modified higher Serre derivative) XN Z#1% 72 generalized Rankin-Cohen 555 %
EFRTHIEICED, BV 27 BB IBRREH -NEERBEE L TEA6NEI L%
I 5.

A DRI B LTk 4 2 TS 2 THE £ L 72, KRG, Don Zagier 52k, %7z,
MARESTOFHICBE L CTMN TXB WL EF LA =44 ¥ —DEKIcD & D&
HHL BT ET.

* AR RIS GRLEHRS ¢ JP18K03215, JP21K03138) DU A2Z T 7-bDTH S,
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2 Basic definitions and preliminaries

kE Z#IEEEEE, I C SLy(R) 2% 1 fli Fuchs #£ & 3%, Zo& &, EELFH H =
(reC|S(r) >0} BEXUA AT (RU {ico} DR I 12 X 2RISR ©I1F 1 22 BI%
LT f, 0(r) = f(r)*2 (for Yy € T) Ziife§ & &, B f 3BT PS5 ES k&
DEV2F-HHTHZ LI, LEL, f| [y BES kD slash fEHETH Y

FLBIE) = (r e tp () = (3 ) er

ct +d

TEHENDZLDTH S, BIAE, T =SLo(Z) KL T, (FAlL) 74Xy 294y
ey

Eu(r) = 1— Z—k > <de_1>q” (k=4 : 8, q=e"7)

n=1 “d|n
BHRES kDEY 25 —THRARTH S, (B 13 k BHOL X —1 )

7, 9 TIEAIRO A X 7EG LA REM 2w 7e % f, (i = 1,...,r) ITX
LT

Fleb(r) = if”(T)(CTid>n

OB Z W7 T, f 2B T BT 2HI k, K (depth) r DEEY 27 —FHKT
HHEVI, FIZ, fo=fThD. HlzAE, I = SLo(Z) LT, Ea(r) = 1 —
24570, (Lujnd) a" BHE 2, WX 1 OMEY 27 —RATHD,

Es|o[y)(7) = Ea(r) + %mid v = (Z Z) € SLy(Z)

il T, £, (912X 0 AFEEORE T C SLy(Z) BT 5 (EHOES k, S r #EE
Pas—R fe ME D) K’
9 (T) + gr—2(T) Ba(7) + gr—a (1) Ba(7)? + - 4 gk 20 (1) E2(T)" (9 € M (T))

Thzohb, 22T, M) ¥, T ICBHT2HI EoEY 27— HBRAD%EM,
MSEIT) ZRE D ICBIT 28 b, S r UTFOHEEY 25 —TBROER LT 5.

*1 3 T 2% non-cocomapct RF&IIEH A 7HEFET 5. cocomapct RIFEICIEHE 2 72,
*2 T k DIEEHDOEA, multiplier system 2SHETH 5
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3 Differential operators and Cohen-Kuznetsov series

Ioll, Eva 7R CHE T 2WoEMEL2L52%. 22T, D% D(f) =

(2m’)_1% &9 5. I I 2 non-cocompact D H 1%, BB o(1) & L TLA TN D2
I Z 72§D 2Ns 2 L TES !

1 b
Oablir) = o) + 5 for 9= (¢ J)er,

e Rankin-Cohen brackets [ , |

- m +k— +4-1 m n—m
gt = e () () o),
e Kaneko-Koike operator ©
OF(f) = D™(f) = (k+n = Do, f2Y,

e the canonical higher Serre derivative (Villegas-Zagier) 3,£n](f )
81Ln+1](f) := Okt2n (81[<:n](f)) +n(n+k— 1)‘1181[:_1}”) (n=1),

o (f) == 0(f) = D(f) — kof, 0L (f) = f, where ¥ = D(¢) — ¢2.

INslE, TV a7 R T 2 27 —WHaEAETH 2D, —MRICEY 27—
A%z (BI21E DT) AT 5EY 27— AZEEIMNTLE). INSHMPEHEDE
Vad—AENEELETS-0I1Z, Cohen-Kuznetsov fk¥l%z LT CTE#ET 5.

(D) _ - D"(f) ¢n
o(r, X) = ;n!(k)nx :

72720, 139 FIERIZBAEL, k3B, (o) =1, (a)n = ala+1)--- (a+n—1) (n > 0).
Z DL E, Cohen-Kuznetsov #REUITE I ICBY$ 2 a2 72 3

oyfat+b X >_ ko—e X o (D) _(a D
‘I’f,k(cr+d’ ey ap) — T T e Iy X) oy = g) €T

Cohen-Kuznetsov #z Hw % 2 £ T

i [f, gl

X = el X0 X)
n=0 n n



OBIED 5, [fleh] gle)] ) = [, 950, 0] (Y ET) b2, THbB,

n

[0 0 M) x M) — Migpgan(T)

<h 5. FBEIC, D, d, O IciT 2 Cohen-Kuznetsov fifi%

. O An 0o [n] o an
‘I’Eff)ﬁ(ﬂX):ZD (f)X", @;?L(T,X):Zak (f)X”, @fﬁ(T,X):ZO’“(f)X

n!(k)n nl(k), n!(k),

n=0 n=0 n=0

(7L, Dy = D(f) — 25 £¥2 & 30 X) = e o) (7, X) =
9 5] _é D . n
X0} (7, X), @) (7, X) = e XN (r, X) (2L, =0 d) TH.

F72, DICBALT, EHBE 1 € Mo(D) 1I2x$ % Cohen-Kuznetsov iz &% 7 5 :

Dn—1(¢) X

Q@ X)=1+X9 X)=1 —_
1,0(7, X) XDy, o(r, X) +nz::1n!(n—1)!

ZDLE, UTomEzEs.

Proposition 1. (1) @ o(7, X) (&P T D21 25727

‘1)1,0(a7-+b X

e X a b
o+ d’ (CT+d)2) =emtazi @y (1, X) for ( d) el

C

2) o = 9% % oV(r,X) = e o(r,X) TEHTE. 0L F,

(nX) o (28, ) TFE,

zhuc kb, oP0)(r,X) = @) (1, X) Py o(r, ~X) O ND. ThbL, UTOwEHE
DS ND.

Theorem 1. #5{EfI%E D, o™, 0n icht L <, MFOBMBRAD 720,

A= (”) (b= )" D(f),

T
r=0

orn = (1)(* 1 a0,

m=0

7270, wy, ZEETICEATAEZ mDEY 27 —FA.

Remark 1. T' = SLo(Z) DA, wy BUTOXI b 00MIGT 5 ¢

m | 0 1 2 3 4 5 6 7
om |1 0 -5 _Be _EL _smm _OELeE _wmmiE,
m 72 144 288 2592 20736 41472
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22T (X)) =Y e B (- X 2T 5 L, UFOMMNER 6N,

o
@ 2z, X) ‘ )
- e
e X

Oy x| ) )
‘.tbﬁk(r.X)’i : fbﬁk(T,X)J

k’ %
ogen)

4 Modular linear differential operators and modular linear

differential equations
9, Y27 —MEMOTEHERNEY 2 7 — My HiIEROEHRZU T TE 2 3,

Definition 1. 3 EHE L 238 T ICBT % type (k, k+ K) DEY 2 7 —#IERI M
FLlx, UTOFMFZ2HITIETHD

(1) £ 1%, § ECEH (524 2 72 MBI, R TEHCH IR LA 2 7
T ) RBEKZ R, BRXEDOBIEHAEHFETH 5.
2) L(flel]) = LAyl for veT

Definition 2. £(f) =0 ZWi7= 3 & %, # T ICBHT 2 type (k, k+ K) DEY 27—
it e v,

Y 27— ER (5R) 132 — 575 Rankin-Cohen 53l 2 Al v 7o 4281
NDECHSENTHEY, ZITIEFHET, X n, type (k, k+ K) DHBHT

L= a(r)D"  (ap(r) : H LIEHIZBI%)
r=0

DGR DTS . ZDHE, Theorem 1 £ D a,(7) ZEI K —2r, IS n—r LT D
BV 25— BRTHDC ENbRE, SO LHE, L(f) =0 OREREAD 4[] (veT)
DIFHICE D, IO EDbh 5.

Theorem 2. L(f) B3KE n, type (k,k+ K), # T ICBIT 2 €Y 2 7 —#IEMIEHE (



X)) ©H 2 7o DB+ 35

(@liesb)@) = 3 (TT°) (- i) ) = (0 0 er

(0<r<n)Tbhs.

ZHTED, a-(7) 1B 2 BEN LR WEEDERTE 508, 2D a,.(r) DH#EEY 27 —1E
ZHWAZ LICEkD LIBT3 v PNV EEHE2EZAZ ENTE S,

Theorem 3. (1) £L=>""_,a,(1)D" (K > 2n) »# T, & n, type (k,k+ K) DE
a7 — BB e () TH 2 AR

b= 2 (mj S) & T D, D ame(n) - 0<m<n)

DHETICETAHI K -2mDEY 27 —BATHEI L THD, IHICIDEE

e = 3 (7N

m

DRSNS,

(2) L=D" +Zf:_é a-(T)D" (K = 2n) ¥ non-cocompact £t T', X n, type (k,k+ K)
DEY 27 — MBS IERNE (TR ) Th 2035, hy, = 1, b,y =
an-1+n(k+n—1)o,

"~ /m+s k+m)s s
hm;:;< :)(K_(%ﬂ:_i_l)sp(amﬂ(r)) O<m<n—2)

DT ICHTEX, 0, K -2, K-2mDEY 27— THE2LTHS, I5I1
DLt xE

n = 2n—m—1 - (2n—2m, k)
£ = e+ X (M) o A
m=0

DEBADBFOND,

D LN, ERDEY 2 7 —HIEHI 3 1E Kaneko-Koike 13 & Rankin-Cohen
MBS ORMIER Citdb T & 2 Z EHERTE /2. e LT, Kaneko-Koike fEH 23k
Z5%6E, BI 2, RS 1 DHEEY 2 7 —IBADBFEET 2HB8ICRo NS, Thbt, #if
" %% non-cocompact #fTH 2L IR 6N 5,



5 Modified derivatives, and extended Rankin-Cohen brackets

Z 2T, Bt AR B E LT modified derivative EV>9 > v VR THERE
HL, s 2RV extended Rankin-Cohen #iilfi%Z 5 2 5.

Definition 3. Modified derivative D % LN CEFZT 5.

D"(f)

(1) fPREI E>00EY 27— EROGAE, D" :=D(f) = B

(2) f=1Lk=0(¥4hbst, HBIO0DEY 27— ) DA,

{1 (n=0)
D"(1) = { D"(¢)
[TV

CDEFRL G A5 LICLD, Cohen-Kuznetsov fZX @;D,g, <I>(D) Fs

D) yn _ o D) g
(pgcl?k?(’rax) :nz: X :;TX IGXD'fa

=4 b
nl n

(D D D™(1) on _ xD

(I) TX —l—l-E n'n—l —nE:O—n! X" =e¢ 1

DFEHZE2 . Z D modified derivative % H\>T extended Rankin-Cohen 55E % & £
525,

Definition 4. BI%t f, g I L C, extended Rankin-Cohen $59N&E (f, g)n %

n

(o= X C0m () 0m (D ).

m=0

TERT B,

chsix, o7 (r,X) = 0)(r,X) ¥ B L E,

Xn
o0 (r,—X)8O (. X) = YU b ~
n=0

DRGNS, ZoEE, U TMoagEntioin s,

Proposition 2. n ZIEFEEL, B f, g D ICBT2HI £ >0, >0DEY 27—
X ET 5, D, DUNDED 32D,



(1) (f, ghn BB BT 2ES k+L+2n DEY 25 —TBRTH 3,

_ooonl ko)
(2) >0,{>0DLE, <f,g>n—(k)n(£)n[f,9]n .

B) f=Lk=00LZ, (f g>n:é@zﬁ<g>.

ZHC kD, $4ICTERAREY 2 7 —IBMaEAZE (#30) 13 extended Rankin-
Cohen fHiliEZ WA 2 Lick D, fiREEEZIERTE 3,

Theorem 4. n ZIFEEL, fo, g ZH T ICHTH2HEI bk, >0, >0DEY 2 7 —JEX
9%, (s=0,...,n). TOLEEgIINTE, X¥in, BHTLICHETIERDOEY 27—
o e (R ) 1 (fs, g) DEYERICEZ 6N 5,
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