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1 &

Hessberg % #kK 1% de Mari, Procesi, Shayman IZ & - T #& X W7z HZL BRIKD
subvariety T®H % [6]. FHZARTIZ A #LD Hessberg ZHRIKIZDOWTRRS DT, H
DN TV &K DT Hessenberg ZHRRIKDERZZ KOS DHL DN LD L SWVWHRZ 5, A
%1 D Hessberg Z RN IZIEL BRIR FI(C") DA LZHRIKATH D, IRD 2 DD T —XRIZ
FoTwEE2, 1 2IIMEEH A: Cr - C* THYH, $ 5 1 D% Hessenberg FE &
XN 2 BFFERADBEE h: [n] — [n]) TH S, 2T, [n] ={1,2,3,...,n} £ 12
5n ETOBBOESEZRL., HHFFERABEB b IJMEED V) € [n] T h(j) > j %k
724 & Z1Z Hessenberg BI# L IF1E 5, Hessenberg BIEUE {t; —t; | 7 <i < h(j)}
LWIHTEIL— P ROEHES L RIS L TWD, Hessenberg A DR K RIGE L L
T. Springer Z kKX permutohedral variety 7 ¥ OEE L L IRAKD H 5,

ELZRRIEDRMZNRZ DL — b ROMEEWMN R EETHARTE S X 5 IT Hes-
senberg Z kAL T DEMFEVIN — P ROFLEAGOMEETWNLZSETHARA ST N
D LEBIRIRDSGIRIRD V2 T ATHDEEZOLNT WD, FEERIT regular nilpotent
Hessenberg Z kKD a R E 0 ¥ —BRIINHET 5 FHIALED logarithmic derivation
module & W5 D ZEHWTEARTE S [1], £4Z Borel IZ & 2 HEEZHRIKD 2R ED
VRO DO - BbIZ IR o T WS,

Regular semisimple Hessenberg 1% Brosnan & Chow[3] IZ & » TN 7z



Shareshian—Wachs FA8IZ & O XFREEGR & OBIRPH O, TDa Rt Y —FEiEH
AEMNAEIREZET TS5 Z LI X ONFMEORIIE UTHRBIZHATE S, UL,
JIRER Y -BROBEGEY ERNZERITOTLRHEZRVWTIZEEA ST
72\,

AFETIE, IREQO YN 2IRTER S 115 regular semisimple Hessenberg £
IR D ERKEE D BAR 7250 12 DWW TR B, Z OfGHIE Anton Ayzenberg K (Higher
School of Economics) &#tHBHEK (KIKAZKRY:) & OMLFEHTEIZED <,

2 Regular semisimple Hessenberg % #&{#k
2.1 Hessenberg Z#k{k
CrizBIT5 (k) KV, &1k C* OB ZEH O IR
Ve=({0}=VocVycWC---CV,1CV,=C")

THY, dimeV, =j 27z FHDTH D, WEHIKFI(C") &2 C" 2B B HRE
DIRTERIETH D, [n] ={1,2,3,....,n} 2 1226 n TTOEBDOELSLT D,

EFE 2.1. MIEEHR A C" — C" L BFIERADEE h: [n] — [n] Th(j) > j (J € [n])
%7295 DIZH U, Hessenberg Z1kiA Hess(A, h) IS RRIK F1(C™) O3 L hkK
THo>TIRTEEZDLHDTH D,

Hess(A, h) = {Va | A(V;) C Vj( ) for Vj € [n]}.

LOME %723 h 1% Hessenberg B X XN 5, Gl DfEFHEALD =iz LIXL
I¥ Hessenberg B8 h 2 2 DMEDF h = (h(1),h(2),...,h(n)) &L THELL Z &IZT
%, HlziE, h = (n,n,...,n) ®& XX Hessenberg %Kik Hess(A, h) IZEZERA
FI(CH) 208D TH %, S A BRTHSMLS B, H UK 3 h & b KK
E LTI W5, Hess(A,h') 1% Hess(A, h) DEFERRIETH D, DAICEE SN
72 AZX U T, Hessenberg ZFkiK7-5H 13 2 A MROWHE % £ D, — /i T Hessenberg
% BEfK Hess(A, h) OBTERAIEE X A 125> TAE<EDD S5, UFTH. A
FEEREICETA2ERBAGHEHE-HLUTHES, A2 A AL Jordan HEHEE % &
D& &, Hess(A,h) & Hess(A', h) 3%k & UTHE (diffeomorphic) TH D, KT



IFRERY-RIFFERTH S, 174 A A regular nilpotent TH % & &, Hess(A, h)
\Z regular nilpotent Hessenberg ZHk{k L IFIX, TN —MITIZFRRLE S D, 17
H| A 778 regular semisimple D&, DF D ADPHWIIERRLIEEMEEZ L O5G
Hessenberg Z#k{& Hess(A, h) 1% regular semisimple Hessenberg Z k& & X4, £
NIXIE 5 DL BkIATH 5, Regular semisimple 174]% S THRIZ 2izL T, S I
WNATTHITH D ERET S, T Znikotb—F A& U, ¥4 X n OERIZRAHTTH
DHETHEFA T3, ZOh—7 2 T 1% FI(C") \Z@E 0 HETHEML, §AT
LA 72 DT Hess(S, h) IZHIBT 22 TED, TN o DIEAIZ LS Hess(S,h)
& FI(C") OEIESELIE—H U, Hess(S,h)T = FI(CYT = &,, & KFRfEE F—H
95, —/iT, regular nilpotent Hessenberg Z iRz T-fEH ZHIR 9 2 Z L IXTE
72\,

22 @EZEIFREQD—IR

ZEE X IZHEGPERLTwW &, TOFRICETAEZaFRERY -8R HL(X)
% Borel #% EG xg X OBEDOIFREO Y —BRBE L TEREIND,

H}(X) = H*(EG x¢ X)
& <1Z Borel HRIZIRD 7 7 A N—HKDOREMTH D Z L IZTIHE,
X - FEG xg X —- BG

Regular semisimple Hessenberg Z#f4k Hess(S, h) 12 LD T-fEHAH D [4] TE
HEN7 GKM ZRALIHEN 2 B DIZ 8> T W03 [6]. GKM ZRkIZZ ORZ 3k
ERY—REEESESGICHRBRLUTCHSLI I L THARSZZLDTE LK THD, HE
BRIz

H’.(Hess(S, h)) — Hi(Hess(S, h)T @ Hi(w
weS,

=~ @ zZlt, ... tn] = Map(Sy, Zlt, . . ., )
weS,

FHHTH B, ZITMap(P,Q) IZEE P25 Q ~NDEBEKRDLTHEAERT,
X 512, Map(S,, Zlty, ... ty]) OF T, ZOWERBEOBIIRTEZ SN,

{f | fw) = f(w(i, 1) € (fwqp) — tw(s), Yw € Gn, j < i < h(j)}



ZZT(4,))ldi & jOEHMERL, () FtICIVERINEATTVERT, K
regular semisimple Hessenberg ZHADRZ L EEDEL LD I FRET Y —BHD &
BURDPEATWD Z LITIEE,

Hessenberg BI#t h 78, % k T h(k) = k #7279 & . Regular semisimple
Hessenberg % kik Hess(S, h) 1385 T ik 7: <. Hess(S1,hy) x Hess(S2, ho) @ ()
DI —DIELME 2D, ZZTh ldh% K] IZHIRLZEDTHY, ho i h %
[+ 1,n] CHIHL TR ES T V22T k41,0 & [Ln—k 2F -ELTH
5% Hessenberg BA#TH 5., Sp (XX MA1T5 S O kK FHEZ TORS. So (35D D
n—kEDOKS & L THE SN 5 regular semisimple 174 TdH 5, PARTiE, Hess(S,h)
FEETH L EHET S, 2EVEEDjcn—1]Th(j) >j+1 LIRET 5,

3 ERER
31 RIREBDHER

Regular semisimple Hessenberg Z KD R Z 2 IRI FAEBT Y — 12 DWW T,
2] LV ERELPFL-oTEY, Th2EH 31 &L Tidd. 2TOILIE
Map(&,,,Z[t1, ..., t,)) DL ULTRRBETNT NS,

EI 3.1. Hess(S,h) WEFETHNIE., DT D {2, Yok, Ta, ti | i,k €
[n],a i& h(a — 1) = h(a) = a+1 %A%, A C [n],|Al € {j € [n—1] |
h(j —1)+1 = h(j) = j+ 1}} I& HA(Hess(S,h)) 295, I T, &% Dtk
weG, EULTIRTEZE D,

o zi(w) =ty

. li — tw(a—|—1) (Z € {w(1)7 s 7w(a)})
o yi(w) =

0 (otherwise)

) twgap = twgajrn (A ={w(1),...,w(A])})
[} TA(w) -
0 (otherwise)

ER 3.2, 1 FEZRRIK FI(C?) OF RV, 12 V)V BES ZEHRORZEF v —
VEOBIERLELTELONS,



THI 2 TMSMXTHT TETHLIRDODEMMPELT 5, Z D&M
H*(Hess(S,h)) D32 IRCEKEIND720D h DBE+EM%E 525,

EIE 3.3. Hess(S, h) 2@ THNIE, RIZFEMETH 2.

o H*(Hess(S,h)) iZ 2 RTHEKSND,
e H50<a<b<n-—1ZXUL., hiFRDFE (3.1) TH 5,

h(j)=<j+1 (a<j<b) (3.1)

ZD (3.1) D TED NS Hessenberg %L h % double lollipop type & IEE,

FE 34, ETa=05D2b=1D% & Hess(S, h) IFELHIK FI(C") TH D, F7=.
a=0m2b=n—1D&E Hess(S, h) I& permutohedral variety T %,

32 HEmITEERRN

OB E XA R TELZOT, B1)ICBWVWTb=a+1TH2H
BIZO2WTaRER Y —ROEK T L BRAZHNS, 20, h=(a+1,...,a+
Lin,...,n) THdLT5, 0BG, EH 311281 5EMTIE

{xiaya,lmti | ka € [TL]}

D 3FEEDAII LD, FIZEF a ZEELTVWDIDT, yor & yp LEHLZILITT 2,
L7z, V= FROXFMEDR S a < § DFAEDAEEZEZNEETBHRDOT, TDXSITIK
ETH, £/, AEIFERY-ROTEZEFEFOIRER Y —BIZE L T L ZI1TiT ¢,
EHEETNIEEL, XFa, yp EHEOIRER Y —BRIZEL L ZOBE2ERT
Zrizd 5,

[5] 12 & D, double lollipop type @ regular semisimple Hessenberg % k& D
Poincaré ZHAIFH SN TWSE, 2<iZh=(a+1,...,a+1,n,....,n) D& EZX

Poin(Hess(S, 1), /a) = [al!ln —a—1],' Y (Z) ¢[n—2k,  (3.2)

k=0



m

1_ m
THEABNG, ZIZT [m], = 1_qq ,[mlg! = [[[Ke! Th 2. 2%k (3.2) &
k=1

5 <a THHILT D,

BRIt x; 2B &y 2B DREBRAZFARSIZY72D, AEIFERY—BROITLE L
TIRDELBEHET 5,

o Y=Y+ Tgy1 — 1
o WMAEATC L. yr=]Juw & Us y; =] &7 5%.

el el
Map(&,, Z[t1, . .. tn]) DITEE LT yf HIKD &S I2E T 3,

* _ tw(a 1) — 1 (Z € {w(a+2)77w(n)})
i w) = {O ’ (otherwise)

A 3.5. AZaRERY —BOILYL U TIROBEBRDIKILT S,

(0) ei(x1,....mn) = ei(ty, ... t,) (1<i<n)
(R) yr=0 ([I|=a+1)
(R1*) y7 =0 ([I|=n—a)
(R2) Z Yyr — Z (a _‘?)ej(asl,...,xa)(—xaﬂ)?"—j =0 (1<r<a)
1|=r =0
(R3) 47 + av1yi = yiti  (

SRR, (0) ZOBBRRITESHREN SRS, KEERLETOMERSZTHT
IR T E B,

(R1) yr @ support (& I C w([a]) 2ii7zd w e &, RENSREEDTHS, L
LS| =a+1THhd, DZITy; O support FELAETH D, FUikinT
(R1*) 2t 5,

(R2) [I|=r L5 5. EHELD

[Tt = tw@sy) (I C{w(),...,w(a)})
yI(w) = el

0 (otherwise)



THH, TD support L TOMEIFIRD XS IZERTE 5,

Zekz t |I w(a—|—1))

ZZT ep(te|I) T {ts]|icl} 22 E T2 k ROIEANHLIHA %
R WESN7Zw € & THU. Y u(w) OiEZFHREL &5,
Jow ={w(1),...,w(a)} £ T2 LROEXDVPKLT B,

Doviw) =3 yi(w)= 3 > enltel ) (~tugarn) ™

T|=r IC ICJw k=0
|I|=r |I|=r

CITHBERD Y, B-EDEET C J, R U r-HnEEeEICJ, TI 28
PO (TN DB, O EEAES T C J, & E-ESES v H(T) C [d
YR TEIEDD O [Ticp ti = [Liew 1 1) 2i(w) THB, DRI

K(te | I) = Z Ht = er(r1,...,74) (W)

I'CcJ, tel’
1" |=k

| | 1 k‘ ‘117 7:104 104-’-1

AND AVACIES
(R3) MIRERNE yyyf =0 LFEMEZZD, y; & yF @ supports [$5 0 5720,

3.3 aFREOY—DBEE

H*(Hess(S,h); Q) OBRMEEIZDOWTIERS, X; —a, Vi y iTEoTEHEZLON
224 Q[X,,Y; |i € [n]] » H*(Hess(S,h); Q) #F 2%, fui 3.5 DEERAIZKIG L
T QXY |ic ) 04 FTL T &, 2k

Q[X;,Y: | i € [n]]/T — H*(Hess(S, h); Q).



DREFHI & M3 D Hilbert ZHADN —HT 52 L 2R L T, MEPRETHL I L
2R,

B 3.6. V' =Y+ Xop1, Vi =[[,e, Ve, Y7 =1L, Vi 9%, Q[X,,Y; | i€ [n]]
DATFTNIEZROTLTEBRINDIEDL TS,

(R Y ((I|=a+1)
(R1*) Y7 ([I|=n—-a)
(R2) Z Yr — Z (;L:j.)ej(Xl, oy X)) (X)) (1< r<a)

= i=0 J
(R3) Y + X1 (1<i<n)

TE 3.7. Lok F4 Y7 0be, X, 3, Yy THA SN BROLHIE R

Th 5,
Q[X;,Yi | i € [n]]/T — H*(Hess(S, h); Q)

SEER. BEMIZEWT 200, BRRATERL TV 2tk Y, QX.,Y; | i€ [n]/T D
TEDOEDORELEXDE DOBBH L LTEL Z L NRTE 5,

1<k<a = 0<i<a-—k,

XX XX XY,
a+2<k<n = 0<3y,<n-—k%k

|ﬂ§a,0§@w1§n2ﬂ1,}

COHMIFROBERA S Z 12k D, Q[X.,Y; | i € [n]]/3 ® Hilbert ZE K% (3.2)

a

[MJM—a—HJE:(Zqu—%%

k=0
UFRCTHhZLBENIND, DRICEHOLHIEFAMEETH S, O
SER 3.8. %L 3.7 DALHIZB T H* (Hess(S, b)) DIIEHNEZ 5NEDT, &,-F

Ble UTOWMES D5, WHREOMER-IZ o € 6, IZN U, 02 =24, 0 Yk = Yot
Lo T\WA,



&30k
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