JAXEENOWEEER BN +vh— -« TS5V 7 AEN
EENYIEZ K HHNARE DR

Systems with Noise and Delay: Delayed Fokker-Planck Equation and
Stability Enhancements with Delay Switchings
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Abstract

BhE /A Az LBICGBROWTENDS, ZDD MY ZIZDWTHENT 5. Ak TIEENT V& L
A= ZAVIGENT Ay Hi— - TS5 RO ZITIEN THS. %Y TIdENE izl
ffEsmf & UCHRR U, S OYEEDEIE R OMBE L E 2R T % LW S BIRICDOWTTHS. EB50D
FEY T ERFROM I DL EENTVW AN, HREFANEZEZS.

1 FC&IC

AT, COMRBDT—I THIENEZEGVRIC, ESIC/ A REMA T AT LTDWT OIS
5, ZDODFEY ZIZODWTHINT . YEIZ A S DR TH SO T, #t e UTIIM 20, i
K BRANT 5.

ENED TR TRUAE N I2IIHIZ TE 5 755, Wi & AE 2 PRI Ry D ChHEZSIC Lk
MENREHOFETZ 2 BEDLSIICEZTVS. S ETFIMOOMEAIZD LT, 7z b s & &
L2155, TDIRTEHEDMBEZ WD EENKHFNICEWTWT, DM BEORE T D fELH E
MEERDTNEDTHS. JIHFOWMPNI T DIES NIz b Y RIVDIIRIC K > TEHEINS. K<HBNT
WA KN KRELAES L, DX D HEDAMED K 0 RHEICHEENS &, RN T, XD MR N> 2L
JIRERZDTHSD. THUCETBIC /A RZIMAB EWVS T EIZ, 9 EEDIED DHEOHH XD 5 EAN
BT LLHLENS.

BENZZEY AT LZERT HICHTc> TR, BN AR TR T 52 2 ENFERTHS (1, 2, 3, 4, 5).
KR BN ZZ L X8 & EOLEWMBT TR D7 Ta—F THRLGHAPMESNTVWS. ARTELRT
/A XDMREZTLRICBOTE, BNERMD /IR ZHRTHENETHS (6] —FH, FEDOT
To—FE, ST EENEHAANTET VAL A — D ZEZHENI2EDTHD, ThzENT VAL
7 4 —7 (Delayed Random Walk) &MEATIREL TV [7,8, 9, 10, 11, 12]. TO7 T 0—F OF| gLk
NS K B HRENHS E N DWW T H A RREHERN AR THE T E 5 L 2 AICH 5. FHCHAAHBREEOIR
FHENPRIC OV TR FERMICHETX 5.
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ARRONTFETIRENT VALY A =707 Tu—FNED—DDRE LT, BN T Ay h— - TF27
Ji#21X (Delayed Fokker-Planck Equation) 2V} 5 DT, THUCDWTHAMTT S [13]. TUF Kac IC K 532
NOIZNGEOEBENZ, BENZGTLEICHELIZEDTH % [14].

ARRD% TIEEMENH ) AREXOBENDE TS/ A X2 NI EIC, Wl e IR RN 2k
MELNTZDT, THICDWTHMNT S [16, 17, 18]. EARICITIENZER TIEAR <, iz & 2 i intE
ETBH5DTH5. TORICB N TFLENDNLWEIEICIELEUISINEZETH 0, ENDDH 22 HA 5 &
LEMNRDONS T EDNMBNTVS. FERBERICHLE LI E1CE, TOFEENC OMEZBA TLLR
EPEDMRTIEN S T &B, BT TR E NIz, TOBIBRIC DWW TIE R 2 ERRICIZ T > TORND,
BURTOHE 2175 .

2 EBnNT7xvAhH— - TSVIHER
)4 REBNE L BICELY AT AORS I, hOREMIUTFOXTEING

dX(t) _
T-f—aX(t—T)—f(t). (1)

T Ta, T 3IFBUSTA—ZT, r MENLTZD , ) B/ A RHTH%. TORIE LD X S ICEENHI
JER (Hayes SRR [1)) I /A XZMINL7cE ERB T EHTES L, MERMO HRRSENZEA LT
EDELTHERADTENTES. S, EE00DOELEZTOLAEXDIE, XD BMETHEIIICIEHEL <7
B, [6] ICREESNDE X ICHIFIITONTE. TNHDOMFRICE D, ZOHEDW L OHDORIEAFHN
ENTVEH, KFHOEMDEZ V. WHBDO K S ICEZEDO 7 Tu—FZ, TOXEEEFNTT 5D TIEEL,
WInT B ENZHAANTZT VEA LA —T CBENSG VR LTA—D) BEZDEVWIEDTHS. 2OT
TO—FNOENEGL T Ay H1— TV 7 HRAZENT 280 ZHNT2EDTHS [13].

2.1 EhOhkEWEE
FFTENDLEWVEEOMNSEEZEZ LS. THURLL FOHERMD FTRRET VE LT+ —7 DG E 5%

ax (1) _
b aX () = € ©)

T OMERMD FTRRIC DOV TIIRRICHERNSNTWS. I TR TS VEFOETIVE LT, BT
AN a7y I—L RNy ZHlEfEE UTIHRINTOT, T SHERDICET 2R X T
BHBT Ay I— T FEADEREIN TN, ZOMRIITI AN ER5.

FWTT VA LT A= TH BN, THUIEERZEE EREETRO X S IR E NS,

Pir,n+1) = %(1—04(7"—1))1:’(7“— 1,n) (3)
+ %(1 +a(r+1)P(r+1,n).

CTT Pz,n) FRA nlC T+ —H—DE r ICOWAHERTH D, a IZFHERTHD. COTUVELT +—
JIELVL YTz ARDETIVEEFEINTNT, PR TOXUKE EDOFHIREZ R T 5 T LICB U TRE
INT2 (19, 20 2 DOFDHIC—EBDENTT TONEN, ZORICLHHI L TELLHMDRZRY, I
NI MO EE—DOBEIEES. TN ZBORLT, 2DDFDBEER, TDEET VELT +—
JDONIEE T ZDTH 5. YFIHNCIIE A OHIOBMN Ulc7a b X 5 IRED K D HERN 5 < x%. R



FEOREERT &, DT UVRELTF—T DR DAEH T ARFHIEINTNL . FLT, TDT VR L
UA=IHET Ay H—  T5 U7 HHEROEHD Kac I &> TITON TS [14].
COXICUTHERMOTTRRE T VA LT+ =0T, TNETNOHETEMMIET Ay h— - TS50

FRERELUTF L5 [21).

6 6 0?

T T C DIRIEEER T/ A AHEOTEE R LT W5,

P(z,t). (4)

2.2 ENhDH3EE

FRACHEA T, T T LD BN D 2 5EICHRRT 5. BARICISBENMERM) A2 (1) I
IR BHEIIC, TLY T2 ANDT VALY +— 7 BNNSH 5 5EICHEE L, Kac DT> 728 H [14] I
BRELATCERTENT Ay h— TS50 7 R ZELEDTHS.

BNEELSVE LT+ — 7 D—DDEBTER FaORTH 5.

PTTL+1 Zg T_lan:m;n_Td)
—|—Zf(m)P(r—|—1,n:m,n—7‘d), (5)

CCT, P(r,n:myn— 1) &7 4 —H—0D4l n TIEALE r I, £ U TR n — 74 TIEALE m IO B (A
GHEE) RN TDH D, g(m), f(m) TBEDMNE m ICK>TRED, FIEN +1 DAT v T ZED -1 D
AT Tk HERBMRTHS. TNENROIL Y T2 AMDT VA LT +—JICfHET 2 ELIFD LS
ICRRTE 5.

(1—am)P(r—1,n:m,n—1q)

N | =

Pir,n+1) = Z

Z (I+am)P(r+1,n:m,n— 1), (6)
CNziidhoRX (3) LB &, BN B AT EDOIERICIE > TWA T EDHREL YTV, §74bb 75 =0
D & Ficid ERdoa (6) 133K (3) IR 5.

COBNT VELYF—IEENT v h— - TV HRRZE DT> TR, BERD SOy
[« ZEEISHENT T REDH 5. TORDICHAT Yy TDOYA X% Ax L LT, HikHZ At &5
X, INHEBIEAL DBILDH 2 K ZERI AT — VIR THIT/NEWE T 5. 2 L TLUTD & S ICZE
MZEEZ v = rAz, y = mAz, t =nAt, 7 = TgAt LIERTS. TNCK>TENT VA LT +—7 (6) 1%
ROXSICEEZMZA BT ENTES.

P(x,t 4+ At) — P(x,t)
At
1 (P(:E — Az, t) + P(x + Az, t) — 2P(ac,t)) ((A:E)2)
2 (Ax)? At

«

+ t

P(z,t:y,t —7)— Pl — Azt : y,t — 7))

Dh
=

Nl tﬁ
B

(P(I+Aa:,t:y,t—r)—P(z,t:y,t—r))% (7)

N —



THICLTOL I ICHREZ L 5.

Ar —0, At—0, a—0
(Ax)? a

2At At
rAx —x, mAx —y, (8)

—a, nAt—t, TIAt—T

UKD ED (7) BROFEMIT LRI ZEE LS.

o [ < 0
E _Oop(xvt : yvt_T)dy = /;Ooa%(yp(xvt : yat_T))dy
[e'e] 82
+D /_Oo @P(x,t ty,t—T)dy. (9)
2T
P (x,t) = / P(z,t:y,t—71)dy (10)
EBLEXDEHBETENT Ay h— « TSV I HBEAZUTOX S ICEE NI LN TES.
0 o [ 0?
&PT(:,E,t) =ag- /_Oo yP(x,t:y,t—7)dy+ D@PT(x,t). (11)

COHERTENRERM AR () hSEEHT T TES [15]. iz, BRHEWES =0 Tl
P(z,t;y,t — 7) — P(z,t)d(x — y), (12)

LIEDERDT dy H— - TS5V IR (1) ERBNL BT B, BT Ay H— - TS5y SRR
KOWEIC DV TIHIZEREIETHS. LU, T4y Hi— « TV HRERICH LTI & £ & ERMES
HENTVREOT, /A AL BNEGTRICH L TE, HEAKENES N2 RSS2

3 ENOYYEZICKBRERBDILK

HN T, BIER D A TN / A XL BENOHANERIC X 2 ZEFSONLEE S 2 A TV [16, 17]
ICDWTIBRTZW. THBICDWTIEEA L 75 2 Wil Tib N7z Hayes /712 [1] DRHRZGAETH D, BN
FFEXE N TH 5.

dX (t)
dt

K<HBNTVR XS, BRI ZE725 L, a <0 IZBVTIREENTH 3 F X = 0 DHLZEE

PEDS, FELOMEZBEA BN TRDNS.

=aX(t—71). (13)

™

- (14)

Te =

C DEMEHOETUIK 1 IR L.
TR TOEAEZIEL, BNZEE/NT A—2TlEL, BAZ £SO _(EDOEE R L D HER
W () LT, BRI T ET 5.

7(t) = me(1 4 p&(1)). (15)

TTTpe(0,1) ZREUSSA—RT, )3 +1 & —1%, ZNTNHERp L 1 —p TLHMREETH .



1: F(13) D X = 0 DWNLZIE « NEOERSR. Bi5R & RO R AWVEE TR T H 5. ARHCHERI 72k
NOYIDEZ DK E R LT, ENOEKOBIHURH TR EN ROBRDOEEERNIC LS. —
J1C, L2175 FREBU ST A—& o ORERINZY]D B Z TIRHHERRHI TRE NI RO 7 O ADEZRS .

o

>,

Ht) > 7. (HE% p)
7(t) < 7. (M2 1-p)

L7, X 1 OREFHRRHITRUER 2 £ 72 < a7z i%.
C T TiE, TOENOMHERIZYID B Z DRI OV THIEINICHN . HWIEEITH 20, 2D
AW FRde %%, (N2 1d o ICREIEWERZ X3 B85 )

X(t+1) = X(t) + adtX (t — N[7(t)/dt)). (16)

FHEAVICIE T OERNZGENYI D B 2 B RO LERBOIKRZ L1259 T LARWEE . BRI
&, ENOKH A (7) DERE 7. KO EREWVIRILTH > TEBRDOMBELZERMRIcND EVWH T & T
HB. EHI, PAUTDWTUEIIE ST A—=RITR L, BEUIT A =& a [ DWW TIHBRICHERIZ YD A
vl OVl WA . % BV

dX(t)
dt
TTTIE at) HX 1 OREDBFRD KN TR LT X 5 ICERZ 1< T lik L 2HRERTH 5. K 0
ICRZ T8, (A7) ICDWT L, BERUIL L TORUEER 217> 2D, TOHEEICEB W TS LEE DI
I EnEho k.

CNHEDRERICDVTK 2 1R LTz, (AOKIBHE—NEE T T TH%5. ) K1 &RERICERNIN (13)

B 8 - ALERR L /5% . BNOWHHRY) 0B 2 ZHIPANLTZEED, BIEORIFAOENOE (7).

—a(t)X(t— 1) (17)

BE 7o < (7)e &7 THHREICHRRL TWS. —77, BIRD K S ITHREUT A— X o ZHERERIC U TRER
DYIDBEZ%T 5 (17) IKDODWTEEMEEIEZ T2 o fz. ZDBUED T (a), DHEE DFERIC DOV TIZK
2D7AICE> TR, TORRICHNTWA X SIS, TOHEITDOW T ZERERDOILRIE HBIE T,
(A)e ~ ac £75D, (a). I3FER LICEL > TV 5.

EHICZDHBICBOTHEZME L TW2H, BNAKT LEHRBRETE &b, e ZRHAIEL
CEBFHNAT v THHCE HICEGE « NEGEBIE ORI R 72 5 5RIEDOREE DN 1 TS K2 EBICE
WTh, AR REFSOIEA R SNz [18]. BHICOWTIRE BDICHIZRAED TV ETHIM, i)



& 2: X (13) ICENOMRNZY 0B Z ZINATC LIk b X =0 OWLZEEROILEY RS TR U
BRG] ORI — NI T Z 7 Th 5. HEBOWNRTH 2 HE03T A—X a DWERY)D & Z DFEHRIE 7
HATHY, EAXDERR LICESATED, ZEHEBOILRIEASNIZN > T, (VIDBZDOKEETD/R
TA=RFEELDEE u=05& L7 )

5 DI (13) TENL LTI FRITH .
(1) = 7e(1 4 pA(?))- (18)

TC, Mt) FHANARHIC +1 7 & 5 HHESTH 5.
CTTTRMETBLUTDAETRICK > TENGITEB T Ao 7. TOEMGTFICIBOTIE A(t) ERFE A
T TOMABT THAMZHIC 1 2L %L T 5.

X(t+1) = X(t) + adtX (t — N[F(t)/dt]). (19)

COBIERTREIC BN TIE A(F) ERE R 7 TOMBFT THAMKHIC £1 2L 5 LT 5DT, 7 &[RRI,
Te(l+p) ZE%. K3 p DEEEZIIGEERT.

CTTIEHBEIC, BN T OMEOFHERFECTH->TE, YO BZE p BEZ BICVEEENEE LT
WA ENHMICRZ 5. RS, Y10 BB RV EEENRZEFER TH 20, V)0 B OlEE K
T LTV EHERNZYID B A LA UK D I ROBnL ZEHEME L TEONTWA. £/, 22T
3R U TWARWHHERIAY 0 B2 LIRS, B a ZY) 0B X T B3 20 TEDOIERISEUEE T 217>
TEHETIRE SN TV,

TNS DR ERTH L T, T TIOBNZHEREIEE Uiz & 2OREMDOE(L - HEK 22, 23] 0, T4
N BI BARLZERNEEYIDBEZ BT & TRENRGS X S W% [24, 25, 26, 27] MEAER SN TV
LT ENERMEN. CNEEERDICHEEL LT, HinWAHRE 58T, BREERIHMICE >
TR 2 EDIEDMAET BN E I D EMRT 2 LIicH B, BURTIEIKICH B K 51 -DDJIHDFH
TORETHZH, TNEMOTNCEBNTETRNE EWVS T LIk, YN BIEEOR R TIEX 4,
B 5ICRLTz& DI, BERZ X SABICK > T, WEMICELNH S T EARBE N, X 03 HeR
ERERIRE T 5.

Ko, TTTOMRIEDH K ETLEFUL T NRDOBUERIRIC K 28D TH SO T, HlkiZEDHHICD
WTE, INETOMENSAMOBHRBIPFHEEIND DD, ZOWMANC DOV TIX TEICEZ 208N H 5.
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3: HAINZGENYID B ZA 26 DX (19) OB, EE/ ST XA—&%3 a=—1.5 & dt =0.01 TH
5. Y08 0 p EENOMHEZLUTOXSICE X, (A)p =0,7 = 1.05, (B) = 0.08,7 = (0.97,1.13),
(C) p=0.13,7 = (0.92,1.18).
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4: HANENYI D 8 2 %2 £ D10 (19) OMRIINRIEI T, T & TR Z £ SAEEZEZTWS.
ST RA—=RE ag = —1.5 £ dt =0.01 TH 3. TOEZENDOUEWMEIL 7, ~ 1.0472 TH 5. 7 il (Kil)
HRMEICMEOZLD, (a,7) = (ag £ rsind, 7. £rcosd) L7xBXIICYDBFZDERZRE L. YIDFA
&l r = 0.1 TO DEEZ(LIE/ ZDMBITHS. (A)0 =0, (B) 0 =n/8,(C)0=r/4, (D)0 =r/2.
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(A) ic)

5: HAIMZENY 0 & 2 %2 £ D20 (19) OMANNZIBIT, C T TR E I SAEEZEZ TV,
ST RA—=RE ag = —1.5 £ dt =0.01 TH 3. TOEZENDOUEWMEIL 7, ~ 1.0472 TH 5. 7 il (Kil)
HRMEICMEOZLD, (a,7) = (ag £ rsind, 7. £rcosd) L7xBXIICYDBFZDERZRE L. YIDFA
MElE r = 0.07 T O DIEZEZALET /T2 2D THS. (A)) =0, (B) 0 =7/8, (C) 6 =7/4, (D) 0 =7/2.



4 F&&

TTTIRENE /A X7 EBICTEROMEDENE LTENT Ay h— TSR E, Bhoy]h
B Z IS X BEEMEDZAICOWTHE Uz, T 2 TR FELAMc N E /A X% L EICHBRICOVTIE,
Bl A SHERRmO T ARETH 5 [HERE ICENZEA Uz NENWEFERMBE] (Delayed Gambler’s
Ruin) & EEHRREUMBEL T3 [28,29]. Rl & BDE T, —RICIFBHEPBORICE L TR LA
Z <, KRB CHIRROEL 2L H 5. BNHERMY R EBNT V2 LY+ — 7 OWiih bRz i
BHTW5.

AW THBIE AR - BB GOALE - AT NMORMFE 19H01201 I K 2Bk 2Z 0. £z,
ZIH T HERZOAETRBIR, 5 ILEBERZEO R T EEHEBEZICIZ A THIZEIC B L C O7RMS> kAT 72 T8
We. T TITEHLTIZ.
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