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1 F
Young [13] i, BE%K
Sjr(s,a) = mf: % (1.1)
ZEAL, T j
Sirlk+1,1—1) = See(j+1,1—7) (1.2)

iz I BR L. TIT, Ri(m,j;r) IZEAR XD Stirling 8TH 2 (FEHIE %R
3573, Young LFHE AN & Stirling BMOERDI L THRL S, 2079, (1.1)  Young D
TCR DERENTARANHEIL D). £, Young 1& S;, 23Z H Bernoulli £ & FHAL L 71
BeHRoZ e dEHMLTV5. 2O Young T X2 FEZ2 XM T 22012, $TI3ZH
Bernoulli B DOWTE e H k5.

% Bernoulli % B, ¢V &, KV v 2 Liy(z) .= S2°°  2/n* (k € Z, |2| < 1) ZHW
T Bernouli 2R L7220 DTH Y, 2 eh

. ot 0 (k) . ot o (k)
Lig(1 —e >:ZBn i Lip(1 —e ):ch i

1—et n! et —1
n=0 n=0

TERIND (BT 7], 7l - &F [2]). FBE, k=10 ZI Lii(z) = —log(l —z) & D,
ERXoEDT T D Bernoulli LD RERFEL

tet < B, ., t > Cy ..
et—l_;ﬁt’ et—l_;at
& 7% 728, ZE Bernoulli 803 Bernoulli DR & 7o > T2 Z e b5 (B, = —C) =

1/2, B, = C,, (n € Zxo \ {1})). TP 2 DL E Bernoulli BUIFRIEOMHEEH L TE D
(cf. [7,3,1,8]), 22 TS, DOMEERZ72DIZ, LD 2DICERT S -
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(i) BRI

BY = (-1)" > —(_(mei){ﬁ} ; (1.3a)
n(=1)mml{
cgk>:(—1)”z< &Hiﬁjl. (1.3b)

Z T, { "} 1355 2 H Stirling £ (unsigned) T 5.

( ) ;(Xj—j _t k’ n e Z>0

BEW = B, (1.4a)
ctn = o, (1.4b)
Z D 2DD%HE Bernoulli MZH—HNCIHR A 2 ¥A L LT, KR 2 2 Z8H D “Z&H
Bernoulli 2IH" B (y, a), B & O “BE A = Stirling 80035 5 .

EFE 1.1 2B DZE Bernoulli ZIHIL (cf. Young [13])). 2 B D Z E Bernoulli ZIH5{
B (y,a) EXRTEHT 5

B®
VD1 — etk a) = Z Mt :

n!
n>0
Z T,
D DT i Do
2,8,a) = == -
m>0(m+a)S zm>0(m+a)

gk, BP,1) = BP, BP0,1) = P bz, B, o = 10HEES
& Bernoulli 2T A TED, BP(y) 6 RT (2 2 TEKRE - E# [10) 1k 2% E
Bernoulli ZIER D E R %W 225, BIY (1 — y) %% Bernoulli ZIER L EH T 254
H5([6]). BIRT 20, ZOBMSI NIRRT A=K a BN EEZ S LETIEETHE
BREREL S, 72, Young [13] DER LI NI A=K yDWY TR EZTWS. Zh
i, #5852 B (y,a) OO ARERBICEH T 27:0TH 5.

EF 1.2 (EHAN = Stirling £ (Carlitz [5])). 55 11#, 55 2D EAN = Stirling B R (n, k; ),
R(n,k;\) ZRCEFRT 5:

1 1—
(1— g Zloell =) ZRlnk/\ (1.5)
n>k
. (€7 —1
et => R(n.k, e ) (1.5b)
n>k



Carlitz [5] 1, » 2D “EHA OMRZEA L T Stirling BUE LR T 2T LFELD Ry,
RZEALTED, &5 (1.5) DX S BEBEMTEAL TV b TERWT LI
B3N, k72, ZOEAN = Stirling £, Broder [4] 1 & o TEA X172 r-Stirling £
EREILDHDTH S (A =1 € Zs). TERD Stirling £ & OFICEIFRIE,

Ri(n, k;0) = m R(n, k;0) = {Z}
Ri(n k1) = [Ziﬂ Rin, k:1) = {ZE}

EBoTWVWS. Young ld, ZNHZHWS ZETRERLTWVWS:
EIE 1.3 (Young [13]). (i) AR :

n

(=1)™m!R(n,m;1 —y)

(k) — (—1)"
B (y,a) = (-1) mz::() (m + a)k (1.6)
(i) AR : n,k € Zso,
B{M(y,a) = B, (a,y). (L.7)

% & Bernoulli ORI, AR & _EEH & OMIGEHRE R TWE 5. B RRCE L
T, (1.3) 128 5 Stirling O E T DA FEA, EHAN = Stirling BT & o THE—{b LT
W3, FRARE, 1 ZHO%E Bernoulli 2R B (y) T, n <4y DZIEK L L
TOTE L WIRIETH 2720, T X=X yFTTlEn < k ORHIBEHRD BRI
LDHRNWE A, FilzeRXF X =R aZl BT A28 Tnw k,y<<aWOEERIN
MEZFEHL TS, LLRES, 2ORNAR (1.7) 226, [ERDZE Bernoulli LD
WO 2 EREINEH T2 Z L I3fE TR BRWE S TH 5. 213, C B DZE Bernoulli
BOIFHNK (1.4b) % (L) 5B IS5 T3k,

B{M(0,1) = BU™M(1,0)

DEIECTH Z2DbDTHZH, HAUBC TV TH BT bR B 50, Hik
RIRA—R g BBIMLEZLICE 5T, a1DY ZD%E Bernoulli 21X BY (y,0) &,
PERD 1 ZH D% HE Bernoulli £ B (y) DBF, ¥ h bIFWHARE “F o X b &7 HET
X3 XORBEBREMETINEPHTELLERS. ZOHFEZHD 20 W0WH D, &
FEH Young DIFFLICEE 2L X oFD—DTH o 72, EREIZ, 2O AKX S O F
DZE Bernoulli DI AR E “FT o X H &"EL FERD 5.

Xz, (1.1), (1.2) & (1.6), (1.7) ZZZ NIRRT AXS. 25558, 2NHFEL
MEZF > TWb 2 edbh 5. Young WEA LB S;, o132 EHY - XHL DR
PELEULNRVD, I I HE T 2, BL L IZBELXY—XHEEL BRI %
B Bernoulli D7 F B Y =B TWEDTHS. iIUL, S;, o LFEL L
7275, ABOHIE, BADPELH > TWEIZEY — XBEMORHAT, ZOREH
7RBAELS;, BT 52 TH 5. XEILIETIE, Young 238 A U 7zBI# D 2 2 o % it
& L Db S, OVFHSZEY — ZEOIHEL £ 505 BIRICH 2 Dh 2 #T 2
ZrlZd5b.



2  Young DA
Young |, Barnes £ — & Bk

[e.e]

Gsa)= 3 ! (R(s) > r, R(a) > 0)

o@t+ni+ - +n)

N ooy =

DriZOWTOEEK Y L TEHEOBEE (1.1) DEARE->TWS ([12]). T I T, r &M
H B DOrERL TWE 0, EOERR

ZEUTriZoWTOERKEEALTWS:
1 /0
Sir(s,a) = F (E) ¢ (s,a).

ST, Young D KB S, ZBAL LD ZEH BT, S, 2FAD KA -
TWREREICHRL TV S, 5, ZERY R 2EAT %:

: Zmr
Lig, g (2) = Z W

kr
0<my<--<my my ..My

2, Lipy(2) == Lip . 1(2) = (—log(l — 2))"/rllCEET 2. ZERY 0T %2{ioT,
——

S, ERDESICEEMATHS:

1 [ —log(1 — e~t))i
Sj,r(5> ’f’) _ / ts—le—at( Og( € )) dt
0

['(s) g —=et)
= L /OO ts_le—at—Li{l}j (e_t> dt
['(s) Jo (1 —e™)

ZORTZED, (L1) TRELS DL SRD oS, 13, FEIZEY - XBEKROEDTFRR
(21)

1 ° -~ le ke (e_t)
c(kry ke, s) = =ttt dt
C( 1 ) 17$> F(S)/O €t—1

FREOME LR OB DO TH - T, ZEY — XEBDOHRHA TR > TR I NE R
EWVWS ZEeMRbhrs. THIUX, KL S;, DIENZEL — XEDIHEL ¥ 50\ 5 5t
JSERICH 2 DDIFIKICR B L 2ATHS. REITI, S;, DZIFME 7R 3ZEYL—XH
BrE8AL, ZOZEY—XEROMED S S, ODXHEDERODZEL —XETE D X
HSWICRIHATZX LD %HMwT 5.



3 ZEY—YEH
3, MEROZEY — X ((s1,...,8,) ITOWVWTEEHTEL. T,
1
C(Sl,...,sr) = Z m

0<my <---<my

TER SN, HHIK

J
Z%Sr—i-l—l >j (jzluur)}

i=1

{(51,...,&) eCr

CHSHITR T 3 (19]). KU BTEL — XEIEL Y Barnes ¥ — KB 3 v 7 A LT £ 5%
b — XEREAL X 5.

E#&E 3.1. B s, seC(i=1,...,7),a € Ru_; ITHLT,

1
CGr(S1y...,8558,a) = E . . (3.1)
Jr\51; 19519 vem e, mil...mj’(a+m]~+n1+~-+n7«)s
n1,...,Nr>0

FEFRIZ, (0,(D;5,a) := (,(s,a) (Barnes ¥ — & B$Y),

Cj,O(Sla .. '>5j;570) = C(Slﬁ s 5155 + S)’
Cj,l(sla <oy 8558, 1) = C(Sla .- 'aSjas)

D, ZEL - XEEY Barnes ¥ — 2K OMAZANEL TWb I eBbhrd. £,
(r 132 Hurwitz € — X BB RIIRME L 208 L TABRT L BAMAETH 2 =8, HHIE

t
Z%sj_t+1+%s>r+t(tzO,l,...,j)}

i=1

{(51, .., 85,8) € CI

THENHINER S % ([9]).
CDEZEY - XEBZ, DLTO XS BETFRTE HO:

T 3.2 (o4 A [11)). (k... k) €N, R(s) > 7, a > —j ITHLT,

1 [e%e) e—at
(k1o kg = — L (e dt.
<j, ( 1 s vgy S, CL) F(S) /0 (1 . e_t)r lkl ~~~~~ kj (6 )

L7535 T, Young 238 A U 72B8UZ ¢, DRRIRGE
Sir(s,a) = G ({15 8,a)  (r € Zx)

¢ U CHEX A, FRIUOHE (1.2) 1, MTFTD X5 ICRHTE 5.



EIE 3.3 (AUE (Young [13], E& K [11))). 4 k,a,r € Zsg, j+1 > a, k+1 > r X}

LT,
Gr{Vsk+1,1 - a) = Ga({1}") + 1,1 = 7).

ZEY — X (3.1) DBIHD2 5 Young DI Az RES &, ZEHY —XED7ORS
Z%m%% 2GR @Uﬁﬁ@MEé@ﬂﬁﬁ%%ﬁbTmétﬁzé EWTE L
5. KT, TOREDBRERDLZEY — ZEDORGHE L D X 5 BIISRERICH 3 D,
%WKQT%%E% —XETHEZRL TR TALS. FMIIEIET 22, (;, DRIEEDTR
RREZES>THAETLZ T, UTDE S BRZBEY - XETORREF{LIEHNTES.

3.4, (i)a=1,r=0Dk %
CHY ™k +2) = ¢({1} 7+ D).
ZOHEE, FE 1 DZHEL - XEONHARERL TS,
(i) a=r=10D% % :
CHWY Nk +2) + C{1F, k+1) = C({1}" 17 +2) + C({1}", 5 + D).
DEHEIXEHE 1 DZEXY —XEDIHAROMZEL TS

J—1 k-1

e <p+CI>C({1}j—q—1,k: —pHD) = > (p;rq>C({1}k_q_l’J' )

p=0 ¢=0

CDGELEE 1 DZEL—XEDINARDMERL TWED, a=r =10
HLEST, MO PEIDVPERIZELY—XEOMEL>TWA I EITHFEIN

=,
(iv) r=a=20D, % :
Y0k + 1)+ (Y k4 1+ (1)
+Z PLCY k1= p) + 1P 2k +2 - )}
<{1}'f 0,5+ 1)+ C({1}, 5 +1) + (~1/C({1}2,2)

+Z PLCP 5+ 1= p) + CI 25 +2- 1)}

DA, THDTEEICA Ty 72 A0 R EARZEY — ZENWD Z 2 IZE
HXN=W, 2SI BB BT 3 ZEY — X EBORRETDH 2 03, [tk
DZEY — ZEDO IO AIIEEEN TV RTH 5.

D EDEID S, Young 28 RH U720 EE, EXDELZZEY —XEHOMTH-72D,
AT IR0 BARZEY —XEREDINEER L TVWBR EIRAONEDESS.
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4 $¥bHbOIC

BRIZ, Gr(k; s, a) IZDOWTIIN S . BEELC - (K; s, a) DIFEAIZ, Young DRI S;, D321
Me L ToHEEIZH - TV, S, ORHEDREIIC & ARz i 5. TR, ¢,
DT TR TEMEIZ B O Tt T2 2 e TE 5. Sk, Wl - &1 2] 8k oTHE
ANt — & B

1 & _ le ok (1 — Git)
ki... ky;s) = — gt e dt
5( 1 ) 7S> F(S)/O 1 — et

WY — RO REERAE R I - 7 & 512, SEH 7 ICHA L B Y — X B
o W, TN - T OB — X B O

1 0 e—at
(ke ks = — 5 1 1—e N dt
f], ( 1, ’ 7S, CL) F(S) /0 (1 _ e_t)r 1k1,~~~,kr( € )

ANDFIRZ BRICHIE L. ZOBBICOWTH T TICWAWARELTE D, EBICH
N - T 0¥ —XEH AEOMWE 23 Z e DR TETVWAS.

Zh, FHEOMRZE X TR E o LW ARETH o HE “RICEHHA L EFET.

SE Xk

[1] T. Arakawa, T. Ibukiyama and M. Kaneko, Bernoulli Numbers and Zeta Functions, Springer,
Tokyo, 2014.

[2] T. Arakawa and M. Kaneko, Multiple zeta values, poly-Bernoulli numbers, and related zeta
functions, Nagoya Math. J.; 153 (1999), 189-209.

[3] T. Arakawa and M. Kaneko, On poly-Bernoulli numbers, Comment. Math. Univ. St. Paul.,
48, 159-167 (1999).

[4] A. Z. Broder, The r-Stirling numbers, Discrete Math. 49 (1984), 241-259.

[5] L. Carlitz, Weighted Stirling numbers of the first and second kind-I, Fibonacci Quart. 18
(1980), 147-162.

[6] M.-A. Coppo and B. Candelpergher, The Arakawa-Kaneko zeta function, Ramanujan J. 22
(2010), 153-162.

[7] M. Kaneko, Poly-Bernoulli numbers, J. Th. Nombre Bordeaux, 9 (1997), 199-206.

[8] M. Kaneko, A note on poly-Bernoulli numbers and multiple zeta values, Diophantine analysis
and related fields-DARF 2007/2008, 118-124, AIP Conf. Proc., 976, Amer. Inst. Phys.,
Melville, NY, 2008.



[9] K. Matsumoto, On the analytic continuation of various multiple zeta-functions, Number
Theory for the Millennium II, Proc. Millennial Conf. on Number Theory (M. A. Bennett et
al., eds.), A K Peters (2002), pp. 417-440.

[10] Y. Ohno and N. Wakabayashi, On basic properties of poly-Bernoulli polynomials, preprint.
[11] Y. Sasaki, On Young’s zeta-function, in preparation.

[12] P. Young, Symmetries of Bernoulli polynomial series and Arakawa-Kaneko zeta functions,
J. Number Theory 143 (2014), 142-161.

[13] P. Young, Symmetries of Stirling number series, Fibonacci Quart. 52 (2014), 205-211.
Faculty of Engineering,

Tohoku Gakuin University,
1-13-1, chuo, Tagajo, Miyagi 985-8567, Japan.

E-mail address: ysasaki@mail.tohoku-gakuin.ac.jp



