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1 Introduction

KRG, BROEFEECN LESRAO 74 772V T 7 Tu—F3 3 e wWo - FE%E
RoTWwa. ¥7, TNZNOMERDFERTTICOVWTHAEETRZB X ZAFHHZ T 5.
BARMOPHETCOEERMANFO—2 LT, ANER/ZERANEGOERIDH 5.
Riemann ZRARI D20 50 R BB ¢ : (M, gr) — (N, gn) DB/ TH 2 21X, B p BT
V¥ — R
P() =5 | 1ePdg,

DEFERRE BRI Z2WVS. Flo, TAVF—NBEBOFE-ZENRAEERTZ21CLD,
B o XA D Euler-Lagrange 7123

S
i |

T(p) = trg,, Vdp =0

WEDEEoOshs Zedbhrd. ZOHERE o TELT2HBOREMDHER KoT V3.
ZIT, Vdp 354& ¢ OB EABR, r(0) B e DTy aviBikboblTna. MMEGL
LTIl ZAE, FAFIBIEC M N D Z A2 ¥ 035 5. Eells & Lemaire [6] 12 & D, FAMEBSRO—i%

*ARWFFEE, JST KRB PRIV 71 75 & JPMISP2156 DXE2RIF72bDTH 5.
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b L TZERNEGEIEA SN, Riemann ZREEHOER o N_EHRNEHZR THS 1, B
& o H_E T L — B

1
Bae) =5 [ 1) Pt

DEFRME L2 ZrE WS, X 51T Jiang [8] 12 & b, ZHMFEBR ¢ 13X D Euler-Lagrange
FHE=R:
7a(p) = =V Vr(p) — trgy, R (dip(-), 7(i0))dep(-) = 0

WEOFBoOen2d Zebbhroi. ZOHFERIT ¢ KL T4ABORBASAERZoTw
2. 22T, -V V@EEZ75>7>, RN & (N,gn) @ Riemann iR 7> Y L% 5 5bH LTW
3. Flem(p) BB ryaviFrns., ZZIETOEREFHOTICLY, ANEGRIEZEH
MEZTHZ Z IS TH . £z, ZHFAMNEBRICHE T 2 HERIED—DIZ, Chen TAEA
H%. ZOFREIZ, Euclid ZZEEADERE D ZEHFMH S SR (W) 2 THAS W0
SHAETHY, BT EENCERIN TV EDBHED BRBRBROMEL LTRINATWVWS.
CEIAAF—ABROFICERTALE LT, ES-r-T L ¥ — LK [3, 6] % r-T k¥ — L
(9, 10] R ¥RA BRI AL DA IN (K1), ERHEESCEHD ZRRIEOE S0 SHADTHhAI
TW3.

Eee (v)=L F([(d‘“d"‘)k‘”z) Pt

2
. F-k-energy functional E [0.00)——3 o.) ; Cs—'f?:t
r-energy functional e 5. 50 on [00).
| A
Eele)= | Easl®) = 1[ {Ldd)~ ()P, (dd) -~ (ohd) € ) ghagy,
H ES | N
| % % % * "
Ezsﬂ (‘(’) = ’l' < d(d d)(D{ ol) l‘P, l‘“d 0[) [0[ o[) ‘p> d"»g,{ Es_r_energy functional
[
E S (n_mf
02(®)= e X - 2
Me><pon(-:‘n%/iflﬂbienergyfunctional EFJ- [(O):J F(B;il] > é‘/\gﬂ‘
» H

ElF((P):’IJ I'L[‘(’)]P d‘*a«v (p22) F-bienergy functional F:low)—=[0.©) ; C-ft
p 2 . ) > .
¥ p-bienergy functional & E;(‘e) = ‘/[2') l'l:(‘(’) [ % st. F50 on (D.00).
Bap(@)= lJ FIUOF gy (FeL) g ®

i f-bienergy functional

bienergy.functional

(der®
Ee.l (‘P):[ ‘6; é«/l@ﬂ 2
' \4
Mexponential energy functional EFJ ((0) = JH ‘F <*(’d)f[‘ ) gMgﬂ
E, () = _]_J [O[‘Pllb , (pz2) (#)= J_ X F-energy functional Filow)—0.0) ; C-ft.
' P " pfener?;tnctional E 2 “ I d‘e[ % st. F0 on (Do),

Eele) = »lJﬂ Flael* g, (feCT0) energy functional

f-energy functional

1 &SR AT — B DB

KR THWS, BOEAD7 A 77 Z2HNT 5. £7, BiRZREICH LES D, S EH D%
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REBTAEREBED Z L 2D ZRBICH T H2AERE VD . IR BRI T 2 AERD—D
£ LT, Howard [7) IC& D, FEZEMNOMDZHREDE _EAERrOE X 2B AN EEDE
MM, BoRAOTE CEACHA S NEKRENVERIRZEohTnS. Z20—D2k LT
Chern—Federer kinematic formula 23% %. il 21X Z Uik, Weyl I & DR & N7 BREHE D KE
DR [11] 1ITRN 5. X512, Allendoerfer & Weil 2] 13 Z DD AEREZHWT, —f{tEhi
Gauss—Bonnet OFHEZ R L, ZOMERIIFHHEHEOHEHGROREREBICERDY 7. 2-FOBESTTEEL
LT 2ROERZHR DO OEF P AEENH L. ZHiE Willmore-Chen TEEDEFRICH
bbb, ZORERIIEDZREOREAZERICKR S Z e sNTWS ([4, 5)).

ARG THE T 2N EZHT 5. 2 fiT, Howard DERIMDOILRM E LT, BARDE ZHAT
ANRSEE LN IAERLZEDS. 3HTRIET, 2HTOEREZ D LI, “HI LT —NBEK%E
BUEIR, 2ROFRLHRD LEF MDA LEROEZMNT 5. Z LT, ML B~ ER
DIFEIH L TEHE—ETLNRZEH L. 20FTH, BORNIZHEK T % Chern-Federer 4L
¥ OVWT 4 HTIIEET 2. ZNMEOBHA»OBERT 22210k D, SEIBK LT
I F—NEBDOHEDHF TS Chern-Federer T ILF =210, HARRLEEERFOZ L 27
Motz Tz, ARETHES ABEIZTART, Riemann ZHE L LTW3 & & A 2 Riemann ZHEK
ELTHHDIILD.

2 Riemann ZXREBOERICKT T IBDAEEDESE

%73, Riemann ZREAEMOBIROE _HATNADN O EZ 2BP A EEDERY T 5. BEuclid 22
B E™ & En o3 L II(E™, E") %

I(E™, E") := {H : E™ x E™ — E" ; X005 % )
LED . I(E™,E") 13 lnm(m + 1) RITORY MAEMTH 5. £z, G ZELBOE”EE:
G := O(m) x O(n)

Y5 ZOLE XD ESIC G R IE EY) IMERTS. g=(a,b) € G ¥ H € I[(E™,E") i<

XL
(9H)(u,v) :=b(H(a 'u,a™v)) (u,v € E™)

LEDD. 2T, P I(EE") LoMELTs. ZotEEEDge G ¥ H e II(E™, E") I
XU, P(gH) = P(H) DD & Pk G OfERICBALTARETHZ VS,

R, BAGDE _HEABRDOEE LTS, £ (M, gnm) & (N",gn) % Riemann ZREfEE L,
ZOMDRDEPRER @ : (M™, gy) — (N, gn) BEZD. ZDL & B p OFE_HAFR
VRT3

Vdy : D(TM) x T(TM) — I'(p~'TN)
THOoTRTEDLND:
(Vde)(X,Y) := Vx(dp(Y)) = dp(VxY)  (X,Y €T(TM)).
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ZZT, VIETM Eo® Levi-Civita 8%, V £ ViZZh2h o 'TN ¥ T*M @ o~ 'TN Fi2é
BXhzElte LTW3. Bif p 2ZERIIDIAAL T2, ZOERIFTDERAEDOHE _EATK
DERE BT DIEPHERTES.

ICETEHER, Bore ML, T,M & E™, T,,)N £ E" ZZhZhFE—HTsL
T, I(E™E") & Ty M © TiM @ Tppy N ORICEBRBELNEZES. 22T 0 3NHEE D
5EbLTWS. EE, (Vdp), € TiM @ TiM @ Ty N ISH L H, = (b)) € I(E™,E") 2RI
E¥3. ZITAY B

hey = g (Vde)a(es e5), €a)
ELTVWD. {ei}fly B ToM D, {€a}i_y & Ty N OIERIEZIEEKE LTW2. DD b 132

NZNOBEEMICEER L 07 20D (Vdp), DEHRTTH 2. - OFHRALNIGEFHWT,
I(E™, E") Lo G REZBEE P IcHL, 5§ o OB HANROFLEE P 2 XTED 5:

P((edW)x) = ’P(Hx)

CDERE, T.M & T, yN ZHZHDEMEREEED & D ITIZ &L 53 well-defined IZHEF 5.
EB I(E™, E") LOBBP A GCARETHE e, REOERIEEATHALDLEZ Z 25
RATEZ. P EZRF R, BROE_EARA» O E L 2BITEEEZRTCERT .

E&E 2.1. (M™,gn) % m XIC Riemann 2K, (N, gn) % n XIT Riemann Zkk{kE L, P
% T(E™,E") Lo G RERBEMYE T 5. O %, BDbmRER o € C°(M,N) IZHL,
PICBT 2 ¢ DDA ERZRTED S

17 () := /MP((ﬁdsO)m)dugM-

IP() 3B, ¢ DFRERBICHK > TWR I DERTES. D2ZDEED f € I[som(M) &
g € Isom(N) iZxf L
IPgopo fh) =1 (p)

A RVASS

3 9,0 IXILF—AEBDEALENTNDE—EFTRR

BEDE T HAHRD b 2MATEDERE T, AT D T3l —JUHEEEA
LWL, H = (he) € TI(E™, B") (SH L, SR Q) ¥ SR Q% ZHENKRTED 5:

Qu(H) =D (hE)%, Qa(H) =D (D he)’

@ 4,j «

CIThGIBE™ ¥ E" CENENEMERIEEREZ L o7c L EOMARTE LTS, ZHNX Q)
L QRBRENEN GARER 2 ROEFERLZHEATHS. 2hikb, ZHNX Q) & Q) DUMHETD
LHLENZZHERAS G LR 2 RDERZHERE B D. EHIERDBDR>TNS.



& 3.1. II(E™,E") LD G R"ER 2 RERZEA2HKIZZENR Q, ¥ O, TRsN 3.
X 512, ¢ % Riemann ZHAEM DD 51 REBR Y T3 L KD 3LO:
Q1 ((Vdy),) = [Vdp|*(z), Qa((Vdp)s) = |trg,, (Vdp)|*(x).

DLE%gEE 2, BROHE AT 6 E 2N AEDERICHE D E 2 3 LF —FBEERD &
ICERT 5.

E&E 3.2. o € C®°(M,N) L, Q) T AF L Q) =X ¥ N E Zh 20X T
EDD:

1900) = [ 0u(Tae) )iy = [ VoL,
M M
19(0) = | Qa(Fdo) )ty = [ ety (Vo).
M M
ZDrE, I (p) DEREEQ 5%, 19 (¢) DERAR Q) BB YA,
AE 3.3, Q) T AF—HEI 2 M0 Eor XK —8T 3.

EE 34 dimM =40 &, Q) THAF—BHY Q) T3 ¥ —EsIEZAZA (M™, gy)
DHMUEETARETH 5.

ARARDFERFERDO—DOTH 3, Q) TALF—¥ Q) THALF—DE—ENNREBNT 5.

EE 3.5. (M™,gp) Z 2> %2 b Riemann ZHK, (N", gn) % Riemann Z8fAE L, ¢ :
(M™ gprr) = (N" gn) ZRRODODTBREBRET 2. 72 {piher Z ¢ DRDOENRED, V €
L(p7'TN) ZERRTZ MABLT 2. ZOL ERDED LD

d

_IQi

= | o Vg, (=12

22T Wile) & Wa(p) 3zhzh
Wi(p) = Z {(6361@)(61', ej,eire;) + RN ((Vdy) (e, ej)’d‘:p(ei))dW(ej)} ;
Wae) = 3 { (Vode) (e cineoe) + RN ((Vdp)eirei). dioley) dole;) }

TEDOLND. {e} X (M™, gy) DRFFERESHS Y LTW3.

Ih&D, Q THALF—¥ Qy TXILF—D Euler-Lagrange HEREZN 280 Wi(p) =0 &
Wo(p) =0THD, liTed g CBLTABORERMDHERRoTWVa. HIJT, EH 35D
FEMZREERRE R S, MR e U CEERAICH VW 2 EZ AN S . £ THERE LT, ¢ DRDOLDNRED
{oi}ier 2EZ 2L TRDER O BEHNS:

®:MxI—N, (z,t) = B(x,t) = @ (x) st. po(z) =px) (“zec M)
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K7, BERRTZ PGV IR

vzdcp(2
ot |,y

LHHbED. £, {e}, Caxe M OFEFEU LORMERERRGZH6bTILICTS L,
{ei 2} E (@ t)e M xT @;&1;; UxI LOEHBEZRS LS. Q) X LXF—DHE, B—F
DNROBHIZIZRD D OREZ W 5.

) cT'(¢~'TN)

8 3.6. LMRMOFEDT, KD ILD.
9 ~
—IQ1 (1) —2/ Z< V2d<I> (el,e],a—> , (Vdfb)(ei,ej)>dugM
o
- 2/ Z<RN (dd) ), d® (a )) dd(e;), (qu>)(ei,ej)>dugM

R 3.7. LARADOFEDT, IHRD LD,
~ o ~
/ Z <(V2d<1)) (ei,ej, E) , (Vdo) (ei,ej)> dptg,
/ Z<dq>< > (V3do) (ei,ej,ei,ej)>du9M

i 3.6 DHERD, HUDFE—THE B T2-DME 370D 5. /2, Q TXLF—DEE
FEOTRAUIFERET, ERRICHV 2 HBEIERD =DOTH 3.

W 3.8. FRADFEDT, RMALD LD,
B ~
—IQ2 (p¢) —2/ Z< V2d<I> (e,,ez,a—),(Vd@)(ej,ej)>dugM
—2/ Z<RN (dd) d@(a))dd)(e) (Vd®) (e, e~)>d
) i VERSH] Hgne

fEeE 3.9. EARDOFREDT, KM D ILD.
_ P _
/ Z <(V2d<1)) (ei,ei, §> , (thb) (ej,ej)> dptg,
/ Z<dq>< > (V3do) (ei,ei,ej,ej)>dugM

—F, ZEZ XX BB OE-ZES NXOBHOBIIRD Z 2 D& [8, Lemma 1, Lemma
2, Section 2] YWV STz,

%8 3.10 (Jiang 1986).

%EQ(%) — /MZ<(§2d<I>) <ei,ei,%> (VAP (Y, e ) ,(§d¢)(€ja€j)>dum
_2/ Z<RN <d<1>(ei),d<1> <gt>>d<1>( D, (%d@)(ej,ej)>duw



™8 3.11 (Jiang 1986).

/M zj: <(62dq>) <e e, %) — (VAP Ve 2}, (VAP (e;, ej)> diig,
- /M Z <d<I> (%) , (Ve Ve, = Vv, e,) (Vd®)(e;, ej)> diigns

i 3.10 & 3.11 IX2oWT, ZAZN—2 T DHEWLDH 2. WX OFMIZino TIEL K
HERITO b, FRREIIRDRBEE o TWS, 22T, “EL XKL O, =31
FNBBIIERGEDEZBRVT—HLTWA I hd, ZRZPAD T I AF — RS 2D
NREHE T 2 2 TRBB LN,

il 3.12. ¢ : (M™, gp) — (N™,gn) % Riemann ZREBEOLRD S0 RESHLr 5. 2o %
RHPKD SLD.
—V Vr1(p) = Z (63dg0)(ei, €i,€j,€5)
,J
22TV V=3, (VeVe, = Vv, o) BBEZ 757 2, {e}y & (M™, gar) DRFTER
EXMEELTW5.

Jiang RICX 2 —HI A L X —AHEKOHAE L HKAD Q) TALXF—DitH L O—FD £,
—V'Vr(p) B2 D, BIGDE HEAHR Vdp © 2 BOHEMS L AZ1DENTH 2. BED
RREB/EZET, QQ TALF - Q THALF—DE LN REHR—MWICER/EHE T2
MTET.

4 Chern—Federer TRILF¥ —ABEDEA & €D Euler-Lagrange
HiER
2T, RO FEELARDO ZDOHTH %, Chern—Federer T3 /)LF¥ — N O FiOfk: B4

KOWTHAT 2. 3, H = (h;) € I(E™,E") IZhf L, 2 XD Chern—Federer ZIHX 2 XA T
ED D

E&E 4.1. o € C°(M,N) ML, Chern—Federer T/ F - EZRXTED 5 :

I (o) = [ CF(dp).)dus
M

ZorE, ICF(p) DS S% Chern-Federer B ¥ FE.

F 72, KR TIEE I LA WD, Chern-Federer T4 /L ¥ — & X127 % Willmore-Chen T4 /L
F—DEADLTEL. H = (hy) € IE™,E") R L, Willmore-Chen ZIHKZ XK TED %:
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E&E 4.2. p € C°(M,N) L, Willmore-Chen T )L F - ZRXTED 5 :

™e(p) = /M WC((Vdp)s)dptg,, -

oy E, IWVC(p) DS A% Willmore Chen BAf ¥ FEA.

Chern-Federer =% /L ¥ —3% Willmore-Chen TRV ¥—3%, ZHZNEDRMATDIATHEL
HKXD T ALF - TH 5.

CNETEALLZAXIVF 2RI 7D, ROEBEERTS. ¢ (M™, gy) —
(N, gn) BRDODBEMR, a b 8%+ 82 A0 ZhilTERE TS, ZOLEEH o

aWi(p) + BWa(p) =0

il E, (aQ1 + BQ2) BARLMRZXIZTS. ZDXE (aQ1 + BQs) BRIIHL, 202
NLUT 3L D 32D

1. (o, ) =(1,0) D& &= ok Q) B,

2. (o, 8) = (0,1) DX & ¢ I¥ Qo Hi%;

3. (o, ) = (—1,1) D ¥ = ¢ & Chern—Federer H{%;
4. (o, B) = (m,—1) D& % p & Willmore—Chen Hf&.

CITHEMALTEBERWI LI, BRA DOWIFE TR R AF - E —OFEE L TESEEE £
ZDTERL, TANF-NEKMOBEIHN LENHEZEZEZ TVWEIRTHS. ZHUTED, =21
¥F—NBEBOBEIIET 22 THO A LF —D Euler-Lagrange HFEEREZH—INCERL, BLET 3
ZEMTEB.

kil 650722258 D, Chern—Federer T4 /L ¥ — LB D Euler-Lagrange /723 UE Wa(p) —
Wi(p) =0Tdh3. ZOHBERELRDOMERZE.

i 4.3. BRDODPREB/ o« (M™, gr) — (N™, gn) 25 Chern-Federer B TH 5 Z ¥ DHAE
TaEEE, RBEOILDOZETHS.
0="> {(VRY)(dp(e:),de(e;), dp(e;))dp(e;) — (Vdep) (es, RM (ei, €;)e;)
Y]
— dp((VRM)(ei, €1, ¢5)e;) + 2RN (Vdp)(es, e:), dp(e;)) dp(e;)
+ 2RN (de(es), (ﬁdcp)(ei, ej))de(e;)}
ZZT, {e )y & (M™, gn) DRFTERERZMSHE LT3,

—RIZ, Q) TANAF—t Qo TXNLF—TIROMN D T X LF —NREBDIEIIET 2 LF—
@ Euler-Lagrange AU, o T2 4 BORBPARERERoTWS. L L ZOmED
%, Chern-Federer T4 /L% — I°F () @ Euler-Lagrange 5ERIE, ¢ BT 2% 2 BEDRMD /T
BRICBE->T0W2Zebh 3. £, 2O LY —HBEMOBEOFRTDH (ERLEDOEERVT)
Chern-Federer T %)L ¥ —721}23, Euler-Lagrange RN 2 [EICh2 2 dbbhroTWVW5.
78 4.3 OFEFICIE RO Z D DffiEE AW .



W 4.4. KDELKRER o (M™, gy) — (N gy) ¥ X, Y, Z € D(TM) i L, XHHED
D,

(V2dp) (XY, Z) = (V?de) (Y, X, Z) = RN (dp(X), dp(Y))dip(Z) — dp(RM (X, Y)Z)
R 4.5. RDOPREBR o (M™, gy) — (N gn) & X,Y, Z,W € T(TM) 2L, KA D
D,

(%36130) (Xa K Za W) - (%3(1(10) (X7 Zv Y7 W)
= (VRY) (dp(X),dp(Y), dp(Z))de(W) + RN (Vde)(X,Y), dp(Z) ) dp(W)
+ RN (dp(Y), (Vdp)(X, 2))dp(W) + RN (dp(Y), dp(2)) (Vi) (X, W)
— (Vde) (X, RM (Y, 2)W) — dp((VRM)(X,Y, Z)W)
Chern-Federer T L F—IZB LT, THI1CHH—DOEE LB, £73, 2 XD Chern-Federer
ZHRWEIRD LS HEHLT N TE 2:

CF((Vdp).) = Q2((Vdp)s) — Q1 ((Vde)s)
= Qs(H;) — Q1(Hy)

=3 (one) =33y

“ Y det (Z Z)
o i i
CDZHERDFRICE L TROEHZET-.
EIE 4.6. BDODRER o (M™,gp) — (N™, gn) » Chern-Federer 58 TH 2 Z & DMLE
THEEIRDBED DI THS.
Clp+v)=0,
ZZTCOE
C(12 C’13
= det
Ci=de (024 034> !
THHE Cy BEHE LTV, (7 4, v BERZHMUTTED HND, o 'TN ICEER D
0,4) BT > I NIGTH .
(X1, Xo, X3, Xy) := (V3dp) (X1, X2, X3, X4),
(X1, Xo, X3, X4) := RN ((Vdp)(X3, X4), de(X1))dep(Xa)

727ZLZ 2T X1,X0,X3,X4 € F(TM) L TW3.

EH 4.6 XD, 2 XD Chern-Federer ZIHRICH 5N 21THIR DX #HED, Chern-Federer
T ANF =B D Euler-Lagrange FRERICH 5| LN TVWE Z e d3br b, 7z, EH 4.6
THWAREICOWTHAZ LTEBL. 22T, %2 28580 (0,4) BoT > Y LDz,
Riemann Ft&%AWT (0,4) 2% (1,3) Bz L, Hl2E Cro THIUEE 1, 5 2 O THRZ & 2
EWVWHZeELTVWS.



5 SEDEFE

BEROESMEE T —~< v LT, TxLF —NEROBICN L THR—NCESHEEE 2
%WV o LRGN EE ARV, AR EEL T, MR 74 77 % b L ICEROES
MR DL WS HTLOWIRO A AL RT 2 2 e TE .

BRIC, SBROFEICOVWTIARS. BEIICRD X 5 REEEZEZTV5.

1. BERNARDOEH.
2. BBROBEI T EEDRMIEE ZHLMTT 5.
3. AR OBIAD S Chern—Federer ERICOWTOEZED 3.

LIZoWT, BERDHATWARFTHS. 21200 T, A v haXrsayilhHslb, Bn%
REDBE_EAEAD»SE X 2ENNERT, MR ZREOHBAERICRZ2DOVFELETS.
NoOHREZE L, BROB_HEARNERAD» OE L 2T A EHOHF T, HBAEMIR D&
FHEEZ2ESb 02 BH LW, 312290WT, 3L ¥ —LEE O Euler-Lagrange 7TEA3 2 Bt
DIEMA TR Z 2 eh o, FAHGHRIIAIEDRODTH L HES RV s TwS. —
%, SEIOHZE T Chern-Federer T4 L ¥ —ifLBIE D Euler-Lagrange 2R 2 FEDIRM D7
B 22 2 DR TE . ANEBROITHFRDFNZSE I L, Chern-Federer BTN L
THAETROBIR P 2 ED OIS Z IR ENS.

R BZE Y LT, Chern—Federer Ef§% E532> D IZ LT Chen FENAI LD TY Fr—
FTERELELWL. ZDE0I1I2EE 3, Chern-Federer BARDFEE 5% BHOr 2 Z L 549 7=
WEEZTWVS.
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