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1 Introduction

WHZEM CIHERPEERERE R H L < ORFAEIT L > TIR/ASHEI N TY
. WREZEMIZBEWTIEHNEE (2,y) B0 ICRZFICL->THEHR 2 Ly PEHFIND
D, —MD IV LAZEIZB W TIZHREBEELTWD LIRS RWvwo T, A2/
BOWTHRBED 012232 L LAl VAERD ) VARERIZE Y, — kI h
FELNEHRIND. HIZIE, FED Lt e RITHLUT ||z]| < ||z +ty|| DD IO &
% 2 by I Birkhoff T2 L2V, Lgy &RT ([6]). ||z +yl| = |z —y|| 7
JEOALDEE o DYy 1T Isosceles AT DHEE W, ¢ Ly &K ([10). fizH%
KO—BbINERINEHRI N, FFl2 2 HIZBEZ < DX THEINT VD
([1, 2, 17] FxZH).

rlyBmsiyles bRITEHEE, TOEKL L IIWUHTHIEEDNS. N
ZERIC B2 EHEDERPNIRTH 21T, EELD /IVLAZERIZE T S Isosceles
ERXEHXNMTHS. LU Birkhoff EAIZ—MBANTERLTH D LTS 2.

Theorem 1. ([6, 8, 11]) 3L EDRItZ KD/ IV AZER- X IZH L, X IZBWVWT
Birkhoff ERX BRI TH L Z L 1F, X KNEEMTHD I LEETH 5.

ZOEBEIZEWTRITIZBE T B REFE D R < FHATE . Birkhoft E A
FRIZ 72 % 2 X5 H 1Z Radon plane L IFXNT W5, ii4EEH Radon plane IZ2WT
P TN TWD ([1, 2, 4 Fx22H). [15] TIX Radon plane ORHANT T 35 A



5N TH Y, Radon plane IFEBUFET D &R0 5.

/v INZE T D AR HIREE 12 DWW TIFSE S 2 BRIT ISR 2 R E B0V EE 2L 1 d &
FbH, 25032 DBFHEITL > THEN TN T WS, ZEH X OHAIEK%E By,
BAEREIZ Sy £ 9. X Y uniformly non-square TH 5 &%, LD § BFIEL,
z,y € Sx ROIXEIZ min{||lz +yll, [z —yl|} <2(1—0) £wD I LE2EEKT 5. [9)
IZHEWT James ELX

J(X) = sup{min{||z + y|. |z — yl[} : z,y € Sx}
MWERI NIz, James EFIFLTOMEEZFEDZ LS NT WS,
o [TRED/IVLZEM X 2L V2 < J(X) <2 ([9).
o J(X) <2 IXZEH] X ' uniformly non-square THd Z & L[FETH 5.

o X MNFZEMAZSIX J(X)=V2 THD. HIZ, 3 EORTEFED /L L7
X 2 Uik, J(X) =21k X NS THE L LAETH .

WREZEZ BT 2 FELORHEANT THRTICET 2 IE IR ETE RV, J(X) =2
2729 2 R EHEICE U [16] %5 TIZE S T WS, Tsosceles ER Z WS & James
EBU

J(X) =sup{|lz+y| :z,y € Sx,x L y}

LHERBIND.

ZZff] X @ von Neumann-Jordan E Cys(X) I

lz + yll* + llz — yl”
2 ([l ]* + llyl*)

Cxs(X) =sup { e X () £ 0.0)

[z + tyl|* + |z — ty|?
= rr,y € Sx,0<t<1
SuP{ 2(1+12) HYEen Tt

TEHEI NS ([12)). von Neumann-Jordan EHBULA T OMEE % F#D.
o ERED/IVAZER X IZH L 1< Cry(X) <2 ([12)).
o Cny(X)=11F, JIVLZER X DAMZEMTHL I L LEETHS ([12)).
o Cys(X) < 2 13%# X % uniformly non-square TH 23 Z & L[AETH % ([24]).
o EED /I LZER X IR X 12X L, Cyy(X) = Cys(X*) ([24]).

James E# & von Neumann-Jodan E# % & L EE D Rl 2 A E I DWW T Radon
plane TOEZHZ 2, —RDZEHNIZNT D EH D & D BV Z 15 7.



2 preliminaries

WHEZEFIIZHEWT, 2,y € X DD sine BB

s(z,y) = \/1_ (Hij\—Hy;H)Q

TRERINDD, z,y € Sy [T U T infiep |2 + ty|| ITF L.

Definition 2. ([5, 23]) X % /)L LZE{ LT 5. sine B# s: Sy x Sx = R %
s(w,y) = inf |z + ty|

TEHETD. KD 0 THWV 2,y e X 12 LTIX

s(z,y) =s <Tﬁgﬂ’TéﬁT>

V. Balestro, H. Martini and R. Teixeira I&RDFERZHFET WS,

T sine B ERINS.

Theorem 3. ([5]) / WV AZE[M X 7 Radon plane TH 5 Z &1k, TDZEMIZEIT S
sine BN TH 5 Z & & [FME.

Theorem 4. ([E5XEM, [5]) X % Radon plane & U, z,y,z € X XA —EHF LI
BWETH ZOLEZME Azyz ITBWT
le—wll  —  lly==l ===

S(Z—I,Z—y) S(x—y,x—z) S(y—Z,y—l’)

WAL T 5. £77, EVZER L BEABRA DTN ORI NEH 55 ZMAIZH L
ZDHRP2IZHLWESIE, X IZARZFFD.

IV LZERNZB I 2 AL I N ERIZEER-O / VLAIREL, £ TN
DELZBERIIEMTIZZRN. 20728 [3, 13, 22] REKEMTD 2 DDERDEWN
ZEHET DR PERPHIELI N T WS, KX [18] T

infyer ||z + ty||
[Edl

IB(X):inf{ :O%x,yeX,Xify}

=inf{s(z,y):0#z,ye X, X L;y}

BETR, U2 EEDO IV LAZEM X 128U T, A%RX 1/2 < IB(X) < 1 2RAL
U, IB(X) = 1 IZWBZEH &2 R0 1 . Dunkl-Williams E£X ([14])

]l + vl
Iz = yll

DW (X) = sup {

— H:O;ﬁx,yeX,x;éy}
lzll [yl

3



EDMIZER IB(X)DW(X) = 2 DAL U T, 1/2 < IB(X) & uniformly non-
square Z RN 5.

(7] TI&, B2

) s { LA )

NERINTWVD. te(0,2) I/ L TEHRT NS modulus of smoothness

t —t
ot —sup {0 s )

EDRNZ, Ay(X) = px(1) + 1 PEGIZATHNS. TD Ay(X) IFUATOME%
R,

o FED/IIVAZER X 1T LT V2 < A(X) <2.

o X BNEZERITHNIE Ax(X) = V2.

o Ay(X) <2137/ X A% uniformly non-square Tdh % T & & [FAlfH.
BFTLH Ay(X) & J(X) E—H L2\,

3 Results
%9, Theorem 3 ZFH L TRHPE SNz

Proposition 5. ([19]) X % Radon plane & U, z,y € Sy & a« e RIZXUL x L; ay
THdLTD. ||x+ky|| =infiep ||+ ty|| = infocr |y + sz|| = ||y + lx|| 272
kE(cRZ222E, IB(X) OFHMIIZBEEL, 0<a<1,0<k( 2FZANE+HTH
5. 20L& k<min{l/2,a} 8LV < 1/2 DY ILD.

Proposition 6. ([19]) X % Radon plane & U, z,y € Sy & a e RIZXN L = L7 ay
THdLTD. ||x+ky| =infier ||z + ty|| = infoer ||y + sz|| = ||y + lx|| ZHE7z7
k€ [min{l/2,a}] BT L€[0,1/2] LD ZDLE

{ (a+k)(1— ko) (14 al)(1 — k) }
P Q01— k) + kA —Ola—k) (1 +ah)(1 —k0) + 61— k)(1—al)

< ||z + Eyl|.

IB(X) =inf{s(z,y): 0#z,ye X, X L;y}
:inf{zglgﬂx%—ty” 0#z,ye X, X 1 y}

THDDT, WHIZLOREET.



Theorem 7. ([19]) X % Radon plane £9%. 2D & & 9/8<IB(X)<1.

Theorem 4, 7 Z AW TRZ1G5.

Proposition 8. ([20, 21]) X % Radon plane, z,y € Sx £95. ZD& &
e e
s(x+y)x—y) ~ 4
Proof. Theorem 4 C z = —x £ BIFIE
le—gll _ llztgll )2l
sQe,x+y)  s(r—y,22)  s(x+y,z—vy)

MIALTD. 2+y Lix—y THE05 8/9<IB(X)<s(zx+y,z—y) THY,

lz+yll 2 <9
S(Z'—y,l') S(I—I—y,x—y)_4
—JiT
T —y 1
sz —y,z) = inf ||[— + Az z|| = —
Ak || [l =yl le =yl e =yl [l =yl
Thb. O

J(X) = sup{[lz +yl| : x,y € Sx, = L1y}
BOT, |lz+yll = llz -yl = Ve +yllle -y &ERXTUTEES
Theorem 9. ([20]) X % Radon plane £ §5%. 2D & 2 < J(X) < 3/2.

Ay(X) D% 2, Cyy(X) DI ZEFTITL . 2,y € Sx KL a4y Lpx—y
CIRET DL, s(x+y,xr—y) =1 & Proposition 8 7* 5

2
—qm+mwwx—mwz3—0u+mrk———)
=

2 — [l + gDz +yll = 1)

— >0
|z + yll
LY r+y| + -yl <3 &E5.
Yy €Sx, vty tpr—y, |z +yl| <llv—yl| FX
Tty H
=s(z+y,z—y)
“x+MI M—yH
(1)
r—y x+y
zs(x—y,:c—i-y):‘ H
o=yl " Hx+w

>



G729 ko0 LS. [11] £ |k(| <1 THS. Birkhoff E

r+y r—y Tr—y
+ B )
lz+yll  llz—yll |z =yl
T — Tr+y r+vy
B
lz =yl llz+yll |z + yll

& Radon plane {Z# 1} % Birkhoff B DXNFMEL VAT 2155,

Lemma 10. ([21]) X %' Radon plane, x,y € Sx, v +y fpx—y 72& 9 5. FX
(1) #2723 k0 2H5. ZOLE 1 -kl <s(x+yz—1y).

Lemma 11. ([21]) X #' Radon plane, z,y € Sx, v +y fpx —y 72& T 5. FX
(1) 2723 k25, 2D &, 0<max{k, (} <s(z+y,z—y)/2

Lemma 12. ([21]) X %% Radon plane, z,y € Sx, z+y Lpx—y 72&3 5. FX (1)
BT kWS, 20X |o—y||tklrtyl| <2 BET |ty -y < 2.

Proof. Birkhoff [E%

r—y r+y r—vy
B
|z =yl lz+yll  llz—yll
£0
P |z + y|| (xﬂ/ +kx—y>H
e —yll [l —yll +Ellz+yll \llz+yll -yl

“ ==l
o =yl + ko + ]

BROT ||z —y|| +Ellz+yl| <2 BT |l +yl| +lz—y| <2 BAKTHZ. O

EELD Lemma 10, 11, 12 & Proposition 8 Z#lAGEHEHEKE L TELT L L,
t4yLpr—y DHEEITE |z +y||+ |z —yl| <3 2665 #-T

Theorem 13. ([21]) X % Radon plane £ 35%5. 2D & & Ay(X) < 3/2.

LD RPES NI,
Theorem 14. ([21]) X % Radon plane &3 %. ZD& &

3+ VD
Cny(X) < 4\/_-




Proof. X % Radon plane & U, x,y € Sx & t € [0,1] ZH%. [25] IZfik-> T,
0<@—lz+yl)2—lz—yl) »5

2+ ylI* + llo = ylI* < (lo + yll + = = yI)* = 4(lz + yl| + [z — y]) +8
BT
|z +tyl]* + [z — ty]|* < (tlz +yll + 1 = )* + |z =yl + 1 —1)?
= (llz +ylI”> + Iz —yl*) £+ 2(lz + yl| + [l — yDE(1 — t) +2(1 — ¢)*
< A{(Ax(X))? = 245(X) + 2} ¥ +4A(X)t(1 — 1) +2(1 — t)?
= {4(Ax(X))? = 1245(X) + 10} t* + 4 (Ax(X) — 1) ¢t + 2.
Theorem 13 &V ||z +ty|*> + ||z — ty|]? <2+ 2t +2 BFEHN

|z +tyl* + [lo —tyl® _ . —t*+2
2(1+1¢2) - 2(1+1¢2)

E 5.t IZET AWM NS

|z + tyl® + o — tyl* _ 3+ V5
2(1+ ) =4

O

Best possible (2B U TlX, BAIEKME Sy A% affine regular hexagon T®H % 5451
IB(X)=9/8, J(X) = Ay(X) = 3/2, Cns(X) = (3+V5)/4 WMESNS.
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