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Abstract

We show that a parametric linear system of equations plays a fundamental part
in establishing a mutual relation between minimization problem (primal) and max-
imization problem (dual). The system is of 2n-equation on 2n-variable, called zero-
minimum condition. It yields a couple of second-order finite (n-) linear difference
equation on n-variable, which constitute the respective optimal conditions. The
respective equations have a mimimum solution for primal and a maximum one for
dual. Both the optimal solutions are expressed in terms of Gibonacci sequence,
which is a parametric generalization of the Fibonacci one. Either solution is char-
acterized by the backward Gibonacci sequence and its complementary — Hibonacci
sequence —.

1 Introduction

Recenly a new duality for quadratic optimization has been extensively developed by
Iwamoto, Kimura, Fujita and Kira [12-25]. They have given several kinds of duality
through some methods. These supply related dualities and associated dual problems for
the classical optimization problems by Bellman and others [1-7,26], [9,11,28,29]. The du-
ality and its approach are characterized by — Fibonacci [8,10,27,30] and complementarity
—, respectively.

This paper enhances the Fibonacci duality through a parametric linear system of
equations. The Fibonacci duality is expanded to Gibonacci one. The complementarity
is replaced by a pair of linear equations — an equality condition —. This is called a
zero-minimum, condition for a 2n-variable parametric minimization problem.

Section 2 gives a 2n-variable parametric minimization problem, where a parameter A
ranges over (0, co). The objective function turns out to be nonnegative. It attains zero
iff a linear system of 2n-equations on 2n-variables has a solution. Section 3 presents a
pair of A-parametric minimization problem and A-parametric maximization problem for
A > 0. Section 4 discusses a new duality — Gibonacci duality — . This covers Fibonacci
duality. The principal idear is based upon the complementarity.



2 Complementary approach

This section specifies a 2n-variable minimization problem. Throughout the section, let
c € R and A > 0 be given constants.

An original problem is a 2n-variable (x, 1) with a parameter A and a fixed initial value
o = C:
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subject to (1) z € R", g =¢, (ii) p€ R".

Let us define the objective function by h : R"xR" — R!
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We have an evaluation as follows.
Lemma 1 Let (z, p) be feasible. Then it holds that

h(z,u) > 0. (1)
The sign of equality holds iff

C—Tp = M1, Ty = i1 — [lo
(Zm)  wpy —ap = M, T = pr— 1 2<k<n-—1
Tpno1 — Tp = Mlp, Tp = Un

holds.
This is a linear system of 2n-equation on 2n-variable (z, p). We call (Zm) a zero-minimum

condition.

Proof.  First we present an identity, which plays a fundamental role in analyzing the
pair. Let x = {xx}", u = {ux}} be any two sequences of real number with zq = ¢. Then
an identity

n—1

(C) o =Y [(@r—1 — k)i + 2a(pix — fias1)] + (Tno1 = Tn)in + Tofin
k=1



holds true. This identity is called complementary. The complementary identity implies
that
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Q) + (Tt — )+ 22+ A2+ D)2 + 200 — DAzt
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= Z [(Ik—l — xp — Mag)? + (@ — pu + uk+1)2]
k=1

3

+ (Tp1 — 1, — /\Nn>2 + (2, — :un>2’
This is an identity on R"xR"™, which is called quadratic. Hence we have an inequality
h(z, ) > 0.

The sign of equality holds iff (Zm) holds. Thus the inequality (2) with zero-minimum
condition is shown. O

The objective function is also expressed as follows.

Lemma 2 Let (z, p) be feasible. Then it holds that

Mz, p) = =2cpn + Y [(wre1r — ) + 2 + Npp + (e — 1) + 200 = A) (@1 — )
1
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Lemma 3 Let
yi=24+A &=1+X (A#£0).

Then the zero-minimum condition (Zm) yields a pair of linear systems of n-equation on
n-variable:

Case n =1
(EQ) ¢=&n ¢ =
Case n =2
C = YT — X2 ¢ =& — 2
(EQ) x1 = Exg M1 = Y.
Casen >3



C = YT — X2 ¢ = &y — 2
(EQ) Tho1 = YTk — Thy1  Hr—1 = Ve — frp1  2<k<n-—1
Tn-1 = §Tn fin—1 = Vfin-
Conversely the pair (EQ) vyields (Zm) under the condition that either system has a

unique solution. This condition is assured by the nonsingularity of the relevant n X n
martices Ay, B, i.e., !

[Anl # 0, [Bn| # 0.

The pair (EQ) is divided into two linear systems:

CcC = 2o
(EQx) Tp—1 = YTk — Tk+1 1 S k S n—1

Tpn—1 = Szn

and
c = &1 — pio
(EQ,) -1 = Yk — 1 2<k<n-—1
Hn—1 = YHn

Now we have the ojective function

h(az,p) = =2 zopn + ) (-1 — aa)® + 2 + Npg + (e — peir)” + 200 = Dag(pn — pein)]
1
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(o = ) 2 (0 D+ 200 D, (20 = ).
A triple zero property holds as follows.

Lemma 4 Let a feasible (x, ) satisfy (Zm,,). Then it holds that

h(z, p)

—c(c—x1) + [(wh-1 — 2x)? + Ao}
(t2) -

= Ao+ ) [N A A — pe)?] + O+ N
1
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= 0.

Tt holds that |A,| = |By,]|.



3 Case A >0
Consider the Case A > 0. We define

vi=24+A(>2), £=1+A(>1).

Now let us solve a pair of linear systems of (finite) difference equations

cC = Xy

(EQ,) w1 =vm—mpn 1<k<n-—1

Tn-1 = f«rn

and
¢ = & — p2
(EQ,) Pe—1 = Yik — k1 2<k<n-—1
HUn—1 = YHn-

We consider a second-order linear difference equation
Tpyo — VTpt1 + 2, = 0, xg=0, 7 = 1.

Lemma 5 The equation (2) has a unique solution

/Bn —an
Ty = ———
0 —«
where o (<) B are the two positive solution
S el Vi k. g It 7 -4
- 2 T 2

to the characteristic equation
2 —~yt+1 = 0.
We note that

at+f =79 af=1
I<a<l<f<oo.

Definition 1 Let us define the sequence {G,} by

ﬁn_an

G, = o



We call {G,} a two-step Gibonacci sequence. The reason is that G,, = Fy, for v = 3,
where {F,} is the Fibonacci sequence. Thus {G}.} satisfies a second-order linear difference
equation

Gip1 = 1Gr — Gi—1, G =1, Gy=0. (7)
This has a unique solution (6).

Lemma 6 The system (EQ,) has a unique solution

fGn—k - Gn—l—k
= 0<k<
o ‘ an - Gn—l "
, while the system (EQ,) has a unique solution
Gn+l—k
= 1<k<
e G, = Gy "
That is
(T1, Toy oovy Thy ooy Tp_1, Tp)
c
== ?(anh Hn727 feey ankh ey Hlv H0>7
(:ula Moy vovy MEs ooy Hn—1, ,un)
c
- F(Gna Gn—l> ceey Gn+l—k; ceey GQ; Gl)
where
H, = G, —Gn1. (8)

The sequence {H,} is called Hibonacci. Then it holds that
G, = H,—-H,,, H, =G, —G,, Hy=0G. 9)
The Hibonacci sequence { Hy} satisfies the second-order linear difference equation
Hypw = vHy — Hp1, Hi =&, Ho=1. (10)
This has a unique solution

- S e ) (1)




Theorem 1 The zero-minimum condition (Zm) has a unique solution (z, p);

T = (xlu To, vy Thy --vy Tp-1, xn)
C
= ?(Hﬂ,—h Hn—27 "'7Hn—k7 R Hlv H0>7 (12)
n= (ﬂl? M2y ovey Bk oo ey Hn—1, /JJn)
C
== F(Gn, Gn—l> ---aGn+l—ka ceey GQ, Gl) (13)
where
G, = u’ H, = €G, — G, 1.
g —a

Hence Q attainas the zero minimum at (z, p).

We have defined the objective function h : R"xR"™ — R! by
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M, p) = =2 e+ Y [(wro1 — 20)® + 23 + Npp + (e — pirs)’
1
+ 2(A = Dy — par1)]
+ (Tt — )+ 22 + (A2 + Dpd + 200 — 1) .

e
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Then (QI) is summarized as follows.

Corollary 1 [t holds that

=
8

=
v

0 V(z, ) € R"<R"
(i) h(z,pu) = 0<= (x,u) satisfies (EQ).

The objective function h(x,u) attains the zero-minimum. From Lemma 4 (Triple
Zero), we have a triple zero property for the solution.

Corollary 2 Let (x, 1) be the solution given in (12), (18). Then it holds that

h(z, )
= —c(c—z1) + (251 — zx)* + Aa}]

(tZ)

3
L

= =g+ ) [Npp A+ A — pa)?] + (N + Mgy
1

e
Il

= 0.



Here we define two functions f, g : R* — R' by

n

flz) = Z [(xk,l — 1)* + )\Ti]

k=1
n—1
g(1) = 2xepn =Y N+ A — pen)’] = (N + M-
k=1

Note that f(z) is convex and g(j) is concave. We consider a pair of minimization problem
and maximization problem

P minimize f(z) subject to z € R"

D  Maximize ¢(pu) subject to pu€ R".

4 Gibonacci Duality

Let any A > 0 be given. Then we consider a pair of minimization (primal) problem and
maximization (dual) problem.

4.1 Primal and dual

The pair is
minimize Z (g1 — 2k)® + Aai]
p k=1
subject to (i) z € R", zy=c
n—1
Maximize 2Acp; — Z [N + A — pe1)?] = O + Al
D k=1

subject to (i) p € R".

Then both P and D are dual to each other. An equality condition is
c—1I1 = Ai 1 = b1 — M2
(EC) Tp—1 — Tp = Ak Ty = pg — pper K=2,3,...,n—1

Tn—1 — Tn = )\,U/n Tn = Hn-

The primal P attains a minimum m = (1 — 13_1 ) ¢ at = (r1,2,...,1,), while the
dual D does a maximum M = \ Hn cat = (1, fa, ... fin)
Hn—k Gn+1—k
= =c—— 14
=g = C (14)



that is

c
ZE:(Il,ZIZ'Q, ...,xk,...,xn) = F(Hn_l, Hn_g, ...,Hn_k, ey Ho)
. (15)
po= (1, f2y ooy s ey fln) = Vi (Gn, Gty o, Gri1gy --o, Gh)
where
/Bn_an
Gn: - Hn :fGn_Gn—l
0 —«
/2 —4 /~2 — 4
Q:L’ 5:7—’_—/ (16)
2 2
Thus
AGTL:HTL_H'H,—17 HOZGI
(17)
o A2 — /A2 +4) 5= A+ 24+ VA2 +4)\
| = 5 , = 5 .

Hence the the optimum point (x, ) satisfies (EC) and the optimum values are same
m = M.

4.1.1 Solution method

We note that the objective function

n

@) = 3 (s — o) + 2] (z0=c)

k=1
: : o of , .
is convex. The first-order partial derivative fy(z) := aT(x) is
k
1
gfl(x) = —(c—x) + Aoy + (21 — 22)
= —(m—ymto) (v=2+2X)
1
gfk(:c) = —(Slik_l — JIk) + )\ZL‘k + (xk — xk—&-l)
= —(Tpy1 — YTk + Tp_1) 2<k<n-1
1
SH@) = (s = ) + A,

= —(—&xp+zm1) (E:=1+X).

Furthermore an identity
1 n
fla) = cle—a)+ 5 ;xkfk(l“) (18)

9



holds true.
A minimum point x satisfies the first-order condition fi(z) =0 1 <k < n, which is

CcC = 2o
(EQ,) Tp—1 = VTk — Th+1 1<k<n-1
Tno1 = &y,

As was shown in Lemma 6, this has a unique solution

$:($1, T, ...,Sl?k,...,ilin) = HL(Hn_l, Hn_g, ...,Hn_k, e H())

Then the identity claims that

H,_
f(@) = clc—z1) = (1 - Hnl) ?
Second we solve D. The objective function
n—1
g(i) = 2hem — Y [Nk 4+ M — pen)’] — (VP + A
k=1
. : . Jg .
is concave. The first-order partial derivative gy (i) := 5 (u) is
i

1
ggl(ﬂ) = c— M — (g — i)

= py— e (E=1+1)

1
agk(ﬂ) = (-1 — px) — Mox — (b — frt1)
= k1 — Ve +p—1 2<kE<n—1 (y:=2+X)
1
v 0n(1) = (o1 — pn) — (A + Dpy
2\
= —YHn + fn—1.
Furthermore an identity
(1) = At + =3 () (19)
g C e
gp H1 5 e Hegr (K
holds true.
A maximum point p satisfies the first-order condition gip(x) =0 1 <k < n, which is
¢ = &y — p2
(EQ,) He—1 = Yik — k1 2<k<n-—1
Hn—1 = YHn.

10



As was shown in Lemma 6, this has a unique solution

C
(Gn> Gn—l> "-aGn-‘rl—ka BRI Gl)

’uz('uhﬂQ""ﬂukw"uun) = ?

Then the identity claims that

G,
g(p) = Acpn = A . c

Thus D ha s the desired maximum solution.

4.1.2 Derivation P < D

Let x be feasible for P. Then for any u we have

n

Z (1 — ax)® + Az

k=1

= (c—x1)* = 2 \ui(c — 1) + Az] + 2 1 (¢ — 1)

+ Z (o1 — 2)® — 20k (oo — 1) + Aaf + 20 (w1 — )]

n=2

= 2Xcpn + (¢ — 2y — M) = Npf + /\{xf —2(m — M2)$1}
n—1
+ 3 [(wrmr — 2 — M) — N4+ Aad — 2X (i — prir )7
n=2
+ [(@no1 — 20)? = 2N (@01 — Tn) + AZE — 2A00 T, ]

= 2 e + (e — a1 — Apa)? — Npf + >\{301 — (1 — #2)}2 — A1 — #2)2]

n—1
+ Z (w1 — o — Mpae)® = N2+ M — (e — Mk+1)}2 — Mk — pr41)?]
n=2

+ (Tt — T — M) = N2+ My, — ) — A
n—1
> epn — D [Nk A+ Mo — pein)?] — (N + Al
k=1

The equality holds iff (EC) holds.
Conversely, D = P is shown as follows. Let p be feasible for P. Then for any = we
have

n—1 n
2\epn — Y [Nk A M — peia)?] = WP+ Vs <Y (@1 — m) + Arf]
k=1 k=1
The equality holds iff (EC) holds. O
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