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Abstract

In this note, we show how to prove decay estimates for Schrdodinger equations by virial
methods. The virial method used in this note are based on the series of work by Kowalczyk,
Martel, Munoz and Van Den Bosch [10, 11, 12, 13, 14].

1 Virial method
We start from a well-known formal argument in quantum mechanics. Consider
i0yu = Hu, (1.1)

where H is a self-adjoint operator. Let A be another self-adjoint operator and set

J(u) = % (u, Au) |

Then, assuming u solves (1.1), by informal computation, we have

d , 1 -
EJ(u) = —(u, Au) + 3 (u, At)

(—iHu, Au) + % (u, A(—iHu))

NN~ DN

= — (u, [1H, Alu) . (1.2)

Here, & = Oyu, (-,-) is a real inner-product and [A, B] = AB — BA. By (1.2), J(u) is conserved if
[iH, Al = 0.
Ezample 1.1. Let H = —02 and A = (id,)”" for s € R, where (z) = (1+22)/2. Then, by [iH, A] = 0,
we have [|[u(t)]|%. = ||[u(0)]|%. for all t € R, where u(t) = €% u(0).

If [iH, A] > 0 (i.e. (u,[iH, AJu) > 0 for all u), then, by (1.2), J(u(t)) is non-decreasing .
Ezample 1.2. Let H = =02 and A = % (2(—i9,) — i0, (z)) = —i (3 + 20,). Then,

GH, A] = [i(—02), —i (% 4 x8x>] — _[02,20,] = 207 > 0.
Thus,

d (1 . 9
I p — wl|2, > 0.
o (2 (u,Au)) = ||Ozul|72 >0



Remark 1.3. The operator A = 1 (2(—i8,) — 0, (x+)) is the generator of scaling, i.e. iAu =
% ’/\:1 A/2u(Ax). Notice that A is the quantum counter part of the quantity > Tip; appearing in
the proof of virial theorem in classical mechanics, where x; and p; are the position and momentum
of ith particle.

From a different perspective, suppose we know sup, |J(u(t))| < oo for u(t) = e *#uy . For
example, if 4 is bounded, we have J(u(t)) < ||u(f)]|22 = |luo|/?s. Then, integrating (1.2), we have

/OOO (u(t), [iH, Alu(t)) dt < 2s1:p [J(u(t))| < oo. (1.3)

One can view (1.3) as a decay estimate, i.e. the nonnegative quantity (u(t), [iH, AJu(t)) converges
to 0 subsequently because it is integrable. This will be the estimate which we will be using in this
note.

An obvious obstacle for the above estimate are the eigenvalues of H. Suppose H has an
eigenvalue £ € R with the associated eigenfunction ¢. Then, setting ug = ¢, we have u(t) = e"1Ftp,
which have no decay. Thus, we have to somehow exclude eigenvalues from the above argument. In
this note, based on the idea of Kowalczyk-Martel-Munoz and Van Den Bosch [10, 11, 12, 13, 14]
followed by [1, 4, 5, 6, 7, 15], we explain several ideas to use virial estimates when the Schrédinger
operator —92 + V posses eigenvalues.

The organization of this note is as follows: In section 2, we explain how to show the decay
estimate for Schrodinger equation with repulsive potential, which have no eigenvalues. In section 3,
we explain two ways to show the decay estimate for the continuous part of the solution when the
potential has eigenvalues (and in particular not repulsive).

For a < b, we mean a < Cb for some constant C. By a <y b, we mean a < Cyb for some
constant C) depending on A. Also, by @ ~ b we mean a < b and b < a.

2 Decay of solutions of Schrodinger equation with repulsive
potential

In the following, we use the norm
-2
lullfs o= Iz + [ (=)~ ullZe,

and the following elementary lemma.

Lemma 2.1. Let W € LY := {W € L' | (2) W € L'} and W(z) > 0. Then,
[ Wl de Sy, lul.
Moreover, if W # 0, then
ull3 Syw e wi s 2117 Jr/W|u|2 dz.

Proof. It suffices to show the claim for smooth function w. First, let ¢ € [—1,1] s.t. |u(xo)| =
minge(—1 1) |u(x)|. Then, since since f_ll (z)™* dz > 1/2 we have

muwﬁggéwrﬂwmﬁm.



Thus, by
lu(z)| < |z — a0 Y2 || L2 + |ulzo)], (2.1)

which follows from the fundamental theorem of calculus, we have
W (z)|u(z)[* < 4W (z) (z) o[22 + 4W (2) /R (@)~ Ju(z) | da.
Therefore, integrating, we have
/W|u|2d:1: < 4/ () W () dz||ul/3.

We next show the latter claim, which is basically follows by the same argument. Let R :=

HW2HL1 J{z)W(z)dx > 0. Let z1 € [-R, R] s.t. |u(z1)| = minge_g gy |u(z)|. By

1 1
/ Wi(z)de < = / |z|W(z)dx < = ||W||1,
|z|> R R 2
we see
1
[ W= 51w,
l2|<R 2
Then, as before, we have
()2 < —2— / W) u(x)? da.
AWl Je
So, using (2.1), we have
[ @ P ds <2 [ @7 ol Ry del e+ W12 [ @) do [ Wi ds
R
Siwila ok 117 Jr/W|U|2di’f-

Therefore, we have the conclusion. O
We next consider the Schrodinger equation with a potential V € S(R,R):
i0u= (=02 +V)u. (2.2)

Computing the commutator, we have
. 2 (1 2 2 /
(=04 V), —i| =420, || =20+ [V,20,] = =205 — zV".
Y 2 xT xT

Thus, we say V is repulsive if V' is not identically 0 and —2V'(z) > 0.
Following [14] we set

]

ata) =exp (<5 0= x@)) . 10 <x < 1paa (2.3



and
vale) = [ Galo)?ds
0
Notice that if A > 4, which we always assume, then e~ lel/A < Calz) < 2¢~121/4 . For the solution of

Schrodinger equation (2.2) with repulsive potential, we have the following decay estimate.
Theorem 2.2. Let V € S be repulsive. Then, there exists Ag > 0, such that for A > Ag ug € H*,
we have

o0
. 2 -
/ 1Cae Vg2 dt < Alluol3n, (2.4)
0

Remark 2.3. If V = 0, then (2.4) do not hold. Indeed, let uy € H' with |||2|?u]| 2 < oo for some
§ > 1/2 and Fug(0) # 0, where F is the Fourier transform. Then, by ¢®% = M (t)D(t) FM(t) and

102 —0 d
€% ug — M) D(t) Fuollrz < [t]°[l|%]* uol| 2,

where M(t)u = "5 u, D(t)u = (2it)~/2u(z/2t), we have

102
)181'

€% 0 | L2 (1,00):2 (1< R)) 2 IMDFtol| 2(11,00), L2l <)) — CHIE >

uollz2ll 21,00y (2:5)

Now, since the 2nd term of the r.h.s. of (2.5) is finite, it suffices to show the 1st term of the r.h.s. of
(2.5) becomes infinite. By the definition of M and D, we have

|MDFug(z)| = (2t) V2| Fug(x/2t)).

Thus, for t > 1, we have

/ |MD}'u0(x)|2dx:/ |fu0(x)|2dw~t’1|@0(0)|2,
| <R o[ <R/2t

which imply
1092 .
||€ awUUH%Z([I,T);L2(|M§R)) ~ |U0(0)|210gT — o0 as T — oo.

The quantity 7y(0) appears because —92 has a resonance at 0.

Remark 2.4. Estimate (2.4) is NOT the best estimate we can prove for the linear Schrodinger
equation. Indeed, the classical Kato smoothness results [9] imply

/ () ™" =2 Vg )| 20 < Jluoll e, (2.6)
0

for s > 1. This inequality can be extended to H' setting easily and also holds even if —A 4V posses
eigenvalues provided wug is orthogonal to the eigenfunctions. However, the real strength of virial type
inequalities are the ability to handle nonlinearities which is impossible for the linear estimates like
(2.6). We will discuss the effect of nonlinearity in section 2.1.

Proof. We set

Ja(u) = % <u, —i (dj—;‘ + ’g/)Aﬁm> ’u,> . (2.7)



Remark 2.5. From —i (%ﬂ + fz/zAF)w) = % (—i0x (Ya-) + Ya(—i0;)), we see —i (%ﬁi + 1]1,42990) is self-
adjoint. This operator is a modification of —i (% + :ch) and is defined on H'.

Then, for u(t) = e_it(_aiH/)UO and w = (4u, we have

d 2 bay,

G0 = w5 [ V@ ar o [ Vi ar (28)

where

V(z) = 2|§—j|x/<x> + |2y ().

We give the proof of (2.8) below.
Notice that ?—?V’ (z) converges to xV’(z) locally uniformly. Thus, taking A sufficiently large,
A
from Lemma 2.1, we have

WA
w72 — 5 z V(@) w® Z w3,

where the implicit constant depends on V' but not on A nor u. Again, from Lemma 2.1, we have

2 <_
o | Viwlds S 5 llwl,

where the implicit constant is independent of A, u. Thus, we have

L Taw(t) Z . (29)

for A sufficiently large. Since sup, [a(x)| ~ A, we have |Ja(u)] < Allul|g:. Further, using the
energy and mass conservation, we have ||u(t)|| g1 ~ [|[u(0)|| g:. Thus, integrating (2.9), we have the
conclusion. O

Proof of (2.8). First, we have

L Ta(u(r) = <<_ag Vi, (% i ) >

We compute each terms. Recall w = (qu and ¢, = (3.

(= ) = (M) (caw) = 5 (A4 G )

A

= 1Hw'lliz ——/(%) w? dz, (2.10)

o / / 7 \2 }2
(' tmit) = 5 [ a2 = g [ ALl LGP

e 1 a2 CA) 2
—2Hw HL2+2/(CA> de + = /(CA w? dzx. (2.11)




Adding, (2.10) and (2.11), we have

<u", (%4 + ?/JA(%) u> = ||lw'|3: + %/ (%) w? dx.

Ny
Now, recall (2.3) and notice (%‘j) = (log C4)". Since

" 1 " 1 T " 15
= ——(|z|(1 —; = —(2—; z|; =—
ogCa)” = (L))" = 7 (200 + el ) = 3,
we have
" d)f4 / _ 2 1 702
w5 +Ya0y |u) = |lw |\L2+—2A Vuw? dx. (2.12)

Finally, for the potential term,

’ ’ 1
<Vu, (%4 + 1/)A(9x> u> = <Vu, Qb?Au> + {(Vu,pau') = <Vu, z%u> + %/V@/}A(|u|2)’dx
_ <VU, w—;u> - %/(Vz/)A)'|u|2d3: - —%/¢AV'|U|2d3:

1
== Zp—;‘V’(:IJ)|w|2 dr. (2.13)
2) (4
Combining (2.12) and (2.13), we have (2.8). O

Remark 2.6. Tt is natural to ask if we can improve the exponential weight (a(x) ~ e~ 1#1/4 to a
polynomial weight like |z|=". At this moment I do not now how to do this (by a computation
similar to below, it seems to be possible use polynomial weights if (say) for © > 1, =V'(z) 2 2%
However if one wants this tool to be used for asymptotic stability analysis of solitons or kinks, the
corresponding potential usually decay exponentially so we will not use such condition), but by a
slight generalization of (4, it is possible to make (a(z) ~ exp(—%(log x)®) for any a > 1. Notice
that if @ = 1, it is a polynomial order and if a > 1, we have

el & exp(—(log 2)") < |2] 7,

for any 4, > 0, where for two positive functions f, g, we mean f(x) < g(x) by lim,_,~ f(z)/g9(z) =
0. To show this, we start from a general (4. That is, let

Calr) = exp(~ (1~ x(@)f(2)),

for some positive increasing function f. Notice that if f is an increasing function, {4 — 1 locally
uniformly (and so ¥4(x) — z locally uniformly).

The first condition we need is ¢4 € L> (for each A). This is simply restated as (4 € L2. Now,
suppose f(x) > (logz)® for some a > 0. Then,

/200 Ca(z)?de = /200 exp (—%f(x)) dr < /200 exp <—%(loga:)“> dx
= /OO exp (—gy“ +y) dy.
log 2 A



Thus, we see that if a > 1 then (4 € L? (of course lim,_,+, %4 (2) depends on A). On the other hand,
if f(z) ~logz, it is clear from the same computation that for sufficiently large A, 1 4(z) — oo.

Now, by replacing ¥4 by the above, V in (2.8) is replaced by

Vi(a) = Allog ¢a)” = —(1L =) f" + X' f' +X"f)-

The contribution of (2y/f’ + x”f) in the virial computation can by bounded by A™!||w|% just as
the proof of Theorem 2.2. On the other hand, if f”(z) < 0 for |z| > 1, then the contribution of
—(1 = x)f” in the virial estimate will have a good sign. In the case, f(z) = (logx)*, we have

f(x) = —az™2(log )% (log(x) —a +1).

So, slightly modifying f such as f(x) = (log(e“_lw))a, we have [ (z) <0 for z > 1.

2.1 Handling nonlinearity

As noted in Remark 2.4, the real benefit of the virial inequality comes from considering nonlinearities.

Let G € CY(R,R) with G(0) = 0 and

G (s)] S [P, m=0,1, (2.14)
for some p > 0. We set g = G’ and consider the following nonlinear Schréodinger equation:

i0u = —0%u + Vu + g(|u|*)u. (2.15)

As the linear case, we try to obtain a decay estimate for the solution of (2.15) by investigating the
time derivative of J4 given by (2.7). For u satisfying (2.15), we have

%JA( )= <(—312»+V)u,<%‘ +¢Aa> > <g(|u|2)u,<w‘4 +¢Aa) > (2.16)

Since the contribution of the first term in the r.h.s. of (2.16) is given by the r.h.s. of (2.8), it remains
to study the second term. By the relation G’ = g and ¢y = (3,

(g([uf)u, paed) = = / Sa(G(uf?)) di = —+ / GG (ul)

Thus,

(ot (% + 010, ) w) = 5 [ @)l - GOu) ¢ o (2.17)

We say the nonlinearity ¢ is repulsive if for all s > 0, g(s)s — G(s) > 0. Since for the repulsive
nonlinearity, the contribution of the nonlinear term has a good sign, we can immediately have the
following theorem.

Theorem 2.7. Let V and g be repulsive. Then, there exists Ag > 0 s.t. for A > Ag and ug € H',
we have

/O ICau(O) 2, dt < Alluol,

where u is the solution of (2.15) with u(0) = ug.



When the nonlinearity is not repulsive, Theorem 2.7 do not hold in general because there can
be a nonlinear bound state, i.e. solution of the form e“!¢(x) for some w € R. However, restricting
ourselves to small (in H') solutions we can recover the above theorem for general nonlinearity
satisfying (2.14).

Theorem 2.8. Let V' be repulsive. Then, there exists Ag > 0 s.t. for A > Ag, there exists 64 > 0

s.t. for ug € H' with ||ug||g1 < 64, we have

/O ICau()) 3 dt < Alluol,

where u is the solution of (2.15) with u(0) = uo.
For the proof of Theorem 2.1, we need the following lemma (taken from [1, 4, 11]):

Lemma 2.9. For any g9 > 0. There exists Ay > 0 s.t. for A > Ay, there exists 64 > 0 s.t. for
llul| gt < 04 we have
2 7/);1 /(12 _
g(u]*)u, R +Ya0y | u )| <eollwiz forw=Cau .
Proof of Theorem 2.8. Let go be the constant given given in Lemma 2.9 for g = 1/2. Take A > Zo
and let 64 be the constant given in Lemma 2.9. By standard argument using energy and mass

conservation, it is easy to show that there exists 64 > 0 s.t. we have ||u(t)||g1 < 64 if |Juol|gr < 6a4.
Then, by Lemma 2.9, taking Ay larger if necessary, we have

d 1 1 1 ~
GI0) = s 5 [ BV @+ g [ ViRl
Therefore, we have the conclusion. O

It remains to prove Lemma 2.9.

Proof of Lemma 2.9. From (2.17) and (2.14), we have
! 1
{(auPyu, (%2 + 010, ) )| = 5 [ (ol +1G0uP)) Ge 5 [ Gl a,
Let ¢ = 232 > 0. Then, by the embedding H*(R) — L>(R), we have

/ PV d < Jull,, / CEJufP D4y,
R R

Therefore, it suffices to prove

/ PP dr < o 2. (2.18)
R



||

Recall (4 ~ e 2. Since 2(2(p —¢) + 1) =2(p+1) — ¢,
/ §i|u|2(”+1)_qd:ﬂ _ / C;(QP—Q)|w|2(p+l)—qd$
R R

o) 0
2p—gq _ __2p—gq _
</ e A x|w|2(p+1) qd:1:+/ e” A x|w|2(p+1) ddx
0

~

—0o0
2 ooy A [ i
2p—q 2p—qJr

<4 / 2P | i = A / CalulP~ o+ | de
R R

(P 0=0y | da

§A”u”%n/]RCA|u|2(17*q)+1|w/|d‘ll7

1
A _ 2
< 2pulty ([ Auporae)” ol
p R
1
< '} + = A%ull3 | GlufP®tD = da,
dp R

Here, notice that in the third line, we have used
oo
24 e2pAqx|w(.’17)|2(p+1)_q:| _ 2A I?l/(0)|2(p+l)_q7
2p—q

=0 2P 4
which follows from the fact w = (a(z)u(z), u € H' < L and

lim e 5% |w(z) 200 = lim e~ %%[u(z)[2P+D-4 = 0.
Tr—0o0 T—>00

Thus, taking #A%iq < 1, we have (2.18).

Remark 2.10. Tt is not clear how to show Lemma 2.9 for subexponential weight like the one considered

in Remark 2.6.

3 How to handle the eigenvalues?

For the case that the Schrodinger operator —92 + V has an eigenvalue it seems difficult to obtain
decay estimate by virial method. This is because the spectral information of the Schrédinger operator
is somewhat abstract but virial method is based on a concrete calculation. Indeed, we got the
inequalities mainly from integration by parts. On the other hand, decay estimate will only hold
for the continuous spectral part of the solution. However, there are several ways to obtain decay
estimates for the continuous part as we will see below. Below, we only consider linear Schrédinger

equations, but both method we introduce can be extended for the nonlinear case.

3.1 Delta potential
We start from a ”solvable” potential [2], which is the delta potential. We set

Ha = —83 — a50,

where §g is the Dirac delta function.



Remark 3.1. For the rigorous definition, see [2] or [4].

We know the eigenvalue and eigenfunction of H, explicitly. Indeed, oq(H,) = {—a?/4} and
ker(H, + a?/4) = span{e~3/#} for a > 0. Therefore, the continuous spectral part of the solution is
given explicitly taking the projection to the orthogonal complement of the eigenfunction. Restricting
the initial data to the continuous space H? := {e_%m}l N H!, we have the desired decay.

Theorem 3.2. There exists Ag > 0 s.t. for A > Ag and ug € H}, (2.4) holds with —92+V replaced
by Hl.

Remark 3.3. One can also show similar estimate in the nonlinear case, see [4].
Proof. First, we note
(Hoyuu) 2 [lulls;, (3.1)

see (2.11) of [4].
Next, we compute %J A(u). Then, we have

d 1 ~
SIAlt) = () + o [ Vil as, (3.2)

see Lemma 2.3 of [4]. Of course, the r.h.s. of (3.2) is not positive (recall H;/, has negative delta
potential, also if it is positive, it means that the bound state decays, which is an absurd). However,
the crucial observation is that H; /o is less negative compared to H;.

By decomposing H; /5 = ;ILH_l + %Hl and using (3.1), we have

L aau(t) 2 (L~ A7l + (Hiw,w).

Now, we use the condition u L e~1#!/2. Notice that since w = au — u locally uniformly as A — oo,
w is almost orthogonal to e 121/2 In particular, we have

lim inf (Hyw, w) > 0.
A— oo

Therefore, taking A sufficiently large, we have

d
S Ta(u(®) 2wl

For more details, see [4]. O

3.2 Darboux transform

Another way to handle the eigenvalues is to use Darboux transform.

Remark 3.4. Darboux transform has a long history, which can date back at least to Darboux in
18th century. In the context of virial inequality, Darboux transform was first used by Kowalczyk,
Martel, Munoz and Van Den Bosch [14]. We also refer [3] and [8].

Consider H = —02 +V with V € S(R,R) and oq(V) # (). Let mino(H) = w < 0 and ¢ be the
ground state (eigenfunction of H w.r.t. w. Recall that we can take ¢ to be positive). Set

Ay = ¢, (¢71) =0, — —.

10



Then,
. - ¢’
o= =670, (0) = 0, + 2.
¢
Proposition 3.5. We have

AVAy = H —w, (3.3)
and

AvA%k/ :Hl — W = *0£+V1 — W,
where Vi =V — 2 (log )" € S. Further, we have o4(Hy) = o4(H) \ {w}.
Proof. We start from the formal computations. First,
AV Avu = —¢710, (0°0. (07 ) = —¢7 0, (W' — ug)
— _Qs—l (u// _ ud)//) — _u// 4 ¢_1¢//.

Thus, using ¢" = V¢ — we, we have (3.3). Next,

Av Ajpu = —98, (6720, (6u) = —40, (%#/))
(¢"u +2¢"u’ + u")¢* — 2(¢'u + u'¢)p¢’
¢4

_ —(Z)_l My — o' + 2¢—2 (¢/)2u

— + 2((75,)2 — ¢¢Ilu _

= ¢

= L L2 ),
= —u" +(V —w)u — 2(log ¢)"u.
From the definition of V7, we have the conclusion. O
Having in mind of Proposition 3.5, we define another notion of repulsivity.
Definition 3.6. We say V is repulsive in the sense of Darboux if V — 2 (log ¢)” is repulsive.

Remark 3.7. The above definition is for the case —92 + V has exactly one negative eigenvalue. Tt is
clear that one can define more general notation of repulsivity by iterating Darboux transform, see

[5].
We use the norm || - |5, defined by

lull, = lle™ % /|| + A2 e 2.

Theorem 3.8. Assume V € S(R,R) with max;—o1,2sup,cp €11V (2)] < 0o for some a; > 0.
Assume —02 +V has exactly one negative eigenvalue with the eigenpair (w,$) and V is repulsive in
the sense of Darbouz. Then, there exists Ag > 0 s.t. for A > Ag and ug € H* satisfying ug L ¢, we
have

o0
/ e R VD02t < Alluo 2.
0

11



Remark 3.9. For nonlinear case, see [5].

Sketch of the proof of Theorem 8.8. We set k = 00 min(a;,v/—w). As Theorem 2.2, we start from

computing 4 JA(u(t)), where u(t) = e #(=9:+V)y,. Then, we have (2.8). However, this time we do
not have v AV’ > 0 so we only have the estimate

d
1 (¢aw)'llz2 < ZJalul®)) + lle™ | .

At this point we have not used the fact that ug L ¢. Thus, it is natural to have some term in the
right hand side. By the estimate (see (19) of [10] or (6.5) of [7]),

lully, $1Caw) (172 + A e )7,
we have

d e
Jull%, < 7)) +le | 2. (3.4)

We now use Darboux transformation and set v = (ie@x>_1 Avu for € > 0 to be chosen. By the
estimate (see Lemma 7.4 of [7]),

lle™ " ullze < fle™ % o]z, (3.5)
our task will be to estimate ||e31%lv||z2. The transformed function v satisfies

100 = (—02 + Vi)v + [(ied,) ™, Vil Ay

Thus, for B > 1 to be chosen, we have

%JB( ) = <(—a§ V), (”’ + Y50, ) > + <[<i€81>_1 TVilAvu, (%’B + wA,Bax> v>

1 1 ~
=1 o) I — 5 [ BV @icarf s+ 55 [ Viconf s

n <[<ieaw>‘1 VilAv, (%B N ¢30x> > .

Now, for 1 < B < A, we have (see (8.5) of [7]),

le™ 211122 + e~ 217lo )22 SI (CBo) 172 — / 2)|¢pvf* da
L[ Vicsuf e+ A7
b o [ VicooP o+ A7 ul,.
Further, by the estimate (see Lemma 7.6 of [7]),

le= 1ol [(ied,) ™" Vil Avul| e < elle™™ M| e,

and Schwartz inequality, we have

00 Vidave (4 4000, ) 0) | S e (I3 + 5

12



Thus, we arrive to

d
o™ #1022 + fle™ Blelo) 22 S ST (o) + A7l (3.6)

Combining (3.4), (3.5) and (3.6), we have
2 < d
s, £ 5 (Taw) + T (0)).
By |Ja(u)| < A|lul|3: and [Jp(v)| S Be !|u||%:, we have the conclusion by taking 1 < €' < B <
A. O
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