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Abstract

A signature-based algorithm (SBA) computes a Groebner basis of an ideal by attaching a module
monomial called signature to an element of the ideal and by finding elements of the ideal with smaller
signature first. The algorithm reduces S-polynomials by an intermediate basis as in the Buchberger
algorithm. However it is difficult to directly apply a Fi-like reduction of a matrix constructed from
many S-polynomials and reducers because only a restricted reduction called regular reduction is
allowed. In this article we propose a vectorized polynomial reduction within the framework of the
sequential SBA. We report the idea for realizing this method and we show a comparison between the
new implementation and the existing SBA implementation in Risa/Asir.
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2 Signature based algorithm

signature based algorithm 227912, F/NMEOEREE G2 5. —l]D f € I D signature, -7 7
F—HREDERZ GO, il [6] ZBHLTELWY. K 28, R=Klzy,...,2,] £55. I =(f1,..., fm)
Z RDAT7VeT 5. M %R D1 OBIHREKET5. < %2 ROEIEF, < £ R = Re1®- @ Rey
OMBENEF 35, 713 ) XL9T, PEBERESISEME N2 ZIHA fIIXL, f O signature S(f)
MERING. S(f) 1 R™ OMBFHIENXTH 3. sigunature 2552 HNTWBZIHR g9/ D S ZHAD
emg —cdm'g’ (e, € K, mym' € M) D¥ & mS(g) #m'S(g) %5 p=(g9,9') % regular 72 S X7 ¥ I
. mS(g), m'S(g") DIBbREVST%E S(p) LERT 5.

Algorithm 1 signature based algorithm

Input: F= (f1,..-, fm)
Output: (F) ® &-7'L 7+ —EJK

1 S(fi) e (i=1,...,m); Syz + 0; G < 0

2: for f € F' do Update(f,G,D)

3: while D # ) do

4 s« min{S(p) [ pe D}; p<+ S(p) =s7%% pe D; D+ D\ {p}
5 if s 2HIDY)2 Syz DILH2 W then

6: if LM(p) = min{LM(mg) | g € G,m € M, mS(g) = s} then
7: r < Regular Reduce(Spoly(p), G)

8 if » # 0 then

9 S(r) « s; Update(r,G, D)
10: else
11: Syz < Syz U {s}

12: return G

Algorithm 1 128\ T, Regular Reduce 1%, mS(g) < S(p) 7% me M, g € G DAZfH-T Spoly(p) %
B3 5. F72, Update VX, #1L S BRSNS r D OERI NIRRT % D IGEINT 58, [A— signature
DRT7DIHE, LM Bi/hD D DDAKT .

Algorithm 2 Update(r, G, D)
1: New < G & r 54> 7 regular S X7
2: for p € New do
3: if S(q) = S(p) %% q € D DMFET % then

4: if LM(p) < LM(q) then D <« (D \ {q}) U {p}
5: else D « DU {p}
6: G+ GU{r}

Algorithm 1 IZBWTixd a X b2 H 5 DX Regular Reduce TH 5. Z D R Ml @ Buchberger
algorithm (28B) 2 D & [Elfk, JHILE » REGHE DO A X b 02642208, BIED A N2 T2 /51K LT, Fy
algorithm & [FIBRICNRZ FAUTEA T OB ZITS 2 2ikA 5.



3 SBA ICHIT3D Fy ARZ1ILDOERHN

Ty <, I < &R Z Wi/ 2 & 2 IRET %:
t,secM 35 5.

1. < 3ZXEOENEF, T72D5 tdeg(t) < tdeg(s) BHIX t < s.
2. < ¥ <& compatible, $7bH t < s I te; < se;.
3. AT TNOENRRE (fi,...,[m) €T 5L E, tdeg(tLM(f;)) < tdeg(sLM(f;)) 7 513 te; < se;.

il LT < % grevlex, < % < _E® Schreyer lHFF & 34X, 25 DIREEM N 5.
PUR-C, signature 2 te; TH 2 & X, ZDRXE tdeg(te;) % tdeg(tLM(f;)) LERT 5.

3.1 [, algorithm DR

F, algorithm \ZBWTIE, D SR7EF L H TR FMVERTHNT 203, ZDOBROFIEIZLLTDE
DTH5.

1. H55%M20T S R72HED 5.
W, BEREEND S RT 22D 1T

2. MOH L7z S X722 THiIIT 2 DIT 7772 reducer VA M Z2{E5.
symbolic preprocessing & W-E# 5 703 X 2 (Algorithm 3) TIT5.
N HN 2 A[REMED D 2 HIHK OV X F dfEoh 3.

3. IEAD Y R M- T, S ZIEIK, reducer X7 MVITEIT 3.
4. 1§60 7R PR TITAZIED , fiiT 5.
T(p) % p THN 2 HHARLDY X T 5.

Algorithm 3 SymbolicPreproc(S,G)

Input : SR7DEH S, ZHALS G

Output :P = {Spoly(p) | p € S} DIt% G BT 2 EFHIF I TZ %
ZIHAES Red BX U,
P U Red W2 3 2 TOHREAZ A T

—_

w <+ ()

N

for p € S do w + merge(w, T (Spoly(p)))

Red + 0; T + ()
while w # () do
if LM(g;) | TOP(w) %7z 3 g; DMF{ET % then

T % - gi; T < merge(T,T(r)); Red < Red U {r}

7w RBSEEHENLT T OREITENTS %
8: return (Red,T)
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3.2 SBA TF, A2 I OEHNZITIHEDOMER

3 i Tl N7z < BT BIREDICTIE, SBA 1, S R BEXKD/NIWVEHIZIUFE X 5. SBA IZBW
T, 2 d—1 XD SRT7PETAFEI Tz L, Sy BB dRD S R7 2K T%. 2k, Fy, LH
HEIZ Sy B LU reducer EEZITINCEILLTHIL IS 328, LT LS RAICHET 2DERD 5.

1. BRI75 regular fii#ITITH N 2 RIRGHE D RGEL

B m 23 reducer h THENTEZ 208 500, m PHRT 2 S ZIHAD signature ITKFT 5. Lo
T, Fy @ symbolic preprocessing ® % ¥ TIZA 17T, signature %% & L 7z symbolic preprocessing
ZITOREDD 5.

2. Sy 721) T signature D2 d DIREVPR L N3 LIFR LW

regular Y DHIFRIC X D, LM(g) 23Mtid LM(h) (h € G) THIDYINE g D ERINIGEDLH 5.
DA, T2 d RD S R7PERZINZGEDD D, d XROWHHANZH 7= 24T THNBM S 4L
5225, F7z, symbolic preprocessing TF 54172 reducer list TIEHT LW S X7 2T 42
WHEEMED D 5 .

Rz, 2. OFIHIZE D, Sy D2 BAE0 724780 518 SN 72K % G 1BINT % /716 Tl algorithm D 1E14:
BaRg RIB UMW, KXo T, {THI TN S 255703, 703V X4 IKIE Algorithm 1 %547
L, fRHRIEDAZNT MUVIZERR LU TITS AEEZERHAT 2 221235, KDFLCERD LS 1Tk S:

o Sy DHILD regular % LRAES % reducer YV R b % signature % # & L 7= symbolic preprocessing
TIED, Bi7aNZ P TABLTEL.

e Algorithm 1 ¥ [Efk, o TW3b Sy DILD 5 b i) signature DILE N FILIZZEELL T, reducer
Y A T regular f§ifV3 2. regular fiFYDOFRET 72 0 THROVEERIZNR S FULIZEH L T reducer
YA MBS 5.

3.3 SBA ICBIT3EHDONRT RILL

3.3.1 signature Z&[E L 7 symbolic preprocessing

symbolic preprocessing HUZHIHR ¢ 23BNz & X FERARZ reducer g 1%, LM(g) | t 7213 T7% <, t B3
signature s @ S R7ICHKT 255, s - ﬁ(g)S(g) Hili7zTRHEDD 5. X oI, t IFEED S R7ITH
KT HAMEMEDD 5. DS R7 DIFNC t BEINTSH, ZHDBEXAIR regular fli#) THIFIT = 25,812
&, flifTE 2 g ZBATBIREDNDS. ZTD X572 reducer DEDFHE LT, 2l d 200Dk
PEZ LS.

BE 1 LM(g) |t 222 35 S(g) Iw/hd g BT
t XD S ZIHAD regular BHNICIIILT, FEFRIT regular BRIRIRETD, 2D g T regular fHYT =
B0, W, ZORHRTD G 2R TAX Y VT 20BN D 5.

FHE2 smin =min{S(p) | pe Sa} &L, ﬁ(g)S(g) < Smin 27T g BHIUIENZMES . BWGEIZ
3 iy S(g) BNDHDEMES.
ZDXMFTH regular fIRIDTEETE 5.



3.3.2 FICELT- d RD S RT7 DALIE

HIEITIANT K 512 Sy OICOMIEANTHT TS d RD S RT7HEL ZA[BEMEDH D, 2D S ZHAH
IZ symbolic preprocessing TlEIHI LD - 7o BIHAD BN 2 A[REMED D 5 Z D & 5 RBHEAXZHNTE %
reducer ZIR L TEL BEDWH B. Sy 5 symbolic preprocessing T SN/ HIHA Y X % T, reducer
YA b% Red ¥ 55. p¢ Sy 785 ST 2T 255,

e T(Spoly(p)) C T D&

Spoly(p) % regular ffifI3 2 DIZ 14537 reducer ST TIZY A MIH LD T Red lZZDFFMHZ 5.

e T(Spoly(p)) ¢ T DEHH

Spoly(p) ZXf3 % symbolic preprocessing DFiRG H N7 HIHXY X b reducer YV X M &2 ZhZH
T, Red I2v—YF 5.

3.3.3 [, RE21ILOEHN%ETTS SBA

AEICIAR 72 /7 7EZ D A7z SBA A3 Algorithm 4 T®H 5. SymbolicPreprocSig (Algorithm 5) 13,
signature %% & L 7z symbolic preprocessing 25473 5.

Algorithm 4 SignatureBasadAlgorithmFy(F)

Input: ZIHRXES F=(f1,..., fm)
Output: (F) ® &-7'L 7F—HK

LS(fi)+e (i=1,...,m); S+ 0
2: for f € F do Update(f,G, D)
3: while D # () do
4 d < min{tdeg(S(p)) | p € D}; Sa + {p | tdeg(S(p)) = d}; D < D\ Sq
5 (R, T) + SymbolicPreprocSig(Sq, G); VR <+ PtoV(R,T)
6: while S; # 0 do
7: s« min{S(p) |p € Sa}l; p+ S(p) =5 785 p € Sy; Sa + Sa\ {p}
8 if s ZEIDY)5 S DILHEW then
9: if LM(p) = min{LM(mg) | g € G,m € M,mS(g) = s} then
10: if T(Spoly(p)) ¢ T then

11: (Rp,Tp) < SymbolicPreprocSig({p}, G)

12: R < merge(R,R,); T < merge(T,T,); VR < PtoV(R,T)

13: r < Regular ReduceV (Spoly(p), VR, T); S(r) < Smin

14: if r # 0 then

15: Update(r,G,D); R + merge(R,{r}); VR + merge(V R, PtoV ({r},T))
16: Sqg <+ SqU{p € D |tdeg(S(p)) =d}; D« D\ Sy

17: else S+ SuU{s}

18: return G

10-12 f728, Y 2 b T IZEENRVIADE U8 EC reducer YA N R 2 T 2/ED EHIHAET
H5.



Algorithm 5 SymbolicPreprocSig(S, G)

SymbolicPreprocSig(S, G)

Input : SR7DEA S, ZHALS G

Output :P = {(Spoly(p), S(p)) | p € S} Dit% G ITBIF % regular flifyT
IEHB T & 22THR L signature DR T7ES Red B X U,
P U Red IZHi 2 2 TOHIHAZ WA T

Low< ()

N

for p € S do w < merge(w,T(Spoly(p)))
Smin < min{S(p) | p € S}
Red < 0; T + ()
while w # () do
g < FindReducerSig(TOP(w), G, Smin)
if g # 0 then

m <+ TLOI\/PI)(g;))); T < merge(T,T(mg)); Red < Red U {(mg,mS(g)}

9w PBLEHEALT T OREIEMNT S
10: return (Red,T)

® > gk @w

Algorithm 6 FindReducerSig(t,G, Smin)

Input : HIHK ¢, Z2HRES G, I 5,5,
Output :LM(g) | t 222 mS(g) 2372 5 RL/PEWV g € G (IRWHE0)

1: 8405 gmin <0
2: for g € G do
3: if LM(g) | t then

) t
4: m <— _LM(g)

5: if mS(g) < Smin then return g
6: if s =0 or mS(g) < s then

7 s =mS(9); Gmin =9

8: return gpin

FindReducerSig (Algorithm 6) (%, 3.3.1 HiD /5l 2 21735 %. 5ITHZHIRT 2 &, i 1 25T
T3, SEZIHERE, N7 bVITEML /2 reducer Y 2 M2 & D regular fiif %2175 DAY Regular ReduceV
(Algorithm 7) TH 5. reducer VR %, JEBHHD A V7 v 7 A% ¥ — 2 T 5847 bLOEFN LS
%DM PtoV (Algorithm 8) TH 5.



Algorithm 7 Regular ReduceV (p, R, T)
Input : ZIHK p, reducer 5 R = (ro,...,r_1), HERY] T = (to,...,t1_1)
Output :p # R T regular fifify L 72458

1: p:CQto—F"'—FCl_ltl_l @t%’u(—(Co,...,Cl_l)
2: fori=0tol—1do

3: (Ti, Sl) «— Rl
4: if v; # 0 and r; # 0 and s; < S(p) then
5: v v —v; -1 (r; DIEFITITH L TDAHEEH)

6: return voty + -+ v_1t;_1

Algorithm 8 PtoV(R,T)
Input : ZIHK E signature D7 DEA R, HIHRY| T = (to,...,t1—-1)
Output :Bf72R 7 b UIZZEHLL 7z reducer 5| VR = (VRy,...,VR;_1)

1: fori=0tol—1do

2: if LM(r) =t; 725 (r,s) € RDMFET % then

3: r/LC(r) = Y5 ety £F B E v ((in,01),- .., (i, r)); VRi 4 (v, 5)
4: else VR; + (0,0)

5. return VR

4 S2ER

FIEAE SR % Risa/Asir 20230315 on MacBookPro M1 Max Tf7 - 2% % /8. nd_sba (Algorithm
1), nd_sba_f4 (Algorithm 4), 8 XUZE ¥ LT nd_f4 (simplify ZFERL TWARWV Fy) DIRFHZ R
3. RIERHEGH AR L ORETHRAIIHTH 5. K 4 VAR Faoges, K 2 HVHHEUA T OFIER
BTH2. ANATTME, ANV F 2= HCILHWLINEDDTH 3.

hrandom(n,d,m) X dense 7% n ZEFER d KA m (A TEMINE A TT7ILTH .

4.1 E8
4.1.1 ARELOFHERICOWVWT

nd_sba ¥ nd_sba_f4 T 2 ¥, HRIK LTI, nd_sba_f4 K 10 fEFRESHRTHZ. U, H
D ERIE L TOFE I X PORELRH DT ZEDZ LG L TOWRARTH 5.

WL D2DBNIXT L, 3.3.1 HiTiiX7 symbolic preprocessing 1283 2 DD FE OB DT 72, K
3BT total IXR2IRDFHRIFFH, symb & symbolic preprocessing DFIHEKFH, (find) 1X symb D55,
reducer % B 2 DIZhd o 12K %2R~ T. 7781 (FIRAR L) Tk, 2RO ERHIM L R 25505
%, find 23MRGGIZKE 72D, total DR D D% ED2%G03H 5. —J7THE 2(FRH D) T,
RIEDFTEREDFE 1 XD B 25855 27, find D total IZHFT 2EHEIZZ S KELFRW. Zhdo
BN HZBD, HE 22T 740 MCT2DPEED LI ITHZ 5.



nd_sba nd_sba_f4 nd_f4
ecol?2 24 4.3 9.6 nd_sba nd_sba_f4 nd_f4
ecol3 220 28 80 dl 0.80 0.80 0.23
ecold 2300 220 770 extcych 2.2 0.80 0.28
katsurall 36 4.4 27 855 2.0 1.7 0.18
katsural?2 330 25 220 filter9 2.9 7.2 0.094
katsural3 2900 160 1700 ilias13 6.2 2.7 0.36
noon9 17 6.3 26 redecol2 5.6 1.2 3.2
noonl0 230 61 320 reimer6 4.6 1.5 0.97
noonll 4100 690 4500
nd_sba nd_sba_f4 nd_f4
hrandom(8,4,6) 570 74 230
hrandom(8,4,7) 2300 170 840
hrandom(8,4,8) 3100 220 940
hrandom(9,3,8) 280 28 130
hrandom(9,3,9) 270 26 110
hrandom(10,3,10) 6500 460 2400
# 1. AR LToRA
nd_sba nd_sba_f4 nd_f4 nd_sba nd_sba_f4 nd_f4
assurd4 4.5 2.1 0.92 jcf26 48 21 15
chemkin 10 3.1 0.65 jcf26s 16 8.9 1.9
cohn3 11 6.3 1.8 katsura9 16 2.1 13
cyclic? 6.5 2.0 2.3 katsural0 220 21 150
discret3 230 210 1700 kinl 2.7 2.3 1.8
dl 20 8.9 3.6 kotsireas 1.8 0.59 0.32
ecol0 4.0 0.87 1.8 mckay 340 250 23
ecoll 53 8.2 100 noon8 5.3 2.2 14
ecol?2 910 110 380 noon9 97 22 190
extcyc6 71 20 8.1 pinchonl 43 16 0.62
855 75 36 8.0 rbpl 6.6 1.9 4.2
fabrice24 8.8 4.9 1.0 rbpl24 8.9 4.7 1.1
filter9 220 96 340 redcyc? 4.6 1.2 2.6
il 2.8 2.1 3.8 redecol0 1.2 0.21 0.90
ilias13 9100 2600 46 redecoll 8.0 1.2 6.3
ilias_k_2 54 17 4.7 redecol2 65 7.5 47
ilias_k_3 94 40 7.7 reimer6 67 10 46
2. AHEA LTORE



Jidt 2 Jidt 1
total symb(find) | total symb(find)
ecol3 28  4.0(1.3) | 23 4.4(2.9)
ecold | 220  23(6.8) | 180  26(17)
katsural2 | 25 3.1(0.59) | 22 3.1(1.1)
katsurald | 160  14(2.2) | 140  15(
noon9 | 6.3  1.9(0.93) | 94  5.1(3.
noonl0 | 61 12(6.8) | 100  53(46)
noonll | 690  100(64) | 1300  770(710)

7% 3: symbolic preprocessing D EIE

4.1.2 BHEREHELOFERICOWVWT

GHBUAETH, I D nd_sba_f4 HZ L DFIT, 2 M5 EEHTH 208, Zud, HHEIK EToOFEI
I X DIROFTE X PR ERIBTEZHDIGENZ N e 6 TRNORRTH L. HlHE LTH
2 HNDDIX, nd_sba B3, AN A-DF 7 regular fi#YT = % reducer ZZ D FE FH5 DITH L, nd_sba_f4
TR D S ZIHKX % regular iU TE % X 572 reducer ZHELICIT L WH L TH S, nd_sba TIHU
W15 2757k LT, 1] signature 23/NTH % reducer 3K 2 kR IEEL TAh. £41%, £ 2 T/

RANZ A DI 7= reducer  signature /) reducer nd_sba_f4

chemkin 10 5.7 3.1
dl 20 16 8.9
ecoll 53 37 8.2
ecol2 910 430 110
filter9 220 360 96

ilias13 9100 5300 2600
katsuralO 220 140 21

7% 4: reducer D HDI 7512 X % nd_sba DFTEFRR D IR

WD 55, DR TREREDNOVWDDDAEREDISDTH 5D, filterd DL H I X - T
{722bD%, @E(LT2dDD, nd_sba_f4 LIFKAL LTRELREDNDH L HDIINDTHD, nd_sba_f4
DEEMEIITE S MOMEHY’H B2 LS5 TH 5.

B, TZTHOWEHID S5, filter9, ilias_k_2, ilias_k_3 IZBWT, H 2 LB DINMFIC, S ZIH
AN HT 72 72 IHADI B4 T, symbolic preprocessing D=2 D E LT 7z,

4.2 Frd

SBA IZBWT Fy AXANVOITHIfiRIZ LD ANTFATHsE e LTI, F4/5 2] ¥ MatrixF5 [4, 5] 2%
% . BIEIEHIZ, signature & B L7z symbolic preorocessing #1795 Z ¥ DAEEZEZ L THD, termination
DIRFEIZ72 <, IEH I OWTOFRIFR V. HBEFE, 2% d D Macaulay 1751 %{E > T regular ffific
Y3 2 8ERTHIMRIE LTHITT 5. T LGHEREMED LT X2 6HVWLR TV A 0%EA



B IEEWHEW. 2 2Tl TR, FIRME, Y EDIREEE Tz, BRI SBA OMHAZHE T, &
regular fiifyZ X7 PUVERTITA 2 X 5 IR ZEMNT 2 DTH 5. [THIEICHIRER DX 7=, iRk
TIT, H2WVIFNDEINENZ LY, Fy BT 2175 & 2722 3203, 2O LTIk
RN BB Z e b,
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