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Abstract

In this paper, we consider stabilizing the approximate GCD computation by Barnett’s theorem by
preprocessing the Bezout matrix. As preprocessing methods, we discuss numerical matrix construction
methods and the removal of unstable elements/rows of matrix that are over-determined systems,
using many numerical examples. The condition number is one measure of numerical instability that
is algorithm-independent, but there are several algorithm-specific measures. In this paper, we also
discuss the conversion to a dominant-diagonal matrix, which is a convergence condition for the Gauss-
Seidel method and the Jacobi method.
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E& 1 (Bezout 175)
AZIHEA f(2) & g(x) ITDWT, ZIHA Bpol(f, g) = f(@)g(y) — fy)g Z bzt ly Fle, y]

Xr —
Yy 1<4,j<n

DIRE 575 % Bezout 175 Bez(f, g) &i&, RDTHTH 5.

bl 1 bl,n
BeZ(fag): :(b17b17 ,bn)Eann (1)
bn 1 bnn
$ibB, Bea(f,q) D (i,)-24 b ; &, Bpol(f,g) D« 'y~ TH%. .

e 2 (Barnett DFEEDOHEAR [11])
k =deg(ged(f,g) £T5%. TDOEE, n—klDOXT FLbryq,. .., b, E—JTHIITH Y, HD, b;(1 <0< k)
& b1y, b, KK TERDN, THICROMEGREHTZT.

n—k—1

bi = Ci,lbk+1 + Z Ci,1+jbk+1+j7 for 1 < 7 < k. (2)
j=1

TTT, e ldeed(f,g) = kb + - +co Dt~ DIFE ;1 ZERE e TEIS Tl ¢; 1 /cp WY

%), 3‘?)7&"5, Ci71:Ci—1/Ck T%%) 1
HHCATS AL
Bez(f.g) = (b1 - b | Beza k(f29) )

LATSIEDIRT % £ % (Beza_i(f,g) € FX00), ROBIGHERARML C L THS (DEEKD DI,
RO 1 BHEORTH ).

Bez,—i(f,9)x =b; for 1 <i<k (3)

SO (3) OBEVSER TS D, k HOFEHI - T EECHMCEIMEA RS, IR 53
Fe D ERMEINC SRR B 5. FTOROAC & > TREMAZED S T & O%RME (1 1) % RICRT.

1
RDOZIEX f(x) & g(x) DL GCD c(z) ZRDS.

fi(x) = () (2® + 42 + 32 — 1), g1 () = ¢ () (2 — 42 + 1) with ¢;(2) = 1/5.02% — 2 + 1

fi(x) & g1(z) MB7%% Bezout (TR TR EINS.

~3.0 3.0 —2.60 2.0 —0.400
30 —17.0 || 19.60 —7.800 1.0
BM = —2600 19.60 || —12.92 —1.200 0.9200

2.0 —7.800 || —1.200 6.2400 —1.480
—0.400 1.0 0.9200 —1.480 0.3200
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3,4,517 * 3 ~ 5 UM SRR E N B INTTHI BYYL 5 5 DFAEE cond(BYL) 5 ) = 5.95 x 10° TH D,
BWRELZ> TS, TTT, BEIRTBITOMAEGDOEELEZ S T L THERMFBIERDK 51T 5.
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12,3 17H cond(8§2§ 4 5) =143 x 10
1,2417H | cond(B! 1243 5) =123 x103
1,25 17H | cond(B3), 5._5) = 1.81 x 103
1,35 77H cond(B%}) 4 5) =118 x 10°
2,34 17H | cond(BS 234 5 5) = 4.50 x 103
2,3517H | cond(BY) 5 5) = 8.80 x 10°

BAEI M BFIRT 2 LH I THNSRFM THNC IR D FEENTIITEE N KO, KA —F . 1
ROB 2 13 EHREE L B2 ANVEATHEOMTHS (FIDE D FiRERT).

il 2
RDZIHKX f(x) & g(z) DL GCD co(z) 23R 5.

fa(z) = ca(z)(2® + 4o — 1), go(x) = cox)(x® — 42 + 1), with cao(z) =

fa(x) & go(z) MBT2% Bezout {THIEF R TR ENS.

0.1z — 1)(z + 0.5).

~1.0  —0.900 || 1.6000 —1.1500 0.1000
~0.900 —4.3100 || —4.7100  0.6150 —0.0100
B2 (fa,92) = | 1.6000 —4.7100| —12.0450 7.2500 —0.6000
~1.1500 0.6150 || 7.2500  2.6700 —0.340
0.1000 —0.0100 || —0.6000 —0.340  0.040
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37z d 5. TTT, deg(f) & f(x) DXE KT, TOZEHROZIHNTHE NS Bezout 17513,
& & D Bezout 175172 0o < DR LTATHNCEFE L.
—0.040  0.340 || 0.6000 0.0100 —0.1000
0.340  —2.6700 || —7.2500 —0.6150 1.1500
B2 — | 06000 —7.2500 [ 12.0450 4.7100 —1.6000
0.0100 —0.6150 || 4.7100  4.3100  0.900
—0.1000 1.1500 || —1.6000  0.900 1.0
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2 Bezout {77 DB

ARETIE, ANZBHAXELET 5 LICK 5 T Bezout {THIDOEMMNNE T EHRVDIRE 21T, 2.1
i ciE AN1ZHEE Bezout {THIDMGRZ, 2.2 HiCIIZEHTE L TFEORBIC DN TIENRS.

2.1 Bezout {T5DMHE
ROWEINH %Y.
I. Bez(af, g) = aBea(f, g) with a € F
2. Ben(f.g) = Ber(f + ag.q)  Bez(f + ag. f + bg) with a.b ¢ F

ZEHAOMIC L BEBERL TE, Bezout {THIIZE(L LW A5, WL LTEMTEWVWT EHb
n5.

2.2 ANZEROEH

L GCD ORUNFERED R 2R E R B RELERTHEDT, FHRBERELITEHILTHET
IRVDRETT S, z — ax with |a] > 1 ZRBLEHZFEN L DM ROBITH % (R, AITRENT &
Wohs).

5l 3 (EMTIEGEWER 2 — ax)
Bl 2 DZIHAXTHETT 5.

fo(2) = co(z)(2® 4 4z — 1), ga () = ca(x)(2® — 42 + 1) with co(x) = (0.1z — 1)(x + 0.5).

x — ax LWV EEE LI, a=2,5,10 L ZNZFIURAL T OEMEEFE LIz LT 5, &
% 6.32 x 106 5, ROEICFNFNE(L L.

e a=2: — 6.42 x 10°
e a=5 — 116 x10° (TDL EDIH|EER)
e a=10:— 7.02 x 10*

Bezout {75 DD Bpol(f, g) DIRET, LHERXDFEMD 5752 TDICHBEROBERNKEL, D,
IRERAVINE K AN D 5. TN 2, 1THOEREEREOMEMZR L, 179 DOMimAVINE < 7z 5 i
HB.

-5.0 —22.500 200.0 —718.7500 312.5000
—22.500  —538.7500 | —2943.7500 1921.8750 —156.2500
200.0 —2943.7500 | —37640.6250 113281.2500 —46875.0
—718.7500  1921.8750 | 113281.2500 208593.7500 —132812.500

312.5000  —156.2500 —46875.0 —132812.500 78125.0
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MNCALZEIRATINCIZ B T e D, TOLEHBAHRNTAEL. 1

kDN EVBEIC, BRTE D750, SEHAD SHRE NBITHIDY A DL B LEIRTE (T
W2 % T LI TES.
ROV A R AT T EHMERV LB ZTHE, ROZHMNT QITBnDL.

f@) = f'(@) = (ax + 1) f(2), g(x) = ¢'(z) = (br + 1)g(z)

RiF a,b DFEMFIC K > T EEEDZEHDRHFIC DN TIHRET LIHERTH 5.

ZHc DN T

l.a#0andb=0D & &
Bez(f',g') € F+Dx(+1) and Bez,,_x(f’,¢') € FtUx(=k+1) GH Y | L GCD ZDEDIFZED
5T IEE L LW Tz DE A THIDFEC S ORI ZED S50,

2. a#band a,b A0 DL E
Bez(F',G') € F+2x(+2) and Bez,,_1,(F', G') € F+2x(n=k+1) wd5 0 JEEI GCD ZD & DIEFZE
H 5 FTIIUIZAL LW T DI TR DT OBUE D 57500,

3.a=band a,b A0 DL X
Bez(F',G') € F+2X(42) and Bez,,_j_1 (F',G") € F+20x(=F) TH D, THO, Ll GCD H%E
DO EITHNC DD TIEEIRNATRE AT 2 1718 2 %, AL GCD ZDE DML LD 1 2 % 7
b, fif < RXEHFTRAXOMEUE 1 DIEZ 5.

ROHNE a = b DEEDBIERITH .

B 4
il 1 TEZ 5NTZ2HAUCTOWT, ANZEAZZET S LI XS K > TREBOZ b2z H 5.

fi(x) = ci(2)(2® + 42 + 32 — 1), g1(x) = c1(2)(2® — 42 + 1) with ¢;(x) = 1/5.02% — 2 + 1
ROZEHZITS .
fi@) = fi(z) = (102 + 1) fi(z) and g1(x) = g)(x) = (102 + 1)g1 (x)

TOLE, SEEGOD I c(z)(10x + 1) &3O KB Z TV 5. B E NS Bezout 1751 B®) OE175
DFEMEUIRDED TH 5. FATHNONDY A XFZED 5T, [TOY A XN 1A T78, H{THD
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4,56 1T | cond
1,2,317 | cond
1,2,417 | cond
1,2,517 | cond
1,2,6 1T | con
2,3,417 | cond

123 4..6
1244 ) = 8.91 x 103

(B56.1..0)
(Bi23.4.) =
(Bio11.0)
(B! 1254 ) = 9.61 x 10°
(B 1264 ) = 2.07 x 10°
(B3zh.a.)
(B535.4.6)
(B )
( )

Q..

%Mw —1.27 x 103

2,3,517 | cond Zb4 ¢) = 1.03 x 103
1,3,5 17 amd§%46:9mxlw
1,56 17 comdBu.,M6 =3.17 x 103

% 1. JMBOZEHITDONT

HAGDEIC & > TEEMEROBEN RSN (BL 46 & Biasas) TRTOBECHOTHES L
DI TEAL, BUHTELDENDZHANDS LS TH5.

TOBRAGHEL LT, SENTEBEROTIEAL, BEWVICD LT ON 28R Ui & 2SS
KELESBRVERDADS K5 THs. BF5L, HERFICEFRT 2 EHEDNEL 5% LBbN 3D,
5% E 5 BHERINESHRETH .

3 REZDERTHSENE

HIATE, FISBTRNOFM R NE L TEH5T LICDNTERZITo Tz, ZRBIIRED 7 )V T X
LIc K59, AREETHS. KETIE, RKEZEZBNCT VT XLARLFS A0S DN TESES
%. $ixbb, REEDINHRT % & 5 Haiillel - ZEAREIC DOV THETZ T 5.

3.1 Gauss-Seidel ;¢ Jaconi &

AT, FRTHERE R OO R EETH S Gauss-Seidel i, SOR 12 & Jacobi i3 %1k
59,

Gauss-Seidel £ & Jacobi IEZIEHICB TS 7IVT) AL THHORDE I IETENS.

AR Az = b E5A 0N, T A%Z A= (L+D+U) EFRURDREXT Az = b Z5t
BT 5.

o Gauss-Seidel i
RBZ R THERK.

L+ D)™ =b— Uz®

THY, MOBHITERTIHEINS.
i—1
2D = L(bl ~Sa ”x(t+1) Z a”x(t))
@iyi =1 j=itl

2) Z‘lﬁ(i@%ﬁﬁ]?ﬁ successive overrelaxation method. Gauss-Seidel {EICHHE/ ST A —X7%& ANT=& D
SINFHETTRE. ZABANDILEDRHIT k £50 shdifk
D Krylov ) %Fﬂﬁiklﬁt’\fﬁb"bﬁfﬂi&b\




e Jacobi iE
B2 R THERK.

Dz =b— (L +U)ax®
THO, BOBMDEXTHEINS (WMFHHLAIRETH S T L DVRHE).
2 = L (b= Y agal?)
B i#i
Gauss-Seidel % & Jacobi IEDINREIHERNTH S T EMMBN TV S.

il 3 (Gauss-Seidel & & Jacobi FEDINREM)
Gauss-Seidel £ & Jacobi KIS 2 7cHDHIEMFFITI A = (a, ;) D (3FK) BRHATTITHBH LT
H5.
|am-| > Z |am-| for1<i<n
i
REITIE Bezout 1A DI TR NS Z i1z T K ICEMMTE D0, IKDOWTE—HEICHEIT 5.

3.2 EXNATINOETHBRDRET
5l 5
ROZIENTHET 2 (N EFRBOILER 7287729, BIEMCIEZZELTN5).

fa(x) = (222 — 2+ 1) (23 + 42 — 1), g3(2) = 222 — 2z + 1)(2® — 42 + 1)
T D& &ED Bezout 1751 Bez(f3,g3) 3RDELBOTH%.

-4 8 | -14 10 -4
8 30| 44 50 12

Bez(fs,g93) = | —14 44 || -62 64 -8
10 —50| 64 —84 8
-4 12 | -8 8 16

e a(z) #b(z) and b(z) = 1 ZHDTEA 5.

fa(x) (a1 — ag) f3(x) = (a1x — ap)(22? — x + 1) (2 + 42 — 1)
ga(z) = ga(x) = (2% —z +1)(2® — 42 +1)

ZDr X, Bezout {TANIRD L IICIES.

dag + ag —8ag — Hay 14a9 + 6a; —10agp — 9ay dag + ag —2ay
—8ag — bay 30ap + 13a; —44a9 —20a;  50ap +19a; —12ap — Hay 2a;
14a9 + 6a; —44a9 — 20ay 62a9 + 32a; —64ag — 32a; 8ag + 10ay 4ay
—10agp — 9a;  50ap + 19a, —64a9 — 32a; 84ag + 19a; —8agp —3a; —10ay
dag + a;g —12ay — bay 8ag + 10ay —8ag — 3ay —16a9 — ay 18a;
—2ay 2a4 4day —10a; 18a; —4ay

T2k 2 £, DK S EHEINR LGNS,




— 6\ REDOREEZHADBRICE Z DO DB,
— f(z) DHOZHTEIHITINCT ZDIEHELZ 5.

(a1 — ap) ICF>EBNS.

ZhDZ, BRElT BNZEHI, (F,G) = (a(2)F(2),b(z)G(z)) DBHT I

Bl 6 (a(x) # b(x))

Bl 5 DZIRICDONT, KROFLIHZ

f5(x)
g5(z)

Z D& ¥ Bezout {THIERDIED .

4 =

17T9.

3z —2)f3(x) = 3x — 2)(22® —x + 1)(2® + 4o — 1)
(4z — 10)g3(z) = (4o — 10)(22% — z + 1)(2® — 42 + 1)

—-102 302 —476 510 —182 76
302 —1062 || 1768 —2018 902 188
—476 1768 || —3008 3408 —1588 120
510  —2018 | 3408 —3866 1730 60
—182 902 —1588 1730 —794 —428
76 —188 120 60 —428 280

HAITINDY A XK ELTED, D, BRATINICTE I LRBHLNE I THB.

Bl 7 (a(z) = b(x))

Bl 5 DZIAXICDNT, ROFHLIZITS .

fo(z)
96(x)

(100 — 2) fo(x) =
(100z — 2)g3(x) =

(

ZDEZE, Bezout {THNERD X S/ %.

(100z — 2)(222 — z + 1)(z® + 4z — 1)
(100x — 2)(22% — z + 1)(2® — 42% + 1)

—12 612 —632 1608 —416 800
612 —31268 35100 —85532 27440  —42000
—632 35100 —180128 || 263132 —338592 99600
1608 —85532 263132 || —333440 341584 20800
—416 27440 —338592 || 341584  —598272 —46400
800  —42000 99600 20800 —46400 320000

o HURTRERICHINT B1T5T A RBZED 550D, filt S FTRERDARMZ 5.

ROZEHUIANZHNICR T B ZHAZZA LD THS.

(2002 — 2) fox) =
(200x — 2)g3(z) =

fr(z)
g7(z)

(

ZD L ED Bezout {THANIRDED TH 5.

(2002 — 2)(22° — z + 1)(2° + 4z — 1)
(200x — 2)(22% — z + 1)(2® — 42% + 1)

—12 1212 —1232 3208 —816 1600
1212 —122468 130100 —330932 94840 —164000
—1232 130100  —700128 1026132  —1337192 399200
3208  —330932 1026132 || —1306640 1343184 81600
—816 94840  —1337192 | 1343184 —2396672 —172800
1600 —164000 399200 81600 —172800 1280000



Ko, ®IBZHAREZTHIOZEIICOVTEHS.

fs(x) = (x—2)f3(x) = (x —2)(22% —z +1)(2® + 42 — 1)
() = (3-2fs(x) = (2 D(2® — 5+ 1)(&° — da® + 1))

ZD L ED Bezout {IANIRDED TH 5.

—-12 18 —38 24 -20 8
18 =83 153 || —194 116 —24
—-38 153 —245| 287Y —111 6
24 —194 287 || —404 133 10
-20 116 —111| 133 84  —68
8 —24 6 10 —-68 32

(fs,g8) &35 %, FIB2UHNZLERTHOZHICOVTELLS.

fo(z) = (102 —2)(2z% —z + 1)(2® + 42 — 1)
go(z) = (10z —2)(22* —x + 1)(2® — 42 +1)

D EZED Bezout {THNIRDED Th 5.

—12 72 -92 168 —56 80
72 —488 900 —1472 980 —600
—-92 900 —2828 | 3932 —4152 960
168 —1472 3932 || —4760 4444 280
—56 980  —4152 | 4444 5712 —1040
80  —600 960 280  —1040 3200

CDZHT, (NFR) EXRAITHINCEIRT E 258 DFEENE AT, BUEZHMICRIET 5T LId#L
WZELRBRTES.

3.3 &Gt, BRAlCEYISLOH?

I, BRAICED D50 DN ? Bezout TTHIMZIHADHE Bpol(f, g) DERED BHEKE N BITHDT9,
PR BVDET A, REMDKELZ3EADHS.
HIDETHIANTZA, BARRBILIZHEMTRAY. BUENICR® 2 T & HRTEEN 2 ROBITRRET 21T - Te.
il 8
f3 & g3 DROFHHZE R % (LFIE 1 DI L)
fo(z) = (az—1)f3(z) = (ax — 1)(22% — 2z + 1) (2> + 42 — 1)
go(x) = (ax —1)gs(x) = (ax —1)(22% —z + 1)(z> — 42 + 1)

a DEICE 5T, Bezout 9D DITHIDENAICTE S T LId T TIOR LIehEtERTRER DD, HIE R AR
AV i IR



X9, fo(z) & go(x) D Bezout (152K T 5. THNOERDTHIDMEN IS IR EEIR DO AHVHE T &

TUTRW.
-3 3a+3 —3a—8 8a + 2 —2a — 4 4a
3a+3 —3a% — 6a — 17 3a2 + 25a + 25 —8a% — 27a — 33 202 +37a+10 —4a?®—10a

-3a—8 3a?+25a+25 —17a% —50a—32 || 25a% +65a+33 —33a®>—43a+2 10a% —2a

8a+2 —8a®—27a—33 25a®+65a+ 33 —32a%2 — 66a — 60 33a® +58q — 4 2a2 + 4a

—2a—4  2a®+37a+10 —33a% —43a + 2 33a? + 58a — 4 —60a2 4+ 8a +32 —4a® —32a

4a —4a% — 10a 10a? — 2a 2a% + 4a —4a% — 32a 3242

T DIATTHNIMERFGIC TR B DI, ZHL a DRI Z B (o OB 2) ZEFIE L <, THUIEL <7
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