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ABSTRACT. AR 2023 4 1 H 26 HIEADHIH L AT Z S LICHEL D TH 5.
AGLHETIE Hecke fEFHZD L Y AR MR EBN L, JIBH & LT Kronecker-Hurwitz 2544
BT 2 — #5918 X O Kronecker-Hurwitz SO D EEHMT % 5 2 2. ARIFFLIIEEIES
(EFRY) . oHFpFFRICHo <.

1. INTRODUCTION

FEHX k, LU N, 5 x DM P A TERDZE/M % S, (Do(N), x) £HL. D% ED
Hecke fEf 3£ T'(m) € End(Sk(Lo(N), x)) (72721 m € Zwo, ged(m, N) = 1) IZRD X 512&
BINZDTHo T

(Tm)f) (= vy e Zf (“”b)

a,d€Z(),
ad=m

¥ 72BE D 2t LT, Kronecker-Hurwitz 28%% (the Kronecker-Hurwitz class number) & Ff
28 H(D) € Q #i%é NZDTHoT. RFEHTIE T(m) R HD) THTZLUTD3
DDFERZHENT 5.
o EHpITxE 3 Hecke fEHZET(p) DL Y ARV bD b L —ZADBIRAR (LY IRV
3K, Theorem 3.4).
o FEHODE ( ﬁ)yezmEZ gy D [—1L 1 NTD (HAP” —12)) ez 0 tezi2<apr 1 E D
HANMN E—Fk2 i (Theorem 3.1).
o (H(4p" — %)) vezotczi2<ap PFNIEET 2 HIEFTAH (Theorem 5.2).
Hecke fEFZE T(m) & m 7210 TR< k,N,x THEETZ2DT, LTFTET(m) DML —R%
tr(T(m)|Sk(To(N), x)) £EZ, T(m) ﬁ){’ﬁmﬁ‘é’tﬁaﬁ%ﬁﬂf‘ﬁ'é (XHRD 553025 & ZIFMES
ZeHHd).

2. THE KRONECKER-HURWITZ CLASS NUMBERS

Kronecker-Hurwitz 385 (% 7213 Hurwitz 8) 0@ ZEWH L TH <. D=0,3 mod 4
¥78% D € Lo 1T LT, BEARE 2 7T 2 YK TH o TIEEMEDDHBIXDL —D Db D2
% Q p &BKL:

Q p:={Q(z,y) € Zlz,y] | Q : positive-definite quadratic form, discriminant=—D}.
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ZDEEBITIIPSLy(Z) BT O —LTHEILERLTWS
(Q-[25D(,y) = QC([2 §][¥]) = Qlax + by, cx + dy).
PR A Q_p/PSLy(Z) BEREATH LI eHHONTWS. Q € O_p DEIEENEE D &
ULTDEIITED 5:
Lg:={y€PSLe(Z) | Q -v=Q}
Kronecker-Hurwitz $i£ & 1, RKEMICIZ Q_p/PSLy(Z) DILDEED Z & TH 5.

Definition 2.1 (Kronecker-Hurwitz class number (or the Hurwitz class number)). D =
0,3 mod 4 Zfii7z3 D € Z~o X LT
1

H(D) := > T

QEQ_p/PSL2(Z)

eB<.
Remark 2.2. L —D D3EARHHIKTH 2 & 213,
ho( /=
Hipy e
#00(v/=D)

DD ILD. 2T hy—p) (3 2 Xk Q(vV-D) DBHTH D, oa(m) R 2 RiE
Q(W—D) DHEEETHZ. DF D, H(D) IFAEMIHE 2 RIKOFEHE 25, — D DI
OWTIX —D = Dgpf? i34 \ﬁ@%%x% ZZTDp <0 E :=Q(H-—D)DHHIRT
BD, f €Ly THD. ZOESRABI—BHCIRES. COL TEEFIC LD, B
Jﬁ‘}j‘é Dg %%t 3 % JR4EH) Dirichlet 8% xp, ZHWT

> d][a-pxpe )

H(D)
-1
#"E o<dlf pld

EEL TS,
H(0):=-1/12 2 BL. ZD & &, Kronecker-Hurwitz FHEDAN BT 2 2FKd3 W < D]
LRTW3

Theorem 2.3 (Kronecker (1860) [11], Gierster (1883) [8], Hurwitz (1885) [9]). p % %X

LIBHEE,
Z H(4p — t*) =

teZ
t2<4p

DD LD, —fRD m € Zso IZH L TIE

Z H(4m — t?) = 20(m) — Z min (d %)

SEZ 0<d|lm
t“<4dm

DD IO, 2T o 3N EERTH 3.

Brown, Calkin, Flowers, James, Smith, Stout (2008) [2] 12X D, LFEEDFAKD mod N
version 2VNEW NI LTHE RO N =20k ZIXAr R kﬂ LT

=2 (g
Z H(4l—t2) — {ﬁ ( _O)a
3 (a=1)

[t]<2V1
t=a (mod 2)

it E NS, Micd mod N = 3,4,5,7 versions b5 H7z. 7272 L 5, 71 L TEERD
AR TH 5. £ D% Bringmann, Kane (2019) [1] i& mod 5,7 versions Z 562125 2 7.
# 5 1% mixed mock modular form (=Ev 7€ 27 —EREEY 2 7 -TFRDHM) ZHW .




Kronecker-Hurwitz 28825 E v 7€V 2 7R BB L TWE I e 2RNICEH L 72D
1% Zagier (1975) [19]) TH 3. D=1,2 mod4 D& & H(D) := 0 LfEZED T H DEFE
% H:Zz— QIIERT 2 M TEZL. ZOL &, (H(D))pez., P q ¥ L LTOREE

Y H(D)" 13, q=e2RAT2L & B3 DOT(4) KETBEy 7 EY 27—
D=0

7%,
& T, Theorem 2.3 DRIARICHFEINT, LTO LS4 [-1,1] LOMEZE X THS:
o, 2= Z H(4m — t2)5ﬁ on [—1,1].

teZ
t2<4m

ZZTae€[-1,1]1MLT, d, & aZP K- MIHED Dirac 7 VX EEKTH 2. HO) =
—L < 0RO TZOREREMTIEROD, IZLALEETH 2L LofMARIcED,

(s 1) = 20(m) = Y min (d, )
0<d|lm
DD ILD.
REHC I, EERIELIZ > TUT D 2 SORIEEE 2

Problem (1) & n € Z=o M LT, py D nRE—R ¥ b (i, 2") DIFRARUED 57227

Problem (2) #ifR im g, BFET 207 FET 2HERED X5 RHEIEIIRS 257

Problem (1) I Eichler-Selberg AT X DEHFAT & 5. Z DPFATUZ Eichler (7], Selberg
(15 iC & D HNICE 2 b, ZORKE 7L LV DEEITEWHE L TE L. BUAN &M
Pzl 6(P) Z—f% Kronecker 7V XGH LT 5. DFED, L PHWD DR S6(P) =1
L, PRI s 6(P) =0T 5.

Theorem 2.4 (Eichler-Selberg trace formula (Eichler (1957) [7]), (Selberg (1956) [15])).
HEk, LNUN =1 OBAARTEAZER TS, Bk >4 m e Lo TRLT, MUT
DIRIDILD LD

tr(T'(m)|Sk(SLa(Z))) = Ji + Ju + Jn + Je.
CIT, BAD4AODIEIFUTD XS CERINS:

kE—1 (k—1)/2
K= 0(m € L) ==m* D2 g = —5(Vim € Zan) T,
1
h=-5 Y, min(dd)
d,d’ >0,
m=dd’, d#d’
1 _
Je==5 > H{m—tm*220 (7=
tez,
t2—4m<0

=—mW D2, Upg) — 6(Vm € Z>o)kl_2 L2,
ZZTJ DHFITHTL % Uy, 3% n D5 2 i Chebyshev Z2HATH 3.

J DIRZFD i, u, h, e ldZF N2 identity, unipotent, hyperbolic, elliptic DIEXFTH 5.
J WIAREIN pi, Dk —2RE—=X Y P EABBET, (um, 2") DRRZEHT 2 Z LIXAJEER
DT, Problem (1) IZfEEZ 525 Z L TE .

LH 0813 2 IS HRATRET, D <0 TIE H(D) =0 £ ¥ 5.
2EMETRN S D b HIE L IEAFEZ R LTV 3. ST S IFAIE S DSRRRA R Vb LAtk W,



%BIBTBH, k = 2 D ¥ &% Eichler-Selberg BRI H % ([13, pp. 32-33] ICEHFTED
ﬂfﬂﬁzﬁ)ilﬂfﬁé [14] BB NzL). k = 21405 % Eichler-Selberg B 53413,
dim S3(SL2(Z)) = 07DTOTH 5. £oT,m=1EFTHUILTD X S 72 Kronecker-Hurwitz
OB DGR ZE5:

Z H(4m — t*) = 20(m) — Z min (d, %) .

tEL 0<dlm
t2<am

ZDRIUZ Theorem 2.3 DHDEFUTH 2. EED m € Z-o X LT tr(1(m)|S2(SLa(Z))
072DT, m=2,3,4,... 2P LTI, LROBEFRERLINCS (H(D))p OEFBRRZE
ZENTES. Ldo>T H(D) DIEIIFAINICKRD 2 2 TE 3.

) =
%

3. WEIGHTED EQUIDISTRIBUTIONS

ZNTIIAIDE TRz Problem (2) ICOWTEEL LS. m ZHRHNEZRRETS 2L
T, UTO LS LEANE RO MEENEOLNS.

Theorem 3.1 (Weighted equidistribution [18]). p 2L 3§ 5. FEDOEHTXME [«, 8] C
[—1,1] (7z72L a < B) ML T,
v —p! B
lim M: lim L=p Z H(4py—t2):/ g\/1—:62(1:1:
v=oo ppv([=1,1])  vooo  2p = o
a<2 .73 <B
DD ALD.

D% D, (Qpl;,/z)tezﬁgp",uezw D [—1,1] AT DI 1ilE Kronecker-Hurwitz 2HEL D & 4 % 5

\F % & Wigner OFFHI (semicircle law) IR T 5.

BHAMNE—ROMERIIL YARY VHRRZ - TAEATE 5. LY ARY FTIRRAZ

BT B HIIC F §1% Eichler-Selberg MMVARDEFICOW TN TE . EZDFARLRED,
Elchler 7], Selberg [15] DL L 72055 D%, —MED Sk (Lo(N), x) B3 25ERD WD TR X
N7z D D3 Cohen (1976-1977) [4] TH 5. LH LIEDFEIHIFRHRTH 5. RIC N =1 D5GE
12 Zagier (1977) 12 X 2AERA [20] 2372 (cf. [21], [22] BRIz L). Z D&, Ocsterlé
(1977) D*AiEm X [13] T—MRD k, N, x DEECREAD 72 E Tz, 5 ORHATIZ Eichler-Selberg
PAREEEHD SO L LTRHOITVWA2, N = 1 OBATTHAAL LS L 52 L AHT
v, —Eos ﬁfﬁofh%T#XFZLTM—%®$Uﬂ#ﬁ%T%5D BOART
WE—ME D 1 f Fuchs B T 12BI5 28 A2 X TR DZEM Sk (T, x) @ Hecke fEFZRIINT 2
Eichler-Selberg MMARZEEAAL TW2 (72720 k > 2133 L TW3). GLy O 77— VBB S
% Selberg /33 7% i 5 C Eichler-Selberg BN 2 FEAAS 2 Z & B ATRET, 24U Knightly,
Li (2006) D7 [10] TR XN TV

ZZTC—MD k, N, x T % Sp(To(N), x) LD Hecke fEFZRIZNF % Eichler-Selberg #f
RNRZRBOHLTEL. 2B, idd77:id Schoof, van der Vliugt [14] ZSH L 7.

Theorem 3.2 (Eichler-Selberg trace formula for Si(I'o(N),x)). k&, N € Z-=o &L, x
¥ mod N @ Dirichlet 8 2. k > 2 ¥ x(-1) = (-1)* 2{E DY E,
ged(m, N) =1 2723 ERED m € Zoo IHL T,
(T (m)|Sk(To(N), X)) = Ar(m) + Aa(m) + Ag(m) + As(m)
D DIID. 22T, Aj(m) ZUATO XS ITERI N 5:
- = k—1
A(m) = 6(v/m € Zso)m' 7 x(v/m) == 1b(N),

=N]Ja+»".
pIN




Ax(m) BT D &5 &:ﬁ%é 5
t
= Z m U, 2<2\/ﬁ) Hy oy (4m — %),

teEZ
12<4m

2 _ m
HN’X(4’ITL - t2) = Z hw (%) (t f7 )7

f€Z>0
f2t2—4m

;24’” =0,1 (mod 4)

+2

hus
ha(=D) = 5= Ed]g (1= p x5 (P)):
p(t, f,m) = —w(N) > X(x).
V(gamyy) 2e(ZINT)*

22 —tz+m=0 (mod N gcd(N,f))
Z 2T hy(—D) DERICTTL 2 d, Dp 132 ZHEQBER e BAHMKTHD, —D =
Ded® %i72FTbDET 3. Dy OFAFIEE =Q(V—D) DIt THD, E/Q DHFIIZ

- Y )3 p(ged(c, X)) x(w).

0<c|N
O<dsym ged(e, )| ged (L, ~d)

ZCCHEMF : 7oy — CIIH LT,
Y Fd) = Z F(d) +8(/m € Z.0) 5 F (/)
0<dsn/m 0<ac
el ybiy—ymdiEZ/ N Z“CZ’@O“Cy_d(modc)i))Oy—m(mod%)%
lijz3 koIt 5. &R, A4( )&iL[F@J:DkE%%%?h%
Agim):=0(k=2Ax=1) Z t.

0<tlm

TRRIZLYARY MFRARICOWTHIAT 3. k, N € Zsy £ L, x & mod N @ Dirichlet
BEL 2. ZLTk2282 x(-1) = (-1 Z2RETS. m € Zog Z ged(m,N) =1%3%
DY $ 5. Hecke fEFIZE T'(m) ZIERILL THL

T'(m) == x(m)~"/2m’2" T(m) € End(Sk(To(N), X))

Definition 3.3 (Resolvent). A € C & L, ZAUXT'(m) DEIFETIIRVWERET 5. &
DL E,
(1"(m) = Xid)~" € End(Sx(Lo(N), x))

ZT'(m) DL YARY b EER.

CIMBEEAN = X4 X 1200 £ [X]| < 1 LRAEER X SRS EEREL S,
Bi(N,x) C Si(To(N),x) & Hecke BEIEEX N 62 2 ERERKE §5. I TEREEK,
Petersson PIAEICET 25 DTH 5. LNAZESLRWERMpt NITHLT, fOplcBIT 51k
BT R =&—% (af(p),ar(p)™) €T 5. ZOLE,

T'(p)f = (ag(p) +ar(p) ) f.  f€ Br(N,x)

TH 5. %7z, the Deligne bound (Ramanujan-Petersson TR 5], [6]) 12X D |af(p) +
ar(p) ) <223 D D ZHU |ap(p)| =1 EIFMET®H %. Dirichlet FHE o 120 L T ¢ DI
T f, b BLIEITT B,



Theorem 3.4 (Resolvent trace formula [18]). p i FFEETH D, pt N, x(-1) = (-1)F &
2. 2O EUTORADMD ILD:
tr((77(p) — (X + X 71)id) "' [Sp(To(N), x))
1
-2 af(p) +ap(p)~t = (X + X1

J€BK(N,x)
k—1 X 1 X N
0<C\N
ged(c, )| 2
X
+ e Y 5 1
_ _ /2 1-k)/2 m
0<l| 4= 0<c|N (1= X2)(1 = {xe(p)x(p)~ X }me.t)
x l:gcd(c,%)
k=2 x=1)X —1/2),-1/2
- (1—p2X)(1 - —1/2X ZA’“P X)".
ZZT
t
teZ
t2<4py

T@ng@%»%tﬁ%ﬁ%@N@E@%ﬁdNKﬂbﬁX@ﬁ%ﬂﬁﬂéN%E
&9 % 2 D0 Dirichlet 5% x., xo FUATD LD ICER SN 5!
Y

X = Xe X X,cv =cC: Hpordp(fx) fo o
ple '

it;ﬁ@%ﬁﬂ%mﬂbfdamMZ@@wmxmﬁkawm&%mmt?%;
mp; =min{n € Z>o | p" =1 (mod I)}.

EE X P TL 223, ROEEREAUIT D2 XD ICHEA X =0 3REARETH 5.
2 E D Theorem 3.4 TN =1 3235413 itk 3.

Corollary 3.5.
tr((T"(p) — (X + X71)id) [ Sk(SL2(2)))

1
= Z 1 _ 1
s Q@) +ap(p)™h = (X + X7
1 X X X & _
=—3 A +Ez_:<ﬂp"ka—2> (p~12x)".

+ =
21-X2  1-Xx)(1-p= X

4. PROOF OF RESOLVENT TRACE FORMULAS

Hecke fEFHZRD L — RIS 2 UTD X5 LB EZE 2 5:

Ztr PISHT(V), ) ¢, X = () 2p 2.

=ABBOMEIC XD MUT ORI D LD,



Lemma 4.1. a € CX 3 5. 2Ot % |X| <min(la,|a| ™) BE2E2TD X cC - {0}

LT,
1 o+ o nl
ata - (X+X1 ZU ( )X '

& o T Hecke ERZR T(p") Dt HWS Z & T

Ztr P)SKTo(N), X)) = —x(p) V22 x (T (p) = (X + X7 1)id) ™)
v=0

VWS ERDELNG. DFED, (tr(T(pY)))y ORBEBIIARERNC T(p) DLY ARV RO b
L—ZIZE L.

ZNTRELYARY D L —2D “EfaH 4 F?DFEICHEA 5. BEDELZ YL Eichler-
Selberg BT X D, (A1(pY))w, (A2(pY))w, (A3(p"))0, (As(p¥)), DREIEZE Z AU X

Jp= Y A;00¢, =1,2,34.

9, 1, Jy FFHERRO R ARSI D TO XS ITRBITE %:

k=1, X)) 2l hRx
Jl = —1/)(N _ p,lXQ )

12
p—l/ZX
(1 =p'2X)(1—p 1/2X)

Ji=0(k=2Ax=1)

iz
= E Hy . (4p” — %)
> 0702 (577)
t2<4p
WKHEETSE

™ 4y 1o 12 —1/2 g e e
Jy = ZAz(p )¢t = _52_:14167;0(7/)()((29) V2p=t2X) % x(p) T ApU M2 X
Y725, ZOMEE, BT O “trivial bound” 2§ 5 ¥ |X| < p~ /2 TILE MR T 5 2
NG,

Remark 4.2 (trivial bound). &AL L(1, xp,) < log|Dg|i2& D, FED e > 012
B3 % A
[Akp(V)] <kve ), v €L
EbiZnrd. #ii{ffohd D %z trivial bound EFERZ £I12F 5.
BTIE T DA BREDATDH 5.

Ay == Y k! 3 plged(c, X))x(y),

dlp” 0<c|N

0<d<Vi” ged(e, )| ged($L,27 —d)
Jy = ZA CV+1
ThoklrZBVHT. F(X ZA5 )¢ EEZNR LKL, ZORRBUTTEZ S

ns.



Proposition 4.3. [X|<1D& &,
1
F(X)=- l
== 2. 40 2 R (o) R

0<l\fﬂ 0<c|N
X l=gcd(¢,N/c)

11 N
0<C\N
ged(c ) &

Proof. T ZDFIEN—FEAAAN - TS0, it HEBKIZFRBOHELFRICIFESINS.

=—> ") phhi > p(ged(c, N/e)x(y)¢? !

v=0 j=0 N -
ged(e,N/c)| ged(N/ fx,(p** T2 -1)p7)

= > > p(ged(c, N/c))x(y)¢*

v=0 j=0 N ’ .
ged(e,N/c)| ged(N/ fx, (p? =2 —1)p7)

P laed(e N/
v=0

c|N
ged(e,N/c)| ged(N/ fx,0)

YR THBL . 3SHHDOANIFHICEHETE T,
1 1
[3rd term] = EW C|ZN gO(ng(C, N/C))
ged(e,N/e)|(N/ fx)

5. RIZ1IBHDOANIOWTHNRS. c€Zug %

c|N, ged(e, N/c)| gcd(N/fX,p2”+1_2j -1)
BT dDr L, ¢ = Hp|cp°rdp(f><) 8L, y=p(mod c1) &y = p* 1 (mod fy/c1)
ZFES &

X(W) = xe@ )X 77) = xe(pY xe(p) T
ERBDT

[1st term] = ZZN DI p(ged(e, N/o)xe(p) xe(p) T I¢H

v=0 j=0 c|N
ged(e,N/c)| ged(N/ fx,p?* 1727 1)

ZE%.Z®@F%§@L1yﬁwﬂ%@kﬁfémm®%5K&§L@ﬁ5%&m@@%
HZ35ZLT, [lst term] ZATD X S IZE SN 5:

- > e > Z{xc ¢yt > " xp)x.0 )Y

U(N/ 1) dN =0 0<j<v
l=gcd(c,N/c) 2v4+1—-25=0(mod my, ;)
=— > e
UN/ fx)
mp’lzodd

m —1
so My (t+1)+—2E——1

x Yy > P S )
s=0

C‘N t=0 my =1
= t :
I=gcd(c,N/c) v=mp bty

-1

—Myps




{xe(p)C} et
= — [ .
”(Nz/fx) e CXN: (1 = x(p)p*F1¢2) (1 = {xL(p?)¢2}mwt)
my, 1:0dd l=gcd(c,N/c)

F(X)DnfIci T 2 2 BB OMIFEROEZEZRICLD
1
odterm] == >, o) D L= I

U[(N/Ix) [N
Mp,:even l=gcd(c,N/c)

1
- LA Y T Gen -

UN/ fx) N
mp :odd l=gcd(c,N/c)
£i5%. DEDFEICID, T/ (p) DL Y AR MFRARMIELNS. O

5. mt A
R p ZEETS. n€Zog, a>0IZNLT, LTOXIREN (Epa) ZEZS.
Definition 5.1. L TO&EA% (E, o) £EL:

t n
2 2 4 a-i—c
Ve >0, 3C > 0, Vv € Zso, tEGZH(sz' —t)<2\/]?) < (")
t2<4pu

M (Ene) KB T 2EHCEp, n, a, e TRIFT 208 LAKWH v ITKSRNZ &I
FERLTIELW. trivial bound I2&D a=1D & ZiZid, FEED n € Zoo T (Ep 1) KDL
DB hD. Fiz,

t n
(ppw, " E H(4 < /—)
teZ 2vp
t2<4p”

ZEDEH (Ena) iE pp EBABRLTWS. 22T, EBED n € Zoo WML T (Epq) HILD L
Dk 5a>0DHIFWLDOEB I, LD AR ERKZ 23 a=1TOK DT
1EDRENVaTHEEBEAA (Epg) BRILT 52, a > 03 ZETNHNELLTESLLS S .
FWEZZE->TELE, TOHED, optimal 2 a 3B x5 1/2 TH 5.

Theorem 5.2 (Optimal estimate [18]). fERED n € Z-o ITHf LT (B, 1/2) DD ILD. &
HIZBLO<a<1/275, D5 n € Zaog BEIEL T (Eyo) 3D L2720,

Z ATl Theorem 3.1 ¥ Theorem 5.2 DFFAAZ AR K 5. F3IXEROR E R 50T D
Key Lemma IZ{EH T 5.

Theorem 5.3 (Key Lemma). fEED e > 0 LEEDEE L > 412 LT,

|Ak’,p(y)| <<p,k:,N,x,e (pV)l/Z—Q—(’ Ve Z>0-
LTV B ERBIZ v IR S 20,

Proof. REBE S0 ) Ak p(v) (x(p)V/2p~1/2 X)¥ & trivial bound 12 & D |X| < p~1/2i2BW
TIAE—HRENICR L, Z oM CEAIZLERTH 5. LYy ARY A (Theorem 3.4) 12
i)

Ty = =x(p) I (T (p) = (X + X71)id) ™) = (Ji + T3 + Ja)

=0 DB o) EAVEIRARICED a =1 2% optimal BDT, BHIDS n € Zog DL FLINER
TV,



THBEDT, HUDOBRIEFTRIZED, Jo 13 C LoFHARBEIC  TRTERTE T, FiC
ERIREEE LT | X| < 1 OHEBFETIIRTE 5. X o T, Cauchy DFHiIc & D,

1 F(X)
27'('\/_ | X |=p~e XI/+1
5. O

EFREZWVL 572 T, BITERIC X - TREROEREZ LFIUIIEEHZREDE
bd. ZIDHEHAWVWEZIATDHS.

M EDO%ED S &, Theorem 5.2 DFFFHICAS. N =1 & 34U x (X EBEIVIC HIFFEZIC
%D,

p_V/QAk',p( ) - dX <<p k,N,x,€ (py)e

| Ak p (V)] Kp e (py)l/2+6 v € L.

DT (B /o) WEED n € Zog THRDIZDZ MDD 5.

KT, a < 1/2 20T 23 (Epg) BRDITIRNI L Z2RT. BS T ARY MZET % Serre
(1997) O—FR I TER [16] I2X D, FEDOEM p ITH L THFRIREVWDH I EDEK Lk L ES
k, L~UL 1 D Hecke FEHFER fyb)ﬁfbf ap(p)# 1 Zliks. ZOX5% f2 1OEET
5. THLLYNRY MR (Theorem 3.4, Corollary 3.5) 12X D > > 0 Akp(V)p “r2XV %
X =ap(p) THERDZ D905, Lo TIOMBMONKEREL 51 THS. @
22, n<k—27R5 EQOBE n FELT,

MEED a e (0,1/2) I LT (Epq) DIRIZ LRV
EWD e G. O
B2 Theorem 3.1 DEFFHICA S 5. [-1,1] LI ) X? 2 AT CERT 3:

,upr =27 1 v Z HNX(4p —t2)(5 ¢
teZ, t2<4p” 2Ve”

BLx =150 X IZEETH S, LYARY MNEARZH WS 2 & T2 ORIE DT
EEIN DD D
Lemma 5.4. ]

1—p!t

(udXP 1) = §(x = 1) + Ony (vp™7?).

Proof k = 21203 % Eichler-Selberg #F/3F & the Deligne bound (Ramanujan-Petersson 7
Bofgdk [5], [6]) zHW2 &

(1) =p™"{A1(p”) + As(p”) + As(p”) — tr(T(p")|S2(Co(N), X))}
=p YA4(p¥) + On, X(VP_V/Q)

V+1_l

785, Ay(p¥) =o(x = 1) THEPOERVPKDIIDZ EDITH S O
Theorem 5.5.
le pXP = §(y = 1 — \/ 1 — z2%dx (x-weakly).

Proof. x=10%E%#% 2 5. LD Lemma il kD,

N,1p
Al = T

&7 %. ¥7- Key Lemma Z{# 213
(2P Uy 9)| <pive (7)Y, k>4
5. Lo,
lim (YYP UL =0, (n € Zso)

V—00
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YA, SITHEEY LT, U trivial bound 265 ¥ (40", Up )| <pan.e (p7)° LW
23, 0TGRS % & 2IFFEB T & 2. trivial bound 20 L THHEBE L7200 HUE, L
FEDRERHAET S £ WXL

ST DRI & D Z AR f W0 LT

I / flx 1 — \/1 — 22dx (#-weakly)

YD e o e, BIE p) P IXIEME O T Weierstrass D ZIEFGELIEHZ W5 &,
7 A NS f ORI -1, 1] LoD R 2EM C([-1,1]) RICIRARETH 5. 2L
T Riemann fE77 AJRERBAENIC E TR TZ 5.

x DIEEIARGE X, ZTHEABEEICT L TIX L FRICUTIEHTZ 5. Lo L x 2IEERA
72 L HIEDIEETIZ WD T, Weierstrass D ZHFGILUEENEHTEX RV, 2 2 TIEZDMR
bOIC, EED f € O L) IH LT (2P, P < g7 (1) suppe; 1y |f(2)] THB Z &
2S5, 253 UET R Bz Eh R e A E TR T E 5. O

ZZET, LNAZEISIRWER p 203 2 T(p) DL Y AR MR Z VT Kronecker-
Hurwitz ZHEUCEA T AR ZEH L T . FELNVZESRVWERp DALLT, LR
»tﬁmki& %@nzezwkﬂbf%ﬂﬁ®% #ﬂ ECHB. RBHhoRZET
N(S)={n € Z>0 | Vp ¢ S,ord,(n) =0} “C‘Z‘DZ).

Theorem 5.6. EEDED XM [o, 8] C [-1,1] (2L a < B) LT

'U’m— / /1= 22dzx
v(p)—oo(VpES) Hm([ y —
m=[],es p*(P)EN(S)

MDD, FEEOEE Lk > 21X LT
(tms Uk—2) <sjpe m'/?4¢, m € N(S)
B D 70, HEL LT 3 EBUEERD p € S 1B 5 m DI ord,y (m) 1CIZIKTF LR,

Proof. LY AR MR D multivariable analogue Z{#5 Z & TRT I N TE S (F -
T'(m) DL Y ARy FDPFTIFRN). & 2 THES AR

(1-F)/2

,
Py ~ ~ -
—=Ji1+ o+ J3
fesz(l)gl_[l ay(pj) +ap(p;) ! (Xj+Xj 1)

riblhxhd. 22T

b~ k—1 " P 2 Xj
1 12 H 1 ! _1X27
j=1+ TP A
T
J. 1—k)/2 )
Bo= 30 A [T65 T
(V1500r ) €L j=1
Joo= 1 ( Us_s) — 26(x/m € 7 )—(k:—l) r ( _1/2X‘)yj (1-k)/2 x
3= 73 Z ’upllll--'pl»,f’"’ k—2 m >0 2 H pj j p] j
(W1, vr ) EZE j=1

TH5. jz IFZEME A = {(Xl, cey Xr) € CT’ maxij<r ‘X]’ < 1} J:’C}i?%~—*§%@ﬂ”¥§
5. Lo TLYARY MFAKD multivariable analogue 25 Z T, J3 13 A LIiZf#
Wi XN 5. J3 DEFRBDILD 72D TH &1k Cauchy D FHiiZ 213X X, O
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6. CONCLUDING REMARKS

AHFROFEHADTINZ L DB L TDOED TH %:

(1) Eichler-Selberg #MAX = T'(p) DL VY AR MR (Theorem 3.4).
(2) Theorem 3.4 = Key Lemma (Theorem 5.3):

<I’LPV’ Uk_2> <<p7k7€ (py)1/2+€7 (k 2 4)'

(a) Key Lemma —> fxjiiaPffli (Theorem 5.2):

{ppr, ") e PO, (e =1/2, n€Zsp).
(b) Key Lemma = EHAN & —kk7 (Theorem 3.1):
lim M \/ — x2dx.

v=oo e ([=1,1]) g

FRIRTZDY, ANHFRITERER & 2235 @ Hilbert £ 2 7 —ERITXT T % Jacquet-Zagier TFF AR
[17) DETHEZE LB AR OW2dDTH 5. [17, Theorem 1.1] 127 A b BEEUE HNF THE
MIEED %23 % Z & T (17, Corollary 1.2] 21§55 D TH o 7. TIEHIC [17, Corollary 1.2]
75 [17, Theorem 1.1] ZEBH T 2I2IEE S THUI I VDEAI . RICF=Q, n=Z D
A2 [17, Corollary 1.2] ¥ [F%575 Zagier DX [23, Theorem 1] Z{RE L T [17, Theorem 1.1]
ZHR2ICBEITUIIVWES I 2. BERRUTO XS THERZHAE TSI L VWDOTH 5.

Bk, LV DOEERLE N Hecke EHER f Z 1 DEET 2 L, fIZTRNTDn e Zoyg
WXL TT (n) OEBEBETH 5. 12T (n) ZIEAZE L 2ICEU 2EEEZ A\p(n) &3

CEBpzED, A(p) =p4p VR XS ICHMER Y BB ZDE ERe(s) >0
72 B R s 1T LT

1 _ —3/2 v(2m—n) —ns/2
py/2 +p—y/2 _ (ps/Q _|_p—5/2 - Z <Z p

n=0 \m=0

DD ILH, TAUR o= p~/2 AR T 5 Taylor ¥ & A8 2. HLOFRBRER <>
R =& — (p"/2 p7V/?) OXFFARTEI T, T ay(p") DEREICHK S (cf. Lemma 4.1). L
T=hio T, Zagler DR 23, Theorem 1] D m = p" DHFED S D DM (" ’EFI‘H’C n %
@#LT%%ZOT&%(%@M@‘T@S@ CTHOVWTW?S s L3RR Z Z2ICHE a%
X). 2ot x, #HELEED Jacquet-Zagier BN [17, Theorem 1.1] D F = Q, n = Z,
S = {p} DEAEPMETLEINBENETH B ZD X5 BRELIZLD, Kronecker-Hurwitz 25D
MEICES7DTH 5.

AFLETlE Kronecker-Hurwitz BRI O W TER L TE /223, 2 KA IBES % Dirichlet
L% 0 Tof (BAFFEX2FERIX 1 TOHE) 2EELTVWL I EMTHS. Lo
T 2 KEGIRIAIBES % Dirichlet L BABO MO SE TOEICOWT D, EAHZFANTAH S
DIF—Hd LR, Zagier DFE [23, p.114] THIHZI TV S X 512 Cohen DGR [3,
Theorem 6.2] 23% % DT, HE PR OB RICEEST 202015605008 L.

7. APPENDIX : CORRIGENDUM
RELFEDONRIZL[18] & L THIRENTW A DY, ZDFITIEWN { DD iR R R IERER TS
HHDOT, BIEEHZUTO@ED FHTEL. R=IVESLITHEBIZ (18] iIcHESK

(1) In line 11, p.95: X(q”)1/2 = X(q)"/2 4 X(q")l/2 = {X(q)l/Q}" L, ZOE®R X(q)”/2
EBARNETDHS (L2LEDS, mXOHFTHRNIZ Z DFLEZ XIS 2 ETd R
V). BRAIZP.I6 DT ATEICHTL 3 x(¢*) 2 id (x(¢)V) oz Th 5.

COBRT, PR D T2 MBI E LTI Green BIELE T'(n) 2GS 2B B 5 28HLTH, R
%QH’JLM%E[H CTH 3. Green BIITFEAEZ B 242 5 R R OBRAEL RN T VWRIZH 5.
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(2) p95: xc & X, DEADE AT, ¢ DEFBDPIEL KRV, ¢ := ged(c, fy) TEL,
AFUTDOEIICERINETH 5:

Cl — Hpordp(fX) .

ple

CDL&ged(e, fy/c1)) =1 THY, x & xe x X, (EEL fy. = c, fx. = fx/c1)
AT BN TES. LR TCZORDBYXANDFEMIBERETH S, EE
m € Zwo & IEDKIEL d|m 1IZX LT

c|N, ged(c, N/c)| ged(N/ fy, m/d — d)

THNZ, TDEE ¢|fy 222 N/fc = fy/er X Nf(cafy) THB. TI T = c/ey
EL7. ged(ea, fy) =1 THBIEDD N/(cafy) € Zso DR D. WA Ty=d
(mod ¢) and y = m/d (mod N/c)J &WHEHEHNS Ty =d (mod c1) and y = m/d
(mod fy/c1)) 3@ %. L7dio T, [18, Lemma 7] ZBIEFETH 5.

(3) Inline 6, p.97: | X| < ¢ 7  LWIERBETHELWD, [X| < ¢ /2 20 KHETHS
ThH5.

(4) In line 8, p.97: hy(D) DERDATD2H/HREL TV, IELLIEATOE

H5:
hw( #UDOfH (1 - ( )) 3 (D - DOf )

(5) In line 10, p.97: L(1, (B2)) IZIEL <& L(1, (B2)) TH 3.

(6) In line 2 from below, p.102: D (ud X9, f) 12 i3 E %Oﬁé“\%fﬁé

(7) In line 3, p.103: pgr & py ™7 DEIERIZ pgr = 2¢7 ™ — Lo n(d14+6-1) 2T BN
XTH5.

(8) p.103: (4.3) D < e lE Kgpe EINETHD. T TTEML TV BERBIT m DERT
p WK IET 253, ordy(m) WIFMKFELLRVWEWS T TH 5.
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