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mapping in Hadamard spaces and its application
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Abstract

In this paper, we introduce a Mann iteration of a balanced mapping of a
countable family of nonexpansive mappings in Hadamard spaces. Further, we
prove a strong convergence theorem with the combining projection method of
balanced type using a finite family of mappings in a real Hilbert ball.

1 Introduction

Approximation of a fixed point is studied by many researchers in various spaces. As
a most famous method of approximation technique, we know the projection method.
In 2003, Nakajo and Takahashi introduced Nakajo—Takahashi projection method in
Hilbert spaces [9]. In 2005, Takahashi et al. introduced the shrinking projection method
in Hilbert spaces [11].

In 2011, Kimura et al. introduced another projection method, which is called the
combining projection method.

Theorem 1.1 (Kimura et al. [7]). Let C be a nonempty closed convex subset C
of a Hilbert space. Let Iy = {1,2,...,N} and T; a nonexpansive mapping of C
into itself for j € Iy such that ﬂ;\;l FixT; # @. Let {a, | n € N} C [0,1],
{B]|j€In,neN} C[0,1] such that Z;-Vzlﬁ,l; =1forneN, {v,r|nkeNk<
n} such that Y p_ vk =1 forn € N, and {6, | n € N} C [0,1]. Define a sequence



{zn} by u,z1 € C and

y,];b = oy + (1 — )Ty, for j € In;
Ch={zeC|lz=9l <llz— |} forjely;

n

N
Tp41 = 5nu + (1 - 6n) Zf)/n,k: BliPCixn
k=1 j=1

for each n € N, where Pk 1is the metric projection of H onto a nonempty closed
convez subset K of H. Suppose the following conditions hold:

(i) liminf, o o, < 1;

(ii) BL >0 for all j € Iy;
(i45) iy, oo Yok > 0 for allk € N and Y 07 S0 [Vnt1,6 — Ynk| < 005
(1) limy, 00 0, =0, Y07 1 6, =00 and Yoo |0p41 — 0p| < 00.

Then, {zn} converges strongly to Pan i, U-
pil

In geodesic spaces, the convex combination of more than three points are order-
dependent in general. In 2018, Hasegawa and Kimura [5] introduced another definition
of convex combination which is order-independent for three points. Using this notion,
Kimura and Ogihara [6] introduced the combining projection method of balanced type
and proved a convergence to a fixed point of a nonexpansive mapping.

In this paper, we consider approximating a common fixed point of a countable or
finite family of mappings in Hadamard spaces. In section 3, we introduce a Mann iter-
ative scheme of a balanced mapping of a countable family of nonexpansive mappings
and prove a delta-convergent to a common fixed point. In section 4, we introduce the

combining projection method of balanced type of a finite family of mappings in a real
Hilbert ball.

2 Preliminaries

Let X be a metric space. A set FixT is all fixed points of a mapping T of X into
itself. A mapping T is nonezxpansive if the inequality d(T'z,Ty) < d(x,y) holds for
all z,y € X. A mapping T is quasinonerpansive if FixT # & and the inequality
d(Tz,z) < d(z,z) for z € X and z € FixT. A nonexpansive mapping 7" with Fix T" #
& is quainonexpanisve. Indeed, for x € X and z € FixT, by nonexpansiveness of T,
it follows that

d(Tx,z) =d(Tx,Tz) < d(z,2)

and hence T is quasinonexpansive.
Let f be a function of X into R. A set Argmin, ¢y f(y) is defined by

Argmin f(y) = {Z €X ’ f(z) = inf f(y)}-

yeXx yeXx
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Let {z,} be a bounded sequence of X and xg € X. Then, zq is an asymptotic center
of {x,} if the equality

limsup d(z,, zo) = inf limsup d(z,,y)
n—00 yeX nooo
holds. The set of all asymptotic centers of {xz,} is denoted by AC({x,}). Further,
{z,} is delta-convergent to x if for all subsequence {x,,, } of {z,,}, AC({xn,}) = {x0},
which is denoted by x,, A Q-

A metric space X is a uniquely geodesic space if for all x,y € X, there exists
a unique mapping v of [0,d(z,y)] into X such that v(0) = z, y(d(z,y)) = y and
d(v(s),7(t)) = |s — t| for all s,t € [0,d(z,y)]. Let z,y € X. Then, we can take
a unique point z = y((1 — t)d(x,y)) for each t € [0,1], which is called a convex
combination between x and y and is denoted by z = tx © (1 — t)y.

Let X be a uniquely geodesic space and x,y,z € X. Then, a geodesic triangle of
vertices x,y, z is defined by Im v, UIm,, UIm~,,, which is denoted by A(x,y, 2).
For z,y,2 € X, a comparison triangle to A(z,y,z) C X of vertices 7,7,z € E? is
defined by Im vz5 U Im gz UIm~zz with d(z,y) = dg2(Z,9), d(y, 2) = dg=2(7, Z) and
d(z,7) = dg=(%, %), which is denoted by A(Z,,%). A point p € Im~z; is called a
comparison point of p € Im~,, if d(z,p) = dg2(Z,p). A uniquely geodesic space X
is called a CAT(0) space if for all x,y,z € X, p,q € A(z,y, z) and their comparison
points p,§ € A(Z, 7, Z), it follows that d(p,q) < dr2(p, 7). A complete CAT(0) space
is called a Hadamard space.

The following lemmas are important properties of a CAT(0) space.

Lemma 2.1. Let X be a CAT(0) space. Then,
d(tr © (1 - )y, 2)* < td(w,2)* + (1 = t)d(y, 2)* — t(1 — t)d(z, y)

for each z,y,z € X and t € [0, 1].

Lemma 2.2 (Kirk and Panyanak [8]). Let X be a Hadamard space. Then every
bounded sequence has a subsequence which s delta-convergent to xg € X.

Lemma 2.3 (Dhompongsa, Kirk and Sims [2]). Let X be a Hadamard space and
{z,} a bounded sequence of X. Then the asymptotic center of {x,} consists of one
point.

In 2018, Hasegawa and Kimura introduced a notion of a balanced mapping and
consider its properties in Hadamard spaces.

Theorem 2.1 (Hasegawa and Kimura [5]). Let X be a Hadamard space, T; a non-
expansive mapping of X into itself fori=1,2,..., N such that ﬂf\il FixT; # @, and
{at:i=1,2,...,N} C]0,1[ such that Zfilai =1. Let

N

Ux = Argmin Z o 'd(Tyz, y)*
vexX o
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for each x € X. Then, the following conditions hold:

(i) U is nonexpansive;

(ii) FixU = (v, Fix T;.

In the following theorem, Kimura and Ogihara [6] prove properties of a balanced
mapping.
Theorem 2.2 (Kimura and Ogihara [6]). Let X be a Hadamard space, C a nonempty
bounded subset of X, Tx a nonexpansive mapping of X into itself for k € N with
Mo, FixTy # @, {af | n,k € NJk < n} C ]0,1[ such that > ,_, ok =1 for all
n € N. Let

n

U,r = Argmin Z oF d(Tyx, y)
yeX =1

for each n € N and x € X. Suppose the following conditions:

e lim,, o afl >0 for ke N;
Then the following conditions hold:
(Z) ZZO:I SUPgzec d(Un-l-lxa Unx) < 005
(ii) there exists a mapping U: X — X such that Uz = lim,, o, U,x for eachxz € X;
(1) limy, o0 SUp,eco d(Unx, Ux) = 0;
(iv) U is nonexpansive and FixU = (,—; Fix T}.

In the following, we introduced a Halpern iteration with a balanced mapping of
countable family of nonexpansive mappings in Hadamard spaces.

Theorem 2.3 (Hasegawa [4], Kimura and Ogihara [6]). Let X be a Hadamard space,
T} a nonexpansive mapping of X into itself for k € N such that F = (,—_, Fix T}, # &,
{af | n,k € NJk < n} C [0,1] such that Y ._, o% =1 for alln € N, and {5, | n €
N} € [0,1]. Let

U,z = Argmin Z ofd(Typx,y)?
YEX k=1

for all x € X and n € N. Define a sequence {x,} by u,z; € X and
Tpt1 = 0pu & (1 — 0,)Upxy,
for each n € N. Suppose the following conditions hold:

(i) limy, 0o af >0 for k€N and Y 00 S0 ok —alf| < oo;
(1) limy, o0 6, =0, > 07 1 0 =00 and Yoo i |Ont1 — 0p| < 0.

Then, {x,} is convergent to Pru, where Pg is the metric projection of X onto F.

The following lemma is important to prove a delta-convergence theorem of a count-
able family of nonexpansive mappings.



Lemma 2.4 (Tan and Xu [12]). Let {a,} and {b,} be two sequences of nonnegative
real numbers such that a,1 < a,~+b, for alln € N. IfZ;OZI b, < oo, thenlim,, ,~ a,
exists.

3 Delta-convergence theorem using a balanced mapping

In this section, we prove an approximation theorem of a common fixed point of a
countable family of nonexpansive mappings in Hadamard spaces.

Theorem 3.1. Let X be a Hadamard space, Ty, a nonexpansive mapping of X into
itself for k € N such that F = ;- FixT}, # @, {ak | k,n € N,k < n} C [0,1] such
that Y p_ ok =1 forn €N, and {t, | n € N} C [0,1]. Let

U, = Argmin Z ofd(Typx,y)?
YEX k=1
for each n € N and xz € X. Define a sequence {x,} of X by z1 € X and
Tpt1 = tnxp © (1 —t,)Upxy,
for all n € N. Suppose the following conditions:
(i) limy oo f >0 for k€N and > 00 S0 ok | —alf| < oo;
(i) Yoo tn(l —t,) = .
Then {x,} is delta-convergent to xoy € F.

Proof. Let p € F. Then p € ();_, FixT}, for n € N. Since U, is quasinonexpansive
for n € N, we get

d(zp41,p) < tnd(zpn,p) + (1 — t,)d(Upzy,p) < d(zn,p)

and hence {d(z,,p)} is nonincreasing. Then, there exists lim,_, o d(z,,p). Further,
we get

d(xn+17p)2 S tnd(xnap)2 + (1 - tn)d(Unxrmp)Q - tn(l - tn)d(gjrm Ungjn)2
< d(xn,p)? — tn(1 — tn)d(zn, Upzy)?
and hence
tn(l - tn)d<xn7 Unxn)2 S d(xnap)2 - d(xn+17p)2'
Since Y p i tn(1 —t,) = oo, we get liminf, . d(z,, Upx,) = 0. We next show
limy, 00 d(2p, Upzy) = 0. Let C be a nonempty bounded subset of X including {z,,}.
By the nonexpansiveness of U, for n € N, we get

d(xn+17 Un—l—lxn—l—l) S d(xn—kla Unxn) + d(Unxrm Unxn—Fl) + d(Unxn—Fh Un—l—lxn—l—l)
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IN

d<mn—|—1; Unxn) + d<xn—|—17 xn) + d(Unxn—i—l; Un—‘,—lxn—i—l)
d(ﬂj‘n, Unxn) + d(Unxn—Fh Un—l—lxn—l—l)
d(xpn,Upxy) + sup d(Upz, Up 1)

zeC

IN

for all n € N. By Theorem 2.2, > sup,cc d(Upx, Upy12) < co. By Lemma 2.4,
there exists lim,, o d(z,, Upz,) and hence lim,,_, ., d(x,,Uyx,) = 0. By Theorem
2.2, there exists a mapping U: X — X such that Ux = lim,,_,, U,x for each z € X,
U is nonexpansive and Fix U = F. Take a subsequence {z,,} of X with AC({z,,}) =
{yo} arbitrary. Since {z,,} is bounded, there exists a subsequence {:z:nz.j} of {zn,}

such that Tn,, A zo € X. Then, we get

d(xnij ) anij) .

(xnij ) Unij T, ) + d<Unij Tnij s anij)

(%, s Un; @, ) +supd(U,, z,Ux).
J J J ZEGC J

<d
<d

From (iii) of Theorem 2.2, we get lim,,_, d(xnij , Uxm.j) = 0. Then, we get

limsup d(x,, ,Uz) <limsup(d(z,, ,Uxy,, )+ d{Ux,, ,Uz))
j—o0 J j—o0 J J /
= limsupd(Uxmj ,Uzp)
j—o0
< limsupd(z,, ,20)
Jj—00 J

and hence 29 € FixU = F. Put AC({z,}) = {y(}. Then, we get

lim sup d(z,,, z0) = limsup d(z,, , 20)
n—00 J—o0 7

< limsupd(x,, ,¥o)
j—o0 !
1—>00

< limsup d(zn,,yy)

11— 00

(
(
< limsup d(zn,, yo)
(
(

< limsup d(zy, y) < limsup d(x,,yo)

n—oo n— oo

and hence y, = yo = 29 € F'. Consequently, we complete the proof. Ol

4 The combining projection method of balanced type in a
real Hilbert ball

In this section, we introduce the combining projection method of balanced type

and prove its convergence to a common fixed point by applying Theorem 2.3 in a real
Hilbert ball.



Let (H,| - ||) be a Real Hilbert space with inner product (-,-) and B = {x € H |
|z|| < 1}. we define p(+,-): B x B — R by

N A PO G
ples) = tank \/1 I

for z,y € B. Then, (B, p) is a metric space, which is called a real Hilbert ball. Further,
we know that a real Hilbert ball is an example of Hadamard spaces, and a half space
{z€ B|p(z,z) < p(y, 2)} is convex for z,y € B; see [1, 3, 10].

In the following theorem, we introduce a sequence generated by the combining
projection method of balanced type using a finite mappings, and prove its convergence
in a real Hilbert ball.

Theorem 4.1. Let B be a real Hilbert ball with the metric with p, T; a family of a
quasinonexpansive and continuous mappings of B into itself for i =1,2,..., N such
that F = X, FixT; # @. Let {an, | n € N} C [0,1], {8} |i=1,2,...,N,n € N} C
10,1] such that Zf\;l Bi =1 forn €N, {vor | n,k € Nk < n} C]0,1[ such that
Sor1 Yk =1 forn €N, and {7, | n € N} C [0,1]. Let u € B and define sequences
{xn} and {y!}, sequences {Vi.} and {U,} of mappings of B into itself, and a sequence
{C%} of a subset of B by x1 € B and

yfl:oznxn@(l—an)TiCCn fOTizl,Q,"' 7N7

ol {zEB ‘ p(y, 2) gp(:cn,z)} fori=1,2,...,N andn € N;
N

Vix = ArgminZpr(PCi Tn,y)? for k<n and x € X;
yeB =1 "

n
Upx = ArgminZ’ymkp(ka, y)? forr € X;
veB k1

Tnt1 = 0pu @ (1 — 0,)Upxy,

for each n € N, where a mapping Py is the metric projection of B into a nonempty
closed convexr subset K of B. Suppose the following conditions:

(1) iminf, . o, < 1;
(ii) B¢ >0 fori=1,2,...,N and n € N;
(iii) limy, o0 Yok > 0 for k € Noand Y 0" >0 [Vnt1.6 — Tnk| < 005
() imy, 00 1 =0 and > |Tn+1 — 1| < 00.
Then, {x,} is convergent to Ppu.
Proof. Since {z € B | p(z,u) < p(z,v)} is convex for u,v € B and a metric p is

continuous, C? is closed and convex for i = 1,2,..., N and n € N. Let p € F. Since
T; is quasinonexpansive for ¢ = 1,2,..., N, we have F is closed convex and we get

p(yp,p) = plagzy & (1 — ag)Tizk, p)
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< app(zr,p) + (1 — ar)p(Tizk, p)
< p(wx,p)

and hence p € C}, fori € 1,2..., N and k € N. This implies that

N oo N
o+ (\FixTic () [)Ci
=1

k=11i=1

Since a metric projection PC:’; is nonexpansive for ¢ = 1,2,...,N and k£ € N, and
Theorem 2.1, we get Vj is nonexpansive for k € N and

N N
Fix Vi = (| Fix Po; = () C}
=1 =1

for £ € N and hence

o) oo N N
(FixVi=()[)Ci2>(FixT: # 2.
k=1 =1

k=1i=1
Put Co = N, ﬂivzl Ci. Since Theorem 2.3, {x,,} is convergent to zg = Pc,u. Since
xg € Cy, we get ‘
P(Yn> o) < pen, 2o)

and hence y!, — xo for i = 1,2,...,N. By (i), there exists {an,} C {an} such that
lim; o ap; € [0,1[. Then, it follows that

1

I —ap,

1

1 —ap,

p(xnj,Tixnj) — p(.fl)nj,yflj) S (,O(xnjam()) + p(’rO?y;LLJ))

for i = 1,2,...,N. Letting j — oo, we get lim; oo p(Tn,; Ti%n;) = 0. Since T; is
continuous for ¢ = 1,2,..., N, we obtain
p(xo, Tixo) < p(xo,xn,) + p(xn,, Tixn,) + p(Tizn,, Tizo)

fori =1,2,...,N and j € N. Letting 7 — oo, we get xog = T;zg for i = 1,2,..., N.
This implies that xg € ﬂivzl FixT;. Consequently, we complete the proof. U

Remark. In Theorem 4.1, we can replace B to a Hadamard space by adding the
condition that a half space

{z€ X |d(z,z) <d(z,y)}

is convex for x,y € X.
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