An approximation sequence and its limits by a projection

method on a complete geodesic spaces
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1 Introduction

Let K be a nonempty subset of a metric space X and f: K x K — R a bifunction.
An equilibrium problem is to find a point xg € K such that f(zg,y) > 0forally € K.
The set of solution to the equilibrium problem Equil f, that is,

Equil f = {mEK

[nf f(z,y) 20}.

Equilibrium problems were first studied intensively by Blum and Oettli on topo-
logical vector spaces and Banach spaces. They proposed a mapping called a resolvent
of a bifunction for an equilibrium problem and showed that its domain is the whole
space. Further, Combettes and Hirstoaga studied resolvents of equilibrium problems
in Hilbert spaces and they obtained several important properties of the resolvent.
The following is one of the most important theorems.

Theorem 1.1 (Combettes—Hirstoaga [1]). Let H be a Hilbert space, and K a
nonempty, closed convexr subset of H. Suppose that f: K x K — R satisfies the
conditions (E1)-(E4).

(E1) f(x,z) =0 forallz € K;

(F2) T(.y) + fy,2) <0 for all 2,y € K,

(E3) f(x,-): K — R is lower semicontinuous and convez for all x € K;
(E4) f(,y): K — R is upper hemicontinuous for all y € K.



Define the resolvent J; by

JfSCI{ZEK

inf (f(z,y)+ (z—xz,y—2)) 20}

yeK

for x € H. Then Jy has the following properties:

1. The domain of J¢ is H;
2. Jy is single-valued and firmly nonexpansive;
3. the set of all fized points of J; coincides with Equil f and it is closed and convez.

Let X be a metric space and assume that C' C X is nonempty, closed, and convex.
Then, for all x € X, there exists a unique point z € C' such that

d = inf d )

(,2) = inf d(z,y)

Using this point, we define a metric projection Po: X — C by Pox = z for x € X.
In 2008, Takahashi, Takeuchi, and Kubota prove a strong convergence theorem by

shrinking projection method as follows:

Theorem 1.2 (Takahashi, Takeuchi, and Kubota [5]). Let H be a Hilbert space and
C C H a nonempty closed convex set. Let T: C — C' be a nmonexpansive mapping
such that F(T) # @. Let w € H and {ay,} C [0,1] be a sequence. Let {x,} be a
sequence and {C),} subsets of H defined by C; = C, x1 € C and

Yn = QpTy + (1 - Oén)TIn,
Crnt1={2 € C||lyn — 2l < lzn — 2|} N Cy,

Tpn+1 = Panu.
Then, x, — Ppmyu € C.

Further in 2023, Kimura proved the A-convergence theorem by modified shrinking
projection method for a nonexpansive mapping in CAT(0) space.

In this paper, we obtain a strong convergence theorem of an iterative sequence to
a solution to an equilibrium problem on a CAT(1) space. We use projection method
to generate the approximate sequence.

2  Preliminaries

Let X be a metric space. For x,y € X we define a geodesic between these points by
a mapping c: [0,d(z,y)] — X such that ¢(0) = z, c(d(z,y)) =y, and d(c(u),c(v)) =
|lu — v for any w,v € [0,d(z,y)]. We say X is uniquely m-geodesic if for any z,y € X
satisfying d(z,y) < 7, there exists a unique geodesic ¢ between these points. In this
case, we can define a convex combination between x,y € X if d(z,y) < w. That is, for
such z,y € X and t € [0, 1], we define tz @ (1 — t)y = ¢((1 — t)d(z,y)). A m-geodesic



space X is called a CAT(1) space if

cosd(tz @ (1 —t)y, z) sind(x,y) > cosd(x, z) sintd(z,y) + cosd(y, z) sin(1 — t)d(z,y)

for all x,y € X with d(z,y) < 7mand t € [0,1]. We say X is admissible if d(u,v) < w/2
for all u,v € X.

Let X be a metric space and T: X — X. If the point z € X satisfying x = T'x,
then x is called a fixed point of T" and we denote the set of all fixed points of T by
F(T). An admissible complete CAT(1) space X has the convex hull finite property if
every continuous selfmapping on clco E has a fixed point for every finite subset E of
X, where clco E is the closure of the convex hull of X.

Theorem 2.1 (Kimura [2]). Let X be an admissible complete CAT(1) space having
the convex hull finite property and K C X a nonempty closed convex set. Suppose
that f: K x K — R satisfies the conditions (E1)-(E4). Define the resolvent Ry of f
by

RfSCZ{ZEK

iglf{(f(z,y) —log cosd(z,y) + logcosd(x, z)) > O}
y

for all x € X. Then the following hold:

1. Ry: X — K s defined as a single-valued mapping;
2. Ry satisfies the following inequality for any x,y € X:

cosd(x,Ryy)  cosd(y, Ryx)
cosd(z,Rfx)  cosd(y, Ryy)

3. F(Ry) = Equil f and it is closed and convez.

<2cosd(Rysx, Rsy);

Let X be CAT(1) space and {z,} C X asequence. An asymptotic center AC({z,})
of {x,} is defined by

AC({zn}) = {z e X

inf limsupd(z,z,) = limsup d(z,xn)} )

z€X nooco n—00

A sequence {z,} C X is said to be A-convergent to xg € X if AC({z,,}) = {zo} for
all subsequences {z,} of {z,}. It is denoted by z, A 2.

Lemma 2.1 (Kimura and Oguchi [4]). Let X be an admissible complete CAT(1)

space having the convex hull finite property. Let K is a nonempty closed convex
subset of X, and suppose that f: K x K — R satisfies (E1)-(E4). Let {\,} C]0,00]

and {z,} C X be sequences satisfying inf, A, > 0, =, Amo and d(zy, Rx, fzn) — 0.
Then, xo € Equil f.

3  Main Result

We show a convergence theorem for an equilibrium problem defined on an admissible
complete CAT(1) space.



Theorem 3.1. Let X be an admissible complete CAT(1) space having the convex hull
finite property and C' C X a nonempty closed convex set. Suppose that f: C xC — R
satisfies the conditions (E1)-(E4), and Equil f # @. Let {\,} C]0,00] be a sequence
satisfying inf,, A, > 0. Suppose that {z € X | d(x, z) < d(y, z)} is convex for all x,y €
X. Let Ry, 5: X — C be the resolvent of A, f for eachn € N. Let {x,,} be a sequence
and Cy, a convexr subset of X defined by x1 € C, Chy = C, and

Chy1 ={2€C|d(Rx, frn,2) < d(xn,2)}NCh,

Tn+1 = Pcn+1xn

for each n € N. Then, {z,} is well-defined and x,, A:Eo € Equil f.

Proof. We first show by induction that F(Ry,fz) C C, and z, is well-defined for
all n € N. F(Ry,f) C C, is obvious. Suppose F(Ry,f) C Ci. Let x € C and
z € F(Ry, ). Then

cosd(x, Rz, t2) 4 cos d(z, Ry, fx)

< 2cosd(R R )
cosd(x, Ry, px)  cosd(z, Ry, r2) — cos d(Rx, s, Ry, r2)

Since z € F(Ry, ), we have cosd(Rx, fx, z) cosd(x, Ry, fx) > cosd(z,z) and thus
d(z, Ry, fz) < d(x,2). This implies that z € Cy41 and hence F(R), ) C Crq1 # 9.
Therefore F'(Ry, ¢) C Cy, # @ for all n € N. Further, we know that C,, is closed and
convex for all n € N and thus {z,} is well-defined.

Next, we show that z, Az € Equil f. Let u € F(Ry,¢). Since {P¢, } is quasi-
nonexpansive, d(z,4+1,u) = d(Pc, +1,u) < d(z,,u) and thus {d(z,,u)} converges to
some ¢ € [0, 7/2[. From the definition of CAT(1) space, we have

cos d(Tp11,Tn)sind(u, Ty41)

= cosd(Pc, .,

> cosd(tu® (1 —t)Pc,,,

> cosd(u, x,)sintd(u, Po
(

= cosd(u, xy, ) sintd(u, xp41) + cos d(Tp41, ) sin(l — t)d(u, xp41)

Ty, Ty)sind(u, Po,, )
Ty, Ty)sind(u, Po,, )

Tp) + cosd(Pc,  Tn,Ty)sin(l — t)d(u, Po, ., Tn)

n+1 n+1

and hence
(sind(u, xpy1) —sin(l — t)d(u, x,11)) cos d(Tpy1,%y) > cosd(u, Tpy1)sintd(u, Tpi1).
Using sum to product formulas, we have

(sind(u, xp+1) —sin(l — t)d(u, py1)) cos d(Tpt1, Tn)

2 —t)d n . td v L
( ) (2u,x 11) sin (u2x +1) COS §d(xn,flfn+1)-

= 2cos



From half angle formulas, we get

2 — )d(u, z,, td(u, z,,
2COS( Jdu, Tni1) sin (u2a: 1) coS d(ZTp, Tpi1)

—

[\

> cosd(u, zy) sind(u, Tpn41)

~—  —

t t
= cos d(u, x,)2sin Ed(u, Tpt1) COS §d(u, Tpt1)-

This implies that

2 — t)d(u, , i
Cos =1 ;u’x +1) cos d(Tn, Tp41) = cosd(u, z,) cos §d<“vxn+1)’

and letting t — 0, we get

cos d(u, Tpt1) coSd(Ty, Tpi1) > cosd(u, x,).
Since d(xy,,u) — ¢,

cos d(u, x,,) cosc _

1> cosd(xpt1,Tn)

cosd(u,x,11)  cosc

as n — oo, and thus d(z,11,2,) — 0. Since z,411 € Cp11 and d(xp41,2,) — 0, wWe
have

0< d(R/\nfmnaxn) < d(R)\nf-Tna mn+1) + d(x’n+17x’rl)
< d(xn; CUn—l—l) + d($n+1 + mn) — 0

and hence
d(R,\nfl“n, l'n) — 0.

Since {x,} is spherically bounded, every subsequence {z,,} of {z,} is spherically
bounded. Let {z¢o} = AC({z,,}) and {wo} = AC({z,,,}). We can take a subsequence
{a:m.j} C {xpn, } such that A-convergence to some zy € C. Since d(Rx, fTpn,xn) — 0,
by Lemma 2.1 we get 29 € Equil f. From the definition of asymptotic center, we get

limsup d(z, z0) = limsup d(z,, , 20)
n—o0 j—oo 7

< lim sSup d(xnz . wO)
j—o0 J

< lim sup d('xnz ) wO)
i— 00

< limsup d(zn, , 7o)

1—+00
< limsup d(z,, xo) < limsup d(x,, 2o).
n—oo n—oo

Therefore xg = wp = zp and thus we get {xg} = AC({zy,}) for all {z,,} C {z,}.
Consequently, x,, A xo € Equil f. O



Theorem 3.2. Let X be an admissible complete CAT(1) space having the convex hull
finite property and C' C X a nonempty closed convex set. Suppose that f: C xC — R
satisfies the conditions (E1)-(E4), and Equil f # @. Let {\,} C]0,00] be a sequence
satisfying inf,, A, > 0. Suppose that {z € X | d(x, z) < d(y, z)} is convex for all x,y €
C. Let Ry, r: X — C be the resolvent of A\, f for each n € N. Let {z,} be a sequence
and Cy, be a convexr subset of X defined by x1 € C, C; = C, and

Cn_|_1 = {Z eC | d(R)\anL‘n,Z) < d($n7z)} N On;

Tp+1 = Pcn+1xn

for each n € N. Let D C X be closed and convez such that Equil f € D C ().~ C,,.
Then, Ppx, — xo, where xq is the A-limit of {x,}.

Proof. We suppose that x,, A xo € Equil f and show Ppx,, — x¢. Since
d(PDxn+1; xn—i—l) < d(PDxn; xn—i—l) — d<PDxn; PCn+1xn) < d(PDZIJn,.I'n),

{cosd(Ppxy,x,)} is a Cauchy sequence. Hence, there exists {a,} C R such that
ayn — 0 and cos d(PpTo, Tm) — cos d(PpTy, ) < ay, if m > n. We have

o cosd(Ppxy,Tm)  cosd(Ppxy, )

cosd(Ppp,, Tm) — coSd(PpTy, Tm)  cosd(PpToy, Tm)’
and thus

cos d(Ppxy, ) S 1 o, > 1 o,
cosd(PpTo, Tm) — cosd(PpTym, Tm) — cosd(Ppx1,11)

Further, since cos d(PpZy,, ) cos d(PpXmy,, Ppxy) > cosd(Ppy, ., ), we have

cos d(Ppxyp, Tm,)

cosd(Ppxy,, PpTy) cos d(PpTum, Tm)

cos d(Ppxy, xy,) (e%%

= cosd(Ppm,xm) — cosd(Ppazy, 1)
Hence, {Ppz,} is a Cauchy sequence and we get { Ppx,,} converges to some yg € C.
Since z, A xo € Equil f, we have

lim sup d(yO; -'rn) < lim Sup(d<y07 PDwn) + d(PDxna xn))

n—oo n—oo

= limsup d(Ppxy, ) < limsup d(zg, ).
n— oo n—00

Therefore, yog = xg and we get Ppx,, — xo € Equil f. O

Acknowledgement. This work was partially supported by JSPS KAKENHI Grant
Number JP21K03316.



References

[1] P. L. Combettes and S. A. Hirstoaga, Equilibrium programming in Hilbert spaces,
J. Nonlinear Convex Anal. 6 (2005), 117-136.

[2] Y. Kimura, Resolvents of equilibrium problems on a complete geodesic space with
curvature bounded above, Carpathian J. Math. 37 (2021), 463-476.

[3] Y. Kimura, Comparison of convergence theorems for a complete geodesic space,
RIMS kokytroku, no. 2240 (2023).

[4] Y. Kimura and T. Oguchi, An approximation theorem to a solution to an equilib-
rium problem in complete CAT(1) space, Study on nonlinear analysis and convex
analysis, RIMS Kokyturoku, vol. 2240, Kyoto University, Kyoto, 2023, 97-103.

[5] W. Takahashi, Y. Takeuchi and R. Kubota, Strong convergence theorems by hy-

brid methods for families of nonexpansive mappings in Hilbert spaces, J. Math.
Anal. Appl. 341 (2008), 276-286.



