STRONG CONVERGENCE THEOREMS FOR A SOLUTION OF
SPLIT FEASIBILITY PROBLEM IN BANACH SPACES

HIROKO MANAKA

ABSTRACT. We treat with Split Feasibility Problem in Banach spaces. We
show diverse characterizations of a solution of SFP with a metric projection, a
generalized projection and a sunny generalized nonexpansive retraction. Then
we show strong convergence theorems for a solution of SFP by hybrid methods
with these projections. These theorems imply that the convergence to a point
of solutions of SFP also mean the convergence to a common fixed point of
some nonlinear mappings.

1. INTRODUCTION

Let E and F' be Banach spaces, let A: E — F be a bounded linear operator,
and let C' and D be convex and closed subsets of E and F, respectively. Then we
called the following problem Split Feasibility Problem (SFP):

Find a point

e CNAYD).

In the case of finite dimensional linear spaces, C. Byrne treated the following iter-
ative algorithm with metric projections ([6]);

Tpy1 = Po(z, +7AT(Pp — I)Az,) = 2 € CNA™YD),

where n € N, A is represented as a matrix which can be selected to impose con-
sistency with measured data and, Po and Pp are metric projections to C and D,
respectively.

Characterization of a solution of SFP and a strong convergence theorem for a
solution of SFP with metric projections are given by W. Takahashi ([19], 2014), as
follows:

Theorem 1.1. For closed convex subsets C and D of uniformly convex and smooth
Banach spaces E and F, resp. Let A: E — F be a bounded linear operator. Then
the following are equivalent:

(i) z€CnNAYD)
(i1) z=Po(Ip —rJg ' A*Jp(Ip — Pp)A)z,

where Po and Pp are metric projections, Ig and Ip are identity mappings, Jg and
Jr are duality mappings on E and F, respectively.

Date: 2023.11.10.

2000 Mathematics Subject Classification. Primary 49J40, Secondary 47J20.

Key words and phrases. split feasibility problem, strong convergence theorem, metric projec-
tion, generalized projection, hybrid iterative scheme, Banach space, Bregman distance.

1



Theorem 1.2. Let E and F' be a uniformly convex and smooth Banach space, let
Jg and Jp be duality mappings on E and F', respectively, let C' and D be nonempty,
closed and convex subsets of E and F, respectively, let A: E — F be a bounded and
linear operator with A # 0, let A* be the adjoint operator of A and let r € (0,00).
Suppose that C N A~ (D) # 0. Let x1 € E and let {x,} be a sequence generated by

Zn = (IE —TJ_lA*JF(IF —PD)A)ITL,

C, = {z€C:{z, — 2, Jeg(x, — 2,)) >0},
Qn = {Z € Qn—l : <$n - ZyJE'(xl - xn)> > 0}7
Tnt1 = Po,ng.71

for any n € N, where Dy = C. Then {x,} is strongly convergent to a point
20 € CNAYD) for anyr € (0,7)4)2), where zo0 = Pona 1(pyT1-

In this paper, we show some diverse extensions of Takahashi’s result with not
only a metric projection, but also a generalized projection and a sunny generalized
nonexpansive retraction. At first we show diverse characterizations of a solution
of SFP by these projections. Then we show strong convergence theorems for a
solution of SFP by using hyblid methods with these projections.

2. PRELIMINARIES

For a closed and convex subset C' of a Banach space, we introduce definitions
and properties of a metric projection Pg, a generalized projection Il and a sunny
generalized nonexpansive retraction R¢.

A metric projection Pc is defined by the following.

Definition 2.1. Let E be a strictly convex and smooth Banach space, and C a
nonempty, closed and convex subset of E. For any = € FE, there exists a unique
element z € C such that

2 2] = minlz ~ ],

and so we denote
z = Pe(x)
and we call Pc a metric projection of E onto C.

A generalized projection Il is defined by a following function V (-, -) .
Definition 2.2. Let F be a smooth Banach space, and for all z, y € E we denote
V(z,y) = lllI* + lly* — 2 (2, I (),

where J is a normalized duality mapping, that is,
J(z) = {a* € E*: (z,2*) = al*, [2*| = ||=]}
and (,) is a duality pair.

Remark 1. J(x) is a singleton for any « € E when E is a smooth Banach space.

It is trivial that 0 < (||z]| — ||ly[|)? < V(z,y) for all z,y € E. It is well-known that

if F is a smooth and strictly convex Banach space, V(z,y) =0 <— z=y. f E

is a Hilbert space, V(z,y) = ||z — y||*. In a general Banach space, this function V
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is a special version of Bregman distance D(xz,y) with respect to f = ||-|[?, where
Dy(z.9) = f(x) — [(3) — (& — 9,7 f(y)) and ¥ is a gradien.

There are many mappings which are characterized by this function V. We give
two examples, as follows.

Example 1. A mapping T : F — FE is called a generalized nonexpansive if for
any fixed point p of T

V(Tz,p) < V(x,p)

for any = € E. There are a lot of results with respect to convergence theorems for
fixed points of T'. (cf. [9])

Example 2. A mapping T : E — FE is called a V-strongly nonexpansive mapping
if there exists a A > 0 such that the following inequality holds for all z,y € FE

where [ is an identity function on E.

Remark 2. We also obtained some convergence theorems for a common fixed point
with respect to this V-strongly nonexpansive mapping and maximal monotone op-
erators in Banach spaces ( see [11]), and it is showed that this mapping is a firmly
nonexpansive in a Hilbert space, however it is not a nonexpansive mapping in some
Banach space ( see [13]).

Now we give a definition of a generalized projection Il..

Definition 2.3. Let E be a smooth and strictly convex Banach space, and C a
nonempty, closed and convex subset of E. For any x € FE, since there exists a
unique element z € C' such that
V(z,2) =minV(y, ),
(2) = min V(s )
we denote this z by Il¢(x), i.e. z = leo(z), and we call the Il : E — C a
generalized projection of E onto C.

At the last, we give a definition and properties of a sunny generalized nonexpan-
sive retraction onto C.

Definition 2.4. Let F be a Banach space and C' a nonempty subset of E. A
mapping R from E onto C' is said to be sunny if

R(Rx + t(x — Rzx)) = Rx

for any « € E and any t € [0,00). If Rx = x for any « € C,
the mapping R is called a retraction

The following lemmas of the properties with respect to the three projections are
well-known (cf. [9]).

Lemma 2.1. Let E be a strictly convez, reflexive and smooth Banach space, and
C C E a nonempty closed subset. Then the followings are equivalent:
(i) There exists a generalized nonexpansive retraction R : E — C,
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(#3) There exists a sunny generalized nonexpansive retraction R : E — C,
(zit1) J(C) is closed and conver.

We denote a sunny generalized nonexpansive retraction E — C' by Rc.
The followings are equivalent:
(iv) z=Rc(z) < V(x,2z) =mingec V(z,y)

Lemma 2.2. Let E be a strictly convex and smooth Banach space, let C' C E be
nonempty and closed. Let J be a duality mapping on E.
(A) For any (z,z) € E x C,
z=Po(a) <= (z—y,J(x—2)) >0 (yeC)
(B) For any (x,2) € E x C,
z=lg(x) <= (z—y,Jx—Jz) >0 (yeC)
(C) For any (z,z) € E x C,
z=Reo(x) <= (z —x,Jy—Jx) >0 (ye)

In the next section, we shall show diverse extensions of Takahashi’s result in
2014, by these three projections.

3. OUR REsuLTS

In this section we show our results with respect to the characterizations of a
solution of SFP and the strong convergence theorems by the previous three projec-
tions. For the sake of proofs we treat the problem under the following situation & .

& : Let F and F be strictly convex, reflexive and smooth Banach spaces,
Ig and Ir identity mappings on E and F', respectively.
Jg and Jp duality mappings on E and F', respectively.
A: F — F a bounded linear operator, A* the adjoint operator of A,
C C E and D C F nonempty, closed and convex subsets,
Pe, Il and Re be a metric projection, a generalized projection and a generalized
retraction onto C, respectively.

Then we obtain diverse characterizations of a solution of SFP by the metric
projection, the generalized projection and the sunny generalized nonexpansive re-
traction ([14]), as follows.

Theorem 3.1. ( [14] ) Suppose that C N A=Y(D) # () and r € (0,00) under &.
The followings are equivalent:

) zeCNA YD)
) z=Poc(Ip —rJ;'A*Je(Ip — Pp)A)z

3) z=Pc(Ig —rJg'A*(Jp — Jpllp)A)z
) z=TlcJg (Jg —rA*Jr(Ip — Pp)A)z
)

z=TloJgp" (Jg — rA*(Jp — Jpllp)A)z
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Theorem 3.2. ( [14] ) Suppose that C N A71(D) # () and r € (0,00) under &.
If Jp(D) is closed, the followings are equivalent:

(1) zeCnAYD)
(6) 2=Pc(lg—rJg'A*(Ip- — Ry, (pyJpA)z
(7) z=TcJg" (Jg —rA*(Ip- — Ry.(p))JrA)z
If Jg(C) is closed, the following are equivalent to (1) :
(8) z=Jz'Ryyc)(Jg —rA*Jp(Ip — Pp)A)z
(9) z=J5'Ryyc)(Jg —1rA*(Jg — Jpllp)A)z
(10) 2= Jg'Rypc)(Jp — 1A (Ip- = Ryp(p))IrA)z,
where (10) also needs the condition that Jp(D) is closed.

Next we show the strong convergence theorems for a solution of SFP by hyblid
methods with the generalized projection and the sunny generalized nonexpansive
retraction, which extend Takahashi’s Theorem for diverse projections methods. For
the sake of the proofs we need Xu’s results ([21]).

Lemma 3.1. ([21]) Let E be a Banach space, then the following are equivalent:
(i) E is uniformly convex
(#9) Forallp € (1,00) and p € (0,00), there exists a continuous, strictly increasing
and convez function g, , : [0,00) — [0,00) such that gp ,(0) =0 and

{z—y,2" —y") > gp,p(llz — yll)
for all z,y € B,(E), z* € Jp(z) and y* € Jp(y).
Where

* * * * —1

Jp(z) ={2" € B : (w,2") = ||=||”, [l="] = ||=[I"""}.

Lemma 3.2. ([21]) Let E be a smooth Banach space. Then the following are equiv-
alent:
(tit) E is uniformly smooth
(iv)  For allq € (1,00) and p € (0,00), there exists a continuous, strictly increas-
ing and convex function g; ,:[0,00) — [0,00) such that g, ,(0) =0 and

(x =y, Jy(x) = Jy(y)) < g4,z = yll)
for all x,y € B,(E). The Jy(z) is a singleton;

Jo@) = {z" € B": (w,a™) = ||z, |l="|| = Jl|"""}.

By these lemmas, we establish the following conditions #1 and #2 for our pur-
pose, with respect to a Banach space we treat on theorems.

&1 : It is a uniformly convex and smooth Banach space, and it satisfies

inf 1) > 0.
pel(gm)gz,p( )
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M2 : Tt is a uniformly smooth Banach space, and there exists 1y € (0,00) and
a € (1,00) such that

g5 ,(7)
sup =
re(0,r0),p€(0,00) T

< oQ.
Examples satisfying these conditions are given in [14].

Now we show the extensions of Takahashi’s convergence theorem by hybrid meth-
ods with the generalized projection and the sunny generalized nonexpansive retrac-
tion. First we show a theorem with the generalized projection.

Theorem 3.3. ( [14] ) Let E be a uniformly conver and smooth Banach space,
let F' be a strictly convex, reflexive and uniformly smooth Banach space, Jg and
Jp duality mappings on E and F, resp., C C E and D C F nonempty, closed
and convex subsets, A: E — F a bounded and linear operator with A # 0, A* the
adjoint operator of A, and let r € (0,00). Suppose E* and F* satisfy the condition
&2 and M1, respectively, and C N A™Y(D) # (0. Let 1 € E and let {z,} be a

sequence generated by

zn = Jg'(Jg —rA*(Jp — Jpllp)A)z,,

Cn, = {2€C:(zy—2,Jpxy — Jgzn) > 0},
D, = {2€Dp_1:{xyp— 2, Jgx1 — Jpz,) > 0},
Tny1 = He,np,T1

for any n € N, where Dy = C. Then {x,} converges strongly to a point zy €
CNA=YD) for any r € (0,7)4)2), where zo = llgna 1(pyT1.

Next we show a theorem with the sunny generalized nonexpansion retraction.

Theorem 3.4. ( [14] ) Assume the condition of Theorem 3.3 holds, with respect to
E F,Jg,Jrp,C C E,D CF. And suppose Jp(D) is closed , let Ip+ be the identity
mapping on F*, A: E — F a bounded and linear operator with A # 0, A* the
adjoint operator of A, and let r € (0,00). Suppose E* and F* satisfy the condition
#2 and M1, resp., and CNA™Y(D) # (. Let x1 € E and let {z,} be a sequence
generated for any n € N as following; let Dy = C and

zn = Jp'(Jp—rA*(Ip- — Ry, (p))JrA)n,
C, = {2€C:(zy—2,Jpgxy — Jgzn) > 0},
D, = {z€Dyp_1:{xy— 2 Jgx1 — Jgz,) >0},
Tnp1 = Jg Rygconp,)JET

Then, there exists a2 € (0,00) such that x, — zo € C N A™Y(D) for any r €
(O,T‘HAnz), where 20 = JilRJE(CmA*l(D))JE‘Tl .

Remark 3. Theorem 3.3 and 3.4 also imply that their {x,}s converge strongly to a
point of common fixed points of (2), (3), (4), (5) and (6) of Theorems 3.1 and 3.2.
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