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Abstract

In this paper, we consider a special type of convex combination and convex
function on uniquely geodesic spaces.

1 Introduction

A uniquely geodesic space is a metric space such that there exists a unique geodesic
Ya,y joining each two points # and y. In the uniquely geodesic space (X, d), we can
consider the convex combination tz @ (1 — t)y as an internal dividing point of the
image of v, , with the ratio (1 —¢) : ¢ by the metric d.

We call a uniquely geodesic space which has a curvature bounded above by k € R
a CAT(k) space. In 2020, Kimura and the author proposed another type of convex
combination @. This was defined in [2] to show a fixed point approximation theorem
for Halpern type iteration with multiple anchor points on a complete CAT(—1) space
as follows:

Theorem 1.1 (Kimura and Sasaki [2]). Let X be a complete CAT(—1) space and
R, S5, T: X — X strongly quasinonexpansive and A-demiclosed mappings with F =
Fix(R) N Fix(S) N Fix(T) % <. Let {a,} C ]0,1] such that lim,_ oo, = 0
and Y o o, = oo. Let {B,}, {7} C 10,1] such that lim, .o 3, = B € ]0,1],
limy, 500 vn =7 €]0,1[. Let u,v,w,x; € X and define a sequence {x,} on X by

(7“ :oznuzg(l — ap) Rz,
Sy = QpU EB (1 — ) Sxp,
tn = Qpw 39( —ap) Ty,
| Tng1 = Bt & & (1= 82) (G0 & (1= 7n)tn)

for every n € N. Then {x,} converges to a point p = argmin ¢ (8 coshd(u,z) + (1 —
B) (7 coshd(v,z) + (1 — 7) coshd(w, x))).
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In the theorem above, if we use a usual convex combination ¢ instead of &, a
sequence {x,} does not converges to the point p in general.
Incidentally, in 2021, Kimura and the author [3] defined another type of convex

1
combination @. Later, Kimura and the author [4] obtained a nature which implies
1
that @ has better properties than ¢ on the unit sphere in a Hilbert space.

—1
In this paper, we consider a behavior of ¢ on the hyperbolic plane. Moreover, we
—1
consider another type of convex functions using © on uniquely geodesic spaces.

2 Preliminaries

Let X be a nonempty set and f a function from X into |—o0, c0]. Define an effective
domain of f by dom(f) = {z € X | f(2) % co}. A function f is said to be proper if
dom(f) is nonempty. In this paper, argmin, .y f(z) denotes the unique minimizer of
f, if it exists. We write the restriction of f to A C X as f|a: A — ]—00, 00].

Let (X,d) be a metric space. X is called a uniquely geodesic space if there exists
a unique geodesic 7y, ,: [0,1] — X joining each two points u,v € X, where 7, , is
called a geodesic joining = and y if v, ,(0) = v, Yy (1) = u, and d(yu,v(5), Yuu(t)) =
|s — t|d(u,v) for any s,t € [0, 1].

Let (X,d) be a uniquely geodesic space and u,v € X. Then a point z = 7, ()
is called a conver combination of u and v with a ratio ¢t € [0,1], and write it by
z=tu® (1 —t)v. We know that the convex combination tx ©® (1 — t)y satisfies

tu® (1 — t)v = argmin (td(u, 2)* + (1 — t)d(v, 2)?).
zeX
A uniquely geodesic space (X,d) is called a CAT(—1) space if an inequality
coshd(tx & (1 —t)y, z) sinhd(x,y) < coshd(z, z) sinh(td(z,y)) 4+ cosh d(y, z) sinh((1 —
t)d(z,y)) holds for every z,y,z € X and t € [0,1]. This is not an original definition
of a CAT(—1) space, but this is an equivalent definition of such a space.

Lemma 2.1 (Mayer [5]). Let X be a complete CAT(0) space and f a lower semicon-
tinuous convex function from X into R. Then there exists L € |—o0,0] such that for
any v € X,

o f(2)
> [
d%}},g)lgio d(v,z) — L

Note that every CAT(—1) space is a CAT(0) space; see for example, [1].

3 (—1)-convex combination

3.1 (—1)-convex combination in geodesic spaces

In 2020, Kimura and the author defined the (—1)-convex combination as follows.



Definition 3.1 ([2]). Let X be a uniquely geodesic space. Then for any two points
u,v € X and t € [0, 1], put

tu® (1 — t)v = argmin (¢ cosh d(u, 2) + (1 — ¢) cosh d(v, 2)).
zeX
We call this point a (—1)-convex combination of v and v.
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Then we obtain that tu @ (1 — t)v € 7,,,([0, 1]). Therefore, & can be expressed by
a usual convex combination © by changing the coefficients of u and v as follows.

Theorem 3.2 ([2]). Let X be a uniquely geodesic space and t,7 € [0,1]. Take
u,v € X and suppose that u 5 v. Then the following are equivalent:

(a) tmEBl(l —ty=1x®d (1 —1)y;

B L 1 tSil’lh d(u,U) .

(b) 7= d(u,v) tanh " 3 d(u,v)’
O 1 (I —t)sinhd(u,v)

() 1—7= d(u,v) tanh 5 (1 —1) coshd(u,v)’

(d) o Sinh(Td(ua U))

sinh(7d(u,v)) + sinh((1 — 7)d(u,v)) "
Corollary 3.3. Let X be a uniquely geodesic space. Then for any u,v € X,

1 1 1 =11
§U$§U—§U@§U.

In CAT(—1) spaces, the following two inequalities hold.

Theorem 3.4. Let X be a CAT(—1) space. Then for any x,y,z € X such that r X y

and t € [0,1],

sinh(td(x,y)) coshd(z, z) + sinh((1 — t)d(z,y)) cosh d(y, z)
sinhd(z,y) '

coshd(tx & (1 —t)y,z) <

Theorem 3.5 ([2]). Let X be a CAT(—1) space. Then for any z,y,z € X and
t € [0,1],
—1 tcoshd(x,z) + (1 —t)coshd(y, z)

coshd(tx ® (1 —t)y,z) < .
( ( Jy:2) V12 +2t(1 —t) coshd(z,y) + (1 — t)?
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Comparing two inequalities above, we can find that © has the useful property that
the ratio of the coefficients of the two terms on the right-hand side is exactly t : (1—t).

3.2 (—1)-convex combination in Hyperbolic spaces

Let H = {(z,2,y) € R3 | 22 —22 —y? =1, 2 > 0} be an upper half hyperboloid.
Define a function d: H x H — [0,00[ by d(u,v) = cosh™ ' (u,v, — uzv, — uyv,) for



u = (U, Uz, uy) € H and v = (vy,v5,vy) € H. Then (H,d) is a metric space.
Moreover, for any two points w,v € H, a mapping vy »: [0, 1] — H defined by

sinh(td(u,v)) =~ sinh((1—d(w,v)) oo\
tuo(t) = { smhd(w,w) T sinhd(u, v) (if u % v)
v (if U= ’U)

for each ¢t € [0,1] is a unique geodesic joining w and v, where a symbol + stands
for a usual addition on the Euclidean space R3. Hence (H,d) is a uniquely geodesic
space. Then a convex combination tu & (1 — t)v coincides with 74, (). We know
that (H,d) is one of the model of the hyperbolic space named a hyperboloid model.
In what follows, (H,d) always represents such a model.

Define B: R® x R* — R and Q: R® — R by B(p,q) = p.¢> — pzqx — Pyqy and
Q(p) = B(p,p) = p? — p} — p; for any p = (p, pz, py), ¢ = (2G> ¢y) € R®. Then
we have H = {p € R® | Q(p) = 1}, and d(u,v) = cosh™ ! B(u,v) for any u,v € H.
The following are immediately obtained for any w, v, w € R? and s,t € R:

e B(u,v) = B(v,u);
e B(su+tv,w) = sB(u,w) + tB(v, w);
o Q(su+tv) = s2Q(u) + 2stB(u,v) + t?Q(v).

Lemma 3.6. Take p = (p., Dz, Dy), 4 = (qz, Qx> Qy) E ]R3 and suppose that Q(p) > 0,

Q(g) >0, p. >0, and q, > 0. Then B(p,q) > \/Q(p)\/Q(q) holds.

Proof. Put wy = /p2 +p? and wy = \/q7 + q; . Then we get p,py +qoqy < wiwy <
D-q-. It follows that

B(p, q) = p-q: — Pale — DyQy > D2q> — W1W2

= \/ pz - w1 - w2) + (wigq. — wzpz)2
> /(02 — w) (g2 —wg) = VQp) VQa).
It is the desired result. O

Lemma 3.7. For any uw,v € H and t € [0,1], inequalities B(u,v) > 1 and Q(tu +
(1 —t)v) > 1 hold.

Proof. We obtain B(u,v) VO(u)/Q = 1 by Lemma 3.6. Moreover, since
Q(u) =Q(v) =1and B(u 'v) > 1 we have Q(tu—i—( t)v) = t2+2t(1 —t)B(u,v) +

(1 —t)? > 1, which is the desired result. O
Theorem 3.8. For any u,v € H and t € [0, 1],
(1 tu+ (1 — t)
\/Q tu+ (1—t)v)

Proof. By the definition of (—1)-convex combination, we get tu @ (1 — t)v =
argmin, ¢ (t coshd(u, z) + (1 —t) coshd(v,z)) = argmin, g B(tu + (1 — t)v, 2).

4



Set p=tu+ (1 —t)vand w = p/\/Q(p). Then we get Q(w) = 1, and hence w € H.
Furthermore, for any z € H, we have

B(tu+ (1 —t)v,z) = B(p,z) > VQ(p)VQ(2) = VQ(p) = B(tu + (1 — t)v,w)

~1
by Lemma 3.7. Consequently, we obtain tu @ (1 — t)v = w. O

4 New type of convex functions

Using the (—1)-convex combination, we can consider another type of convex function
on uniquely geodesic spaces as follows.

Definition 4.1. Let X be a uniquely geodesic space and f: X — |—o00,00]. We call
f a (=1)-conver function if an inequality

-1
fltr o (1 —t)y) <tf(x) + (1 —1)f(y)
holds for any x,y € X and t € ]0,1][.
Then we get the following proposition hold:

o If f,9: X — |—00,00] is (—1)-convex, then so is f + g.

o If f: X — ]—00,00] is (—1)-convex, then so is kf for any k > 0.

o If f: R — ]—00,00] is (—1)-convex, then so is g: R > t — f(—t).

o If f: R — |—00,00] is (—1)-convex, then so is g: R 5 t — f(t + ¢) for any
ceR.

The following are examples of (—1)-convex functions and non-(—1)-convex functions.

o Let X be a CAT(—1) space and z € X. Then a function f: X — |—o0, 0]
defined by f(-) = coshd(:, z) is (—1)-convex.

A function f: R 5t +~— cosht is (—1)-convex.

A function f: R 3¢t +—— expt is (—1)-convex.

A function f:]—00,0] 3 t — tanh(¢/2) is (—1)-convex.

For b € R, a function f: R >t~ bis (—1)-convex.

For a,b € R such that a % 0, a function f: R 3 ¢ — ax+b is not (—1)-convex.
o A function f: R 3¢+ x2 is not (—1)-convex.

Theorem 4.2. Let X be a uniquely geodesic space. Then a function f: X — |—00, o]
is (—1)-convex if and only if for any x,y € X with D =d(x,y) > 0 and t € ]0,1],
sinh(tD) sinh((1 —¢)D)
_ < .
fe & (1 =8y) < GRaDy T+ sinh(@ —9D) ) * Smb(iD) + smb((1 = D)’ ¥

~1
Proof. If x = y, then f(tx ® (1 —t)y) = tf(z) + (1 — t)f(y) holds. Therefore, we

~1
obtain that f is (—1)-convex if and only if f(tz @ (1 —t)y) < tf(x) + (1 —t)f(y)
for any z,y € X with z % y and ¢t € ]0,1[. Therefore we get the conclusion by
Theorem 3.2. ]

<t



We know that (—1)-convex functions have the following conditions.

Theorem 4.3. Let X be a uniquely geodesic space. Then every continuous (—1)-
convex function f: X — |—o00, 00| is conver.

Proof. Assume that f is continuous and (—1)-convex. Then we obtain from
Corollary 3.3 that

1 1 1 -11 1 1
= = — = = < = =
fgee5y) = f(32 @ 5v) < 5/@) +5f@)
for any x,y € X. Therefore, since f is continuous, we get the desired result. O

Theorem 4.4. Let X be a uniquely geodesic space and f: X — |—o0,00] a proper
(—1)-conver function. Let u,v € dom(f). Then flj, [ 95 continuous, where Ju,v| =
{tud (1 —t)v |t e]0,1[}.

Theorem 4.5. Let X be a uniquely geodesic space and f: X — |—o00,00] a proper
(=1)-conver function. Then f|aom(r) is convez.

Corollary 4.6. Fvery (—1)-convez function f: R — R is convez.

Theorem 4.7. Let X be a uniquely geodesic space and f: X — |—o00,00] a proper
(—1)-convex function. Then for any u,v € dom(f) such that f(u) % f(v) and
t €10,1], an inequality f(tu @ (1 —t)v) < tf(u) + (1 —t)f(y) holds.

The theorem above implies that, if a proper (—1)-convex function f: X — |—o0, o0

satisfies ) ) ) )
f(que o) = 5 f@) + 5 (o).

for any u,v € dom(f), then f|qom(s) is a constant function.

Theorem 4.8. Let X be a uniquely geodesic space and f: X — |—o0,00] a proper
(—=1)-convex function. For fixred u,v € dom(f) such that u % v, suppose that f(x) %
f(y) for every x,y € [u,v]. Then,

f(%u S %v) < %f(u) + %f(v).

In Theorem 4.8, if there exist x,y € [u,v] satisfying f(x) = f(y), then f does not
always hold the conclusion of Theorem 4.8. For instance, a function f: R — R defined

by
o (ift <0
ft) = {cosht —1 (ift>0)

~—

for t € Ris (—1)-convex, and also f(%:c—i—%y) = %f(a:)—i—%f(y) forx =—-1land y =0.

5 Natures of (—1)-convex functions on the real line

In this section, we consider (—1)-convex functions on R. From Corollary 4.6, every
(—1)-convex function on R is convex.



Let I be a (bounded or unbounded) closed interval on R, and let f: I — R. For
arbitrary chosen x,y € I such that z < y, define a function g, ,: [z,y] — R by

B sinh(y — z) sinh(z — x)
Gary(2) = sinh(y — 2) + sinh(z — ) fla)+ sinh(y — 2) + sinh(z — ) )
i@ ) e s
2 tanh % 2

for every z € [z,y]. Then we clearly obtain that g, ,(x) = f(z) and g5 ,(y) = f(y).
By Theorem 4.2, f is (—1)-convex if and only if for any z,y,z € [ such that
xr < z <y, an inequality f(z) < g5 4(2) holds. That is, f is (—1)-convex if and only if

f(Z)S inf gm,y(z): inf gw,y(z)

r<z<y r<z<y
z,yel <y
x,yel

for every z € I. In other words, we can explain that the (—1)-convexity of f means
that epi f D epigy,, for every x,y € I such that z < y.

Theorem 5.1. Let f: R — R be a (—1)-convex function. Then for any v € R,

limint /) S .

[lu—v|—o00 |U— 'U| -

Proof. From Corollary 4.6, f is continuous and convex, Thus, from Lemma 2.1, there
exists L € |—o0, 0] such that liminf|, o f(u)/|u —v| > L for any v € R. Suppose
L < 0 and assume that there exists v € R such that the inequality above holds as an

equation. Then
T A PR i ) R
u—oco U — VU U—r—00 —(u — U)

holds. Without loss of generality, we may assume the first equation holds, which

implies
tim L — i <—f(“) -—“_“) = L.

U— 00 u u—oco\ U — vV u

Take a real number ¢ such that 0 < & < —L/7. Then there exists ug > 0 such that
for any u > ug, an inequality (L —e)u < f(u) < (L + ¢)u holds. Thus, for any A > 0,
we get

(sinh A) f(ug) + (sinh 3\) f (ug + 4X)
sinh A 4 sinh 3\
(sinh A)ug + (sinh 3\)(ug + 4\)
sinh A 4 sinh 3\
(sinh 3A)A
sinh A + sinh 3\~

(L —&)(uo +3X) < fluo+3X) <

<(L+e¢)-

< (L+¢e)up+ (4L + 4¢) -



It deduces that

1 (sinh 3A)\ >
0< by <(_L &)(uo + 3N + (L +eJuo + (4L + de) - sinh A + sinh 3\
2¢e sinh 3\
< T"LLO — 3L+ 3e + (4L+4€) : smh)\—i—sth)\
— L+7¢ <0
as A — oo, which is a contradiction. Hence we get the conclusion. O

6 Numerical experiments for (—1)-convex functions on the

real line

In this section, we consider numerical experiments for (—1)-convex functions on R.
First, we generate a “maximum” (—1)-convex function on R joining two points. Let
Z1, %2, Y1, Y2 be real numbers such that 21 < z2 and y1 < yo. Let f1: [z1, z2] — [y1,y2]
be an affine function such that f(x1) = y; and f(z2) = y2. Namely,

t— X9 t— X1
t) = L e N S
filt) =wn premeil C R m——
for t € [x1,x2]. Then f; is not (—1)-convex.
Starting with f1, we attempt to create a sequence of mappings {f,} whose limit

lim,, 00 fn, being (—1)-convex. Put I = [z1,22] and J = [y1,y2]. Define a function
fo: I — J by

. sinh(u — t) sinh(t — s)
falt) = srgnéélu < sinh(u — t) + sinh(t — s) Sils) + sinh(u — t) + sinh(t — s) h (u))
s,uel

fort € I. Then f3 is not (—1)-convex. In the same way, define a function f,,41: [ — J
for each n € N by

. sinh(u — t) sinh(t — s)
fra(t) = s]%lgu ( sinh(u — t) + sinh(t — s) fuls) + sinh(u — t) 4 sinh(t — s) fo (u))
s,uel

inductively. Then we obtain that y; < f,,41(t) < frn(t) holds for any n € Nand ¢ € I.
This implies that there exists a limit lim,, o f,(t) for each ¢ € I. Define a function
foo: I — J by foo(t) =1lim, o frn(t) for t € 1.



o) T )

The above two figures describe the creation of functions {f,}. The first figure
makes a function f; from f;. The second figure describes graphs of f1, fs, f3, f4, [5,
f87 f187 and foo

Then we expect the following holds.

Conjecture 6.1. Forany te I,

tanh t_—x?

2
foo(t) = Y2+ (y2 —w1) - o
tanh 2211

If Conjecture 6.1 is true, then the function fo is (—1)-convex. Indeed, we obtain
the following fact.



Theorem 6.2. Let x1,x2,y1,y2 € R such that x1 < xo and y; < ys. Define
g: ]—00, 2] = R by

tanh t—2x2
9@t) =y2 + (y2 — 1) - T
2
for t € |—o00,xa]. Then g is (—1)-convez.
Proof. Define h: |—00,0] — R by
h(t) = glt £ 23) — yo tanh 22— %L — gapn L
Y2 — Y1 2 2

for t € |—=00,0]. Then g is (—1)-convex if and only if h is (—1)-convex. Since h is
(—1)-convex, we get the conclusion. O

We also propose the following conjectures:

Conjecture 6.3. Let f be a (—1)-convex function from R into itself. Then f is
bounded below.

Conjecture 6.4. Let X be a CAT(—1) space and f a proper function from X into
|—00,00]. Then for any u € X,

) <,

d(lzlll,ll})lgf;)o d(u,v)
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