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1 Introduction

Asymptotic cone is a significant concept in convex analysis and optimization. The asymp-
totic cone of a set is defined as the set of all directions of asymptotic sequences. However,
if the given set is nonempty and convex, the asymptotic cone of the set is represented via
a set-valued mapping. In the paper, we can consider several continuities of set-valued map-
pings, and particularly discuss some relationships between asymptotic cone and the property

of upper and Hausdorff upper continuities.

2 Preliminaries

Throughout the paper, we denote by N the set of natural numbers, by R the set of real
numbers, and by R™ the n-dimensional real Euclidian space. In terms of the scalar product

between two elements and the norm, these are denoted by (-,-) and |[-|| below, respectively.

n
(x,y) = inyi for == (z1,...,2,)7 €R"andy = (y1,...,yn)" €R",
i=1

||| = (z,2)"/?.

The closure of a set C' C R™ is cl C' := N> (C'+€B); the closed unit ball in the n dimensional
Euclidean space R” is denoted by

B={rcR"||z] <1}.



3 Basic Definitions and Properties
At first, we introduce the definitions of convexity and cone.
Definition 3.1. A subset C of R” is convex if
tr+(1—t)ye C,Vz,y € C, t € [0,1].
Definition 3.2. A subset C' C R” is called a cone if

ter e C,Vx € C,t > 0.

As explained in [1], the notion of asymptotic cone has been utilized in optimization theory
to handle unbounded and/or nonsmooth situations, particularly when general compactness is
not assumed. We recall basic definitions and properties of asymptotic cones, which can be
found in [1].

For a nonempty set C C R", its asymptotic cone is defined by

Coo:{de]R” Jty — +oo,dzp € C with  lim xk:d}.

k—oo tg

Additionally, we define the following set related to the asymptotic cone,

C’;o:{dER” Vit — +oo,dz, € C  with limxk:d}.

k—oo tg

By the definition, it follows that CL C C.. We say that C is asymptotically regular if
Cs = CL (see [1, Definition 2.1.3]).

The basic properties of asymptotic cone are given below;
Proposition 3.3 ([1]). Let C C R™ be nonempty. Then:

(i) Cw is a closed cone.
(ii) (1 C)oo = Coo-
(iii) If C is a cone, then Cs, =l C.

Proposition 3.4 ([1]). A set C C R" is bounded if and only if C, = {0}.

Proposition 3.5 ([1]). Let C be a nonempty convex set in R™. Then C' is asymptotically

regular.
Actually, the asymptotic cone is characterized by some set-valued mappings.

Definition 3.6 (Painlevé-Kuratowski Convergence, [1]). Let Y be a topological vector space,
P(Y) a family of subsets in Y.



Let (An)nen C P(Y). The inner limit and the outer limit are defined by

liminf A, ={y €Y |3(yn) =y s.t. y, € A, forn > ng, for some ng € N},
n—oo

limsup Ap, = {y € Y [ I(ynw)) =¥ st. Ynw) € Apw) for k € N},

n— oo

By the definition above, liminf, ,. A, C limsup,_,. A, is clear. If it holds that
liminf,, oo A, D limsup,_, . A,, we say that (A,) converges in the sense of Painlevé-

Kuratowski.

Remark 3.7. Providing that the given {A;}+~( converges in the sense of Painlevé-Kuratowski,
we can let I'(t) = A; and I'(oco) = A where A, A; C Y. Then, I" implies a set-valued mapping
from R4 \{0} to P(R"™) and it follows that I'(c0) = CL = C.

With respect to set valued mappings, we can consider several types of (semi)continuities.

Let us define upper continuity and Hausdorff upper continuity, which are found in [2].

Definition 3.8 (Upper Continuity and Hausdorff Upper Continuity, [2]). Let X and Y be
topological vector spaces. (In particular, X is a real topological vector spaces.) Let I
X — P(Y) be a set valued mapping and zo € X, where P(Y) is a family of subsets in Y. We
say that

(a) I' is upper continuous (u.c.) at zq if
VD CY,Dopen, I'(xg) C D,3U € Vx(xg) st. Vze U,I'(x) CD.

(b) I' is upper continuous (u.c.) if I" is so at every zo € X.

(c) I' is Hausdorff upper continuous (H-u.c.) at xg if
YV C Vy,3U € Vx(xg) st. VeeUTI'(z)C I'(xg)+ V.

(d) I' is Hausdorff upper continuous (H-u.c.) if I" is so at every zy € X.

I'(2o)..
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4 Main Results

By the property between asymptotic cones and set valued mappings, we can study some
continuities of set value mappings, from a nonempty convex set to the asymptotic cone. Let
C' be a nonempty convex set in R and I'(t) = % where t > 0. Then, it does not always hold
that I' is upper continuous. Also, I is not always Hausdorff upper continuous. Considering

the case of
C={(z,y) |y > 2"},

I" does not have the property of upper and Hausdorff upper continuities. In the paper, we only
explain two continuities of set valued mappings, however, there are various continuities like
lower continuity and Hausdorff lower continuity. As we study the relation between asymptotic
cones and the continuities, the difference between a given set and the asymptotic cone can
be expected. Thus, to conclude, we will research relationships between asymptotic cone and

other continuities.
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