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ABSTRACT. In this paper we consider an asymptotically regular a-1) contrac-
tive mappings in complete metric spaces. We also prove fixed point theorems
in this spaces.

1. INTRODUCTION
In [3], Gérnicki proved the following fixed point theorem:

Theorem 1. Let (X,d) be a complete metric space and [ : X — X an asymptoti-
cally regular continuous mapping. Suppose there exist 0 < M <1 and 0 < K < oo
satisfying

d(fz, fy) < Md(z,y) + Kd(z, fx) + d(y, fy)

for all x,y € X. Then f has a unique fixed point z € X and f"x — z for each
reX.

In [1], Bisht give the following common fixed point theorem.

Theorem 2. Let (X,d) be a complete metric space and f,g: X — X be R-weakly
commuting mappings of type Ag or type Ay. Suppose that f is asymptotically regqular
with respect to g and there exist 0 < M < 1 and 0 < K < oo satisfying

(1) d(fx, fy) < Md(gx, gy) + K(d(fz, gz) + d(fy, gy))
for all x,y € X. Then f and g have a unique common fized point if and only if f
and g are (f,g)-orbitally continuous.

And he give a example and prove that Theorem 2 is not a consequence of Theorem 1.

On the other hand in [15] we give a following a-,, contractive mapping which is
a generalization of a a-1) mapping in [14] and also fixed point theorem. Let (X, d)
be a metric space. We say that mapping 7' : X — X is a-1, contractive if there
exist a mapping o : X x X — [0, 00) and a sequence of non-decreasing mappings v
from [0, 00) into itself such that the series > | 1, (¢) converges for all t € [0, 00)
and for any x,y € X,n € N, we have

(2) a(z, y)d(T"z, T"y) < ¥n(d(z,y)).
Theorem 3. Let (X,d) be an complete metric space. Let T : X — X be a-i,

contractive mappings satisfying the following conditions;
(i) there exists xg € X such that a(xg, T(x0)) > 1;
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(il) T is continuous.
Then there exists a fixed point of mapping T .

In this article we consider the a-v,, mapping versions of fixed point theorem
which corresponding to Theorem 1. And also for a a-1,, mapping we give common
fixed point theorem which corresponding to Theorem 2.

2. PRELIMINARIES

In this section we think about the relationship between a-v,, (a-¢)) mapping and
the asymptotic regularity. Throughout this paper, we refer to the set of all positive
integers as N and the set of real numbers as R. We provide several preliminary
settings in this section, including a-1 and a-v,, mappings, among others. We give
the following.

Definition 4. [5] Let (X, d) be a metric space and T a mapping from X into itself
and o : X X X — (00,00). It is said that T is a triangular a-admissible mapping if
(i) a(z,y) > 1 implies a(Tz,Ty) > 1, for z,y € X,
(i) a(x,y) > 1,a(y,z) > 1 imply a(x,z) > 1 for any x,y,z € X.

Remark 5. Let T be a triangular a-admissible mapping. Assume that there exists
xg € X such that a(xg,Txo) > 1. Define sequence {x,} by x, = T"xo. Then
(T, Tn) > 1 for all myn € N with m > n, see [5, Lemma 7]

Definition 6. [6] Let (X, d) be a metric space and we say that T : X — X is partial
a- contractive (resp. partial a-ip, contractive) if there exist o : X x X — [0, 00)
and Y € U (resp. ¥ € U,,) such that the following condition hold:

x,y € X with a(x,y) > 1 imples d(Tx, Ty) < ¥ (d(z,y)).
(resp. x,y € X with a(x,y) > 1 imples d(Tx, Ty) < ¥, (d(z,y)), for any n.)

Definition 7. A mapping T of a metric space (X, d) into itself is said to be asymp-
totically regular if
lim d(T"z, T" " 'z) =0

n—oo

forallx € X.

We define the orbit set with respect to operator f: X — X at t with
o, f)={f"te X,n=0,1,...}.

A mapping T of a metric space from (X, d) into itself is contraction, Kannan,
then T is asymptotically regular. Asymptotic regularity is also satisfied by other
mappings. The asymptotic regularity and non expansiveness (i.e. d(Tz,Ty) <
d(z,y) for all x,y € X), more generally, continuity, are independent, see [3].

In genearal, a-1 contaractive mapping does not satisfy asymptotically regularity.
However, we give the following lemma.

Lemma 8. Let (X, d) be a metric space and T a mapping from X into itself. We
assume that
(i) T is a-admissble;
(ii) T is partial -y contractive;
(iii) there exists mapping o : X x X — [0,00) such that a(xz,Tx) > 1 for any
reX.



Then T is asymptotically regular.
Proof. Let xg € X be any point. We define a sequence {z,} in X as z, = T"x¢
based on xg. By assumption (iii), we have a(xzg,Tz) > 1 and assumption (i), we
have a(xy, nt1) = a(zy,, Tx,) > 1. Moreover assumption (ii), we have
d(l‘n, -rnJrl) = d(l‘n; Tmn) < qﬁ(d(l‘n*lz Txnfl))-
Repeating this we have
d(Tp, Tpi1) < Y"(d(z0, T70)).
Since ¢ € ¥, we have d(z,, p+1) = 0 as n — oo. O
For the a-v,, mapping, we have the following.

Lemma 9. Let (X,d) be a metric space and T be a mapping from X into itself.
We assume that T is partial a-1), contractive. We assume that

(i) T is partial a-yp contractive;

(i) there exists mapping o : X x X — [0,00) such that o(T"x, T" x) > 1 for

any r € X,
then T is asymptotically regular.
Proof. Let xy € X be any point. We define a sequence {z,,} in X as z,, = T"xy.
By assumption (ii), we have a(T"xq, T 1x¢) > 1. Moreover by assumption (i) we
have
d(Tnx07 Tn+1x0) < wn(d(an Tif())),
that is,
(T, Trg1) = d(T" 0, T ag) < by (d(z0, T20)).

By the definition of {¢,,} and for any ¢ > 0 ¢,,(t) — 0 as n — oo. So we have
d(Tpn, Tpnr1) — 0 as n — oo. O

3. FIXED POINT THEOREM

In this section we consider the following theorem 12 and 13 which are versions of
Theorem 1 for the a-v and a-v,, mappimgs, repectvely. We begin with considering
the extension of a-¢ and a-,, mappings.

Definition 10. Let (X, d) be a metric space. We say that mapping T : X — X is
a-)-L contractive if there exist a mapping o : X x X — [0,00) and non-decreasing
mappings ¥ : [0,00) — [0,00) such that for any x,y € X, we have

a(z,y)d(Tz, Ty) < Y(d(z,y)) + L (d(z,Tz) + d(y, Ty)),
where 0 < L < 00.

Definition 11. Let (X,d) be a metric space. We say that mapping T : X — X is
-y -L contractive if there exist a mapping o : X x X — [0, 00) and non-decreasing
mappings ¢ : [0,00) — [0,00) such that for any x,y € X,n € N, we have

a(z,y)d(T"z, T"y) < Yu(d(z,y)) + L (d(T"z, T 2) +d(T"y, T y))
where 0 < L < 00.

Theorem 12. Let (X,d) be a complete metric space and T : X — X a a-1p-L
contractive mappings. We assume that
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(i) T is triangular a-admissible;
(i) there exists xg € X such that a(xo, T (z0)) > 1;
(iii) (t) <t for anyt > 0;
(iv) T is asymptotically regular continuous.
Then T has a fized point.

Proof. By assumption, there exists xg € X such that a(zg,Tzo) > 1 and define a
sequence {z,} in X as x, = T"xg. Suppose that {z,} is not Cauchy. Then there
exists 7 > 0 and for any integer k, there exists ny > my > k, d(zm,,Tn,) > T
and d(zp,,Tn,—1) < 7. By triangle inequality d(zp,,,zn,) < d(Tm,,Tn,—1) +
d(%ny—1, Tn, ), we have d(xm, , Tn,) = T as k — 0o, By (i) and (ii), from Remark 5,
we have a(myg,ng) > 1, in this case

ATmy+1, Trg+1) < @@y, Ty )AT Ty, Ty
< P(d(Tmy s Tny,))
S P(d(@mgs Timgt1) + ATimg41, Trg41) + A @y 41, Tny.))-
Then k& — oo right side, we have
T<Y(r)<T

a contradiction. So {x,} is Cauchy. Since X is complete there exists p € Xsuch
that x,, — p. Since T is continuous, we have Tp = p. Then p is a fixed point of
T. O

Theorem 13. Let (X,d) be a complete metric space and T is a-ip,-L contractive
mappings from X into itself. Assume that
(i) T is triangular a-admissible;
(ii) there exists xg such that a(xg, Txo) > 1;
(iii) ¥y (t) <t for anyt >0 andn € N;
(iv) T is asymptotically regular continuous.
Then T has a fized point.

Proof. By assumption, there exists g € X such that a(zg,Tz¢) > 1 and define a
sequence {x,} in X as x, = T™xq. Suppose that {z,} is not Cauchy. By the same
argument of a-1, there exists 7 > 0 and any integer k there exists ny > my > k,
ATy, Tn,, ) = T as k — oco. By (i) and (ii), from Remark 5, we have a(my, ng) > 1.
Let [ > 0, then we have

ATy +15 Trptl) = d(Tlxmk,Tlxnk)
< a(:rmk,xnk)d(Tl:rmk,Tlxnk)
< Yi(d(Tmy s 2ny)) + LA(T Ty, T ) + d(Th sy, , T 2, )
= Yi(d(@mys Tny ) + L(A( T 41, Trmgti41) + ATrg4s Tngt41))-

Since 1 (t) < t for any [ > 0 and T is asymptotic regular, that is, d(T"z, T""1x) —
0 for any x € X and n, and for ngy there exists ny > my > ng such that
ATy, Tn,,) — T as k — o0o. So we have 7 < ¢(7) < 7, a contradiction. So
{z,} is Cauchy. Since X is complete there exists p € X such that z,, — p. Also T'
is continuous, we have Tp = p. Then p is a fixed point of T O

Theorem 14. To the hypotheses of Theorem 12 (or Theorem 13), we assume that

(i) for any x,y € X, there exists z € X such that a(x,z) > 1 and a(y,z) > 1;
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(ii) limp oo Y™ (t) =0 ( resp. limy o0 Pn(t) =0) for any t > 0.
Then the fixed point of T' is unique.

Proof. Let p be fixed point of 7" and ¢ another fixed point of T'. By assumption (i)
we have z € X such that a(p,z) > 1 and a(q,z) > 1. Since T is a-admissible, we
get a(p,T"z) > 1 and a(p,T"z) > 1 for any n € N. Then

d(p,T"z) = d(Tp, T(I""2)) < a(p, T" "' 2)d(Tp, T(T" " 2))
< P(d(p, T"'2)).
By assumption (ii), this implies that
d(p,T"z) < ¢"(d(p,z)) — 0,

as n — 0o. Then T"z — p as n — oo, similary, we have T"z — ¢ as n — co. The
uniqueness of the limit gives us p = ¢. If the T" is a-v,-L contractive,

d(p, T"z) = d(T"p, T"z)) < a(p, 2)d(T"p,T"z))
< ¢n(d(p, 2)).

Then T"z — p as n — oo, similary, we have Tz — q as n — . O

Note that if ¢ is nondecreasing, then for each ¢ > 0 , lim,,_, o, ¥™(t) = 0 implies
P(t) < t.

Proof. Suppose that there exists to > 0 such that lim, ., ¥™(tp) = 0 and ¥(ty) >
tp. Since v is a non-decreasing function, from v¥(tg) > to we have ¥?(ty) =
Y((to)) > ¥(tg) > to. It implies that ¥™(tg) > to for all n = 1,2,.... Hence
lim,, 00 ¥™(tg) > to > 0. This is a contradiction.

O

If 1), is nondecreasing for each n € N, then for each ¢t > 0, lim, o0 ¥ (t) = 0
implies 1, (t) < t for each n.

Proof. Suppose that there exists tg > 0 such that lim, . ¥, (t9) = 0 and there
exists ng such that ¢, (to) > to. Since 9, is non-decreasing with respect to each
n, We have ¥, 41(to) > ¥n,(to) > to. It implies that v, (ty) > to for all n > ng.
Hence lim,, o0 ¥n(to) > to > 0. This is a contradiction. ]

4. COMMON FIXED POINT THEORY

In this section we consider the common fixed point theory with respect to two
a-1)-Leontaractive mappings f and g, and also two a-v,,-L contaractive mapppings
f and g. We give the following definitions.

Definition 15. Let f and g be two self mappings of a metric space (X,d). Then

(i) f is called asymptotically regular with respect to g at xg € X [2, 7, 13] if
there exists a sequence {x,} in X such that gr,i1 = fr,, n=0,1,2,...,
and d(gxp+1, gTni2) — 0 as n — oo.

(ii) f is called iterative asymptotically regular with respect to g at x¢9 € X
if there exists a iterative sequence {x,} in X with respect to f such that
9(@nt1) = f(xn), g(xo) =20, n=0,1,2,..., and d(g(xy), g(nt+1)) = 0 as
n — oo.

(iii) f and g are called R-weakly commuting mappings [8] if there exists some
real number R > 0 such that d(fgzx,gfz) < Rd(fx,gx) for all z € X.
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(iv) f and g are called R-weakly commuting mappings of type A, (resp. type
Ay ) [11] if there exists some real number R > 0 such that

d(ffz,gfx) < Rd(fz,gz)
(resp.d(fgz, ggr) < Rd(fz,gx))

forallx € X.

(v) f and g are called non trivially weakly compatible [4] if f and g commute
on the set of coincidence points whenever the set of their coincidences is
non-empty.

(vi) f and g are called non-compatible [9] if there exists a sequence {xn} in
X such that fr,,gr, — t as n — oo for some t € X but the limit of
d(fgxy,gfxy,) is either non-zero or non-existent.

(vii) f and g are called g-reciprocally continuous [10] if f fx, — ft and gfx, —
gt , whenever {x,} is a sequence in X such that fx,, gr, =t as n — oo
for somet € X.

(viii) Let f and g be two self-mappings of a metric space (X, d) and let {x,} be
a sequence in X such that fx, = gr,y1. Then the set O(xo, f,9) = {fxn :
n=20,1,2,...} is called the (f,g)-orbit at .

(viiii) f (or g ) is called (f,g)-orbitally continuous [8, 23] if lim, oo f2n, = 2
implies limy, o0 ffxy, = fz or lim,— o0 fo, = 2z implies lim, o0 gf2, =
gz).

(x) f and g are called orbitally continuous if f is (f,g)-orbitally continuous
and g is (f, g)-orbitally continuous.

Definition 16. Let f and g are mappinga from X into itself. f and g are called
mutual a--L contractive if there exist a mapping o : X X X — [0,00) and a
sequence of non-decreasing mappings 1 of [0,00) into itself such that ¥(t) < t for
all t € [0,00) and for any z,y € X, we have

(3) a(z,y)d(fz, fy) < (d(gz,gy)) + L (d(fx,gx) +d(fy, gy))-
where 0 < L < 00.

Definition 17. Let f and g are mappinga from X into itself. f and g are called
mutual a-,-L contractive if there exists a mapping o : X x X — [0,00) and
a sequence of non-decreasing mappings P, of [0,00) into itself such that for all
t €10,00), any n € N, and for any x,y € X, we have

(4) oz, y)d(f"z, f'y) < Pald(gz, gy)) + L (d(f"z, 9"x) +d(f"y,9"y)),
where 0 < L < 00.
For the a-9-L mapping, the following holds.

Theorem 18. Let (X,d) be a complete metric space and f and g mutual a-1)-L
contractive mappings from X into itself. We assume that

(i) f is triangular a-admissible;

(ii) there exists xo € X such that a(xo, fzo) > 1;

(iii) either a(fx, fy) > 1 or a(fy, fx) > 1 whenever fx = gz and fy = gy, see

12];
(iv) ¥(t) <t for any t > 0;
(v) f is asymptotically reqular with respect to g;
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(vi) fis R-weakly commuting mappings of type A, and f and g are g-reciprocally
continuous.

Then f and g have a unique common fixed point.

Proof. Since f is asymptotically regular with respect to g at zg € X, there exists
a sequence {y,} C X such that y, = fx, = gxp41 for all n € N and

lim d(gxn+1,9Tnt2) = Um d(yn, Ynt1) = 0.
n— o0 n— oo

Suppose that {y,} is not a Cauchy sequence. There exists 7 > 0 and for all ng
there exists my > ng > ng such that d(ym,,Yn,) = 7 and d(ym, —1,Yn,) < 7. In
light of triangle inequality,

AW Yni) < AWmi> Ymp—1) + AW =1, Yn,.)
Making k — oo, we have

d(ymkvynk) <7 and d(ymkaynk) — T

We also d(Ym,+1, Yny+1) = T as k — oo. By (i) and (ii), we have o(Ym, +1, Ynp+1) =
1. Then by (3) we have

d(ykarl? ynk+1) < a(ymk+17 ynwrl)d(fxmm%ﬂ fxnk“l’l)
< w(d<gxmk+17 gxnk-‘rl)) + L(d(fxmmgxmk) + d(fxnugxnk))
= ¢(d(ymkaynk)) + L(d(ymwymk-&-l)) + L(d(ynwynk-&-l))-

Making k — oo, 7 < ¢(7) < 7 a contradiction. Then {y,} is a Cauchy sequence.
Since X is complete, there exists p € X such that y, converges to p € X. Since
f is g-reciprocally continuous, lim,, o, fz, = p implies lim,, o, gfz, = gp (or
lim,, o0 fx, = p implies lim,—, o ffx, = fp). Moreover fz, — p implies ffxz, —
fp, and gfx, — gp. Then R-weakly commuting mappings of type A, of f yields

d(ffzn, gfrn) < d(frn, gn).
On letting n — oo, we get fp = gp. Also R-weakly commuting mappings of type A,

of f implies commutativity at p, that is, fgp = gfp. Hence gfp = fgp = ffp = ggp.
Let fp # ffp. By (iii) fp = gp and ffp = gfp imples a(fp, ffp) > 1 and using
(3) we have

d(fp, ffp) < a(fp, ffp)d(fp, ff)

< Y(d(gp,gfp) + L(d(ffp,gfp) +d(fffp,9ffp)))

Since f is asymptotic regular, we have d(fp, ffp) < d(fp, ffp). It is a contradic-
tion. Hence fp = ffp = gfp and fp is a common fixed point of f and g.
O

Also for the a-1,-L mapping, the following holds.

Theorem 19. Let (X, d) be a complete metric space and f and g mutual a-1p,,-L
contractive mappings from X into itself. We assume that

(i) f is triangular a-admissible;

(ii) there exists xo € X such that a(xo, f(z0)) > 1;

(iii) either a(fx, fy) > 1 or a(fy, fx) > 1 whenever fx = gz and fy = gy, see

12);
(iv) ¥, (t) <t for anyt >0 and n € N;
(v) f is iterative asymptotically reqular with respect to g at x € X;
7



(vi) fis R-weakly commuting mappings of type A, and f and g are g-reciprocally
continuous.

Then f and g have a common fized point.

Proof. By (v) there exists sequence {y,} such that y, = f"z = fx, = gx,4+1 for
alln € N and

lim (Yo, Y1) = lim d(gni1, g2nta) = 0.
n—oo n— 00

We also prove that {y,} is Cauchy sequnces. Suppose that {y,} is not a Cauchy
sequence. Then there exists 7 > 0 and for all k there exists my > ng > k such that
A(Ymyr Yny) = 7 and d(Ym,, —1,Yn,,) < 7. In light of triangle inequality,

d(ymk ) ynk) < d(ymk ) ymk—l) + d(zmk—lv Z’Vlk:)

On letting k — oo we have d(Ym,, Yn,) < 7 and d(Ym,, Yn,) — 7. Let I > 0 and we
also d(Ymy+1, Yny+1) — T as k — oco. By (i) and (ii) we have «(Ym,,, Yn,) > 1. Then
we have

AYrm 415 Yn+t) < Yms Y A Ty )
< V(9T 9Tn) + LA(f 2y, [ 200,))
+ L(d(f'zn,, fT )
= Yu(d(Yrmy Yny,)) + LAYy +1, Ymp+141))

+ L(d(Yng+1s Ynit1+1))-
Since f is asymptotically regular with respect to g at g € X, on letting k — oo,
T < (1) < 7 a contradiction. Then {y,} = {f™zo)} is a Cauchy sequence.
Since X is complete, there exists p € X such that z, converges to p € X. Since
f is g-reciprocally continuous, lim, .. fx, = p implies lim, o gfx, = gp or
(limy,—y 00 fx,, = pimplies lim, oo ffx, = fp). Then fx,, — p, implies f fx,, — fp,
and gfx, — gp. Then R-weakly commuting mappings of type A, of f and g yields

d(ffﬂ?n, gfxn) < d(fl‘n, gxn)'
On letting n — oo, we get fp = gp. Also R-weakly commuting mappings of type
Ag of f implies commutativity at p, that is, fgp = gfp. Hence ggp = gfp = fgp =
ffp. Repeating this we have ¢g"*lp = gf"p = fgp = f"+'p. By (iii) we have
a(f"p, f"fp) =2 1. In fact f"p = g"p and f" fp = g" fp, we have a(f"p, f" fp) = 1.
By (4) we have
d(f"p, f* fp) < a(f*'p, f* 7 fp)d(f p, [ fp)
< u(d(gf" p, g f" o) + LIA(f f"p, g.f"p) + d(F " o, 9f" fp)])
<d(f"p, f"fp),

It is a contradiction. Hence fp = f" fp = ¢" fp for each n € N and fp is a common
fixed point of f™ and g". ([

Remark 20. If we assume that f and g are commute and take z, = g"x,, then
zn = fMxg, and it is iterative with respect to f. In fact by induction, gr1 = fxoq,
and g" w1 = g" frn, = fg ", = ff 20 = a0,

Theorem 21. Adding the conditions of Theorem 18( or 19), suppose that the
mapping [ and g satisfying the follwing assumptions, then the coincidence point is
unique and {f"p}, p € X converges to unique common fized point.
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(i) for any xz,y € X, there exists z € X such that a(x,z) > 1 and a(y,z) > 1,
(i) limp oo ™ (t) =0 ( resp. limy, o0 Pn(t) =0).
Proof. Let fp is common fixed point of f and g. Suppose fq is another common
fixed point of f and g. By assumption we have z € X such that a(fp,z) > 1 and
affq,z) > 1. Since f is a-admissible, we get a(fp, f*2z) > 1 and o(fp, f"z) > 1,
for all n € N. Then
d(fp, f2) =d(ffp, [f"'2)
< a(fp,2)d(gfp.gf"'2)) + L(d(fp. ffp) + d(f" "2, f"2))
< (d(gfp, gf""'2)) + Ld(fp, ffp) + d(f" "z, ["2)).

Repeaing this we have

d(fp, f"z) <" (d(gfp,92)),
By (ii), this implies that
d(fp, f"z) < 4" (d(gfp. gz)) = 0,
as n — oo. Then [z — fp as n — oo, similary, we have f"z — fq as n — oo.

The uniqueness of the limit gives us fp = fq.
Next if f is a-1,-L contractive, we have

d(fp, f"z) = d(f" fp, ["2))
< a(gfp,g2)d(f" fp, f"2)) + L(d(f" fp, 9" fp) + d(f"2,9"2))
< Ynld(gfp, 92)) + L(d(f" fp, 9" fp) + d(f"2 9" 2)).
Then f"z — fp as n — oo, similary, we have "z — fq as n — oco. O
Next we consider the example. First, we take the mappings f and ¢ which are
given in [1].
Example 1. Let X = [2,20] and let d be the usual metric on X. Define self
mappings f and g on X as follows;
flz)=2ifx =2 orax>25,
flx)=61if2 <z <5,
(5) 9(2) =2,
glx) =11 4f2 <z <5,
g(z) =2 if x> 5.

In (5), f and g satisfy the following conditions of Theorem 18, 19 and have a
fized point x = 2 at which f and g are discontinuous.
(i) f and g satisfy the condition d(fz, fy) < %(d(fx,gm)—l—d(fy,gy)) for(t) =
0 or,(t)=0anyt>0and x,y € X;
(il) f 4s asymptotically regular with respect to g,
(ii) f and g are R-weakly commuting mappings of type Ay, i.e., d(gfz, ffz) <
d(fz,gx) for R =1.
(iv) f and g are g-reciprocally continuous.
And define a: X x X — [0,00) as

= 0, otherwise,
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for any x,y € X.

In (5), f and g satisfy the following conditions of Theorem 8 and have a fixed
point & = 2 at which f and g are discontinuous.
(i) f and g satisfy the condition d(f™x, f™y) < %(d(f”x,g”x) +d(f™y,g"™y))
for ¢, (t) =0 for any t >0, n € N, and z,y € X;
(ii) f is asymptotically regular with respect to g,
(iii) f and g are R-weakly commuting mappings of type Ay, i.e., d(gfz, ffz) <
d(fx,gx) for R =1.
(iv) f and g are g-reciprocally continuous.

Remark 22. In view of the above example one can check that in Theorem 18
(resp, Theorem 19), f and g are discontinuous at the fized point x = 2 but Theo-
rem 12 (resp. Theorem 13) demands continuity of the mapping f. Hence, Theo-
rem 18 (resp, Theorem 19) is not a consequence of Theorem 12 (resp. Theorem 13).
Therefore, coincidence point or common fized point theorems are indeed real gener-
alizations of their corresponding fixed point theorems.
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