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Abstract

We consider a 2n-variable parametric minimization problem, where a parame-
ter A > 0. Then it holds that the parametric minimization problem derives two
problems, which are A-parametric minimization problem (primal) and A-parametric
maximization problem (dual). Both the optimal solutions are expressed in terms
of Gibonacci sequence, which is a parametric generalization of the Fibonacci one.
Either solution is characterized by the backward Gibonacci sequence and its com-
plementary — Hibonacci sequence — In particular, when a parameter A\ = 1, we
show that Gibonacci sequence and Hibonacci sequence are represented by Fibonacci
number. Moreover, for A = 4, both the sequences are represented by Sibonacci
number.

1 Introduction

Recently, in [23,24], Iwamoto and Kimura show that a parametric linear system of equa-
tions plays a fundamental part in establishing a mutual relation between minimization
problem (primal) and maximization problem (dual). The system is of 2n-equation on
2n-variable, called zero-minimum condition. It yields a couple of second-order finite (n-)
linear difference equations on n-variable, which constitute the respective optimal condi-
tions. The respective equations have a minimum solution for primal and a maximum one
for dual. Both the optimal solutions are expressed in terms of Gibonacci sequence, which
is a parametric generalization of the Fibonacci one. Either solution is characterized by
the backward Gibonacci sequence and its complementary — Hibonacci sequence —.

As a historical background, see (i) Bellman and others [1-7,28], [9, 11, 30, 31] for
dynamic optimization, (ii) Iwamoto, Kimura, Fujita and Kira [12-22,25-27] for comple-
mentary duality, and (iii) [8,10,29,32] for Fibonacci number.

In this paper, we consider a 2n-variable parametric minimization problem (Q), where
a parameter A > 0. Then it holds that the problem derives two problems, which are
A-parametric minimization problem (primal) and A-parametric maximization problem
(dual). In the case of A = 1, we show that both Gibonacci and Hibonacci sequences are
represented by Fibonacci number. Thus it turns out that the optimal solutions of the
primal and dual are represented by Fibonacci number. Moreover, in the case of A = 4,



both the sequences are represented by Sibonacci number. Similarly the optimal solutions
are represented by Sibonacci number.

Section 2 gives a 2n-variable parametric minimization problem, where a parameter A
ranges over (0, co). The objective function turns out to be nonnegative. It attains zero
iff a linear system of 2n-equations on 2n-variables has a solution. Section 3 presents a
pair of A-parametric minimization problem and A-parametric maximization problem for
A = 1. In Section 4, we discuss A-parametric optimization problems for A\ = 4.

2 Complementary approach

Let ¢ € R! be a given constant. The first minimization problem has a fixed initial state
Tog = C.
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minimize — 2z + [(xk_l — ) + 2+ Nup + (e — )’
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+2(A — Dag (g — firs1)]
+ Ty — )+ 22+ (N2 + D2 + 200 — D
subject to (i) x € R", zp=¢, (ii) pe R".

Let us define the objective function by h : R"xR"™ — R!
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h(z.p) = —2Acp + (w1 — ap)® 4+ 2+ N+ (o — pain)”
1
+ 200 = Vg (e — )]
+ (Tt — )+ 22 + (A2 + D2 + 200 — 1) -
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We have an evaluation as follows.
Lemma 1 [23,24] Let (x, p) be feasible. Then it holds that
h(z,pn) > 0. (1)
The sign of equality holds iff
Cc—xy = M1, Ty = iy — [l
(Zm)  xp1 —xp = Mgy, T = pk — 1 2<k<n-1
Tn1— Tn = Nhn, Tpn = jin
holds.

This is a linear system of 2n-equation on 2n-variable (z, ©). We call (Zm) a zero-minimum
condition.



Lemma 2 [23,24] Let
yi=24+A &=1+X (A#£0).

Then the zero-minimum condition (Zm) yields a pair of linear systems of n-equation on
n-variable:

Case n =1
(EQ) c¢=&n ¢ =&
Case n =2
C = YT — 22 ¢ = §pr — fi
(EQ) T = &Iy H1 = YH2.
Case n >3
C = Y11 — X2 ¢ =& — H2
(EQ) Tpo1 = YTk — Thp1  He—1 = Yk — fey1 2<k<n—1
Tno1 = &Iy Pn—1 = Vhn-

Conversely the pair (EQ) yields (Zm) under the condition that either system has a
unique solution. This condition is assured by the nonsingularity of the relevant n x n
martices A, B, i.e., !

[An # 0, |By| # 0.

The pair (EQ) is divided into two linear systems:

CcC = 2o
(EQ,) Tp—1 = VTk — Th+1 1<k<n-1

Tn—1 = S‘Ln

and
c = &1 — pio
(EQ,)  pr1 = e —prn 2<k<n-—1
Hn—1 = YlHn

Tt holds that |A,| = |By,]|.



3 Case \=1

Now we consider a series of individual minimization problems by letting the parameter A
vary on the positive half-line (0, co).
First we consider the Case A = 1. Then v:=2+4+ A, £ := 1+ XA yields

We consider

minimize — 2xou; + [(xk_l —xp)? 2 4 pd A+ (e — ,uk+1)2}
1
Q1 + (Tpor — @)+ 22 4+ 212
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subject to (i) z € R", xg=¢, (ii) pe R"

Now we define the objective function h : R"xR" — R! by

3
—

h(z,p) = —2cpy + [(Ik—l —3,)® + @ 4 g+ (e — #k+1)2]
1

e
Il

+ (Tt — 2n)® + 22 + 202,
Corollary 1 Let (z, ) be feasible. Then it holds that
h(z, ) = 0. (2)
The sign of equality holds iff a zero-minimum condition
C—T1 = M1, X1 = M1 — M2
(Zmy) @ — o = fley, T = Mg — o1 2<k<n-—1
Tp1— Tp = fbn, Tn = fin

holds.

Corollary 2 The zero-minimum condition (Zm;) has a unique solution (x, u);

T = (xlu To, vy Thy --vy Tp-1, xn)
C
= o (Hn—17 Hn—?v "'7Hn—k7 R Hlv H0>7 (3>
o = (ﬂlv Moy ey ,uk‘v ey ”n—lv /J’n)
C
- ?(Gna Gn—l7 "'7Gn+l—ka sy GQ; G1)7 (4)

n



where {G,} is called two-step Gibonacci sequence and the sequence {H,} is called Hi-
bonacci (see [23,24]):

G, = u’ H, = 2G, — G4,
g —a
3—5 3+V5
a=—— [f=—F"—.
2 ’ 2
Hence Q attainas the zero minimum at (x, ).
We remark that the Golden number
1
¢ = +T\/§ ~ 1.618

and its conjugate

Ezzl—cb:—cb‘l:irv—o.m

are the solutions to the quadratic equation
2 —t—1=0.

It holds that

=g =P=et p= =
n __ .n 2n n
G- -t —p, (5)

Thus both G,, and H,, are Fibonacci:
Gn = F2n7 Hn = F2n+1- (6)

Corollary 3 The zero-minimum condition (Zm;) has a unique solution (x, u);

T = (xlv Loy ooy Thy -y Tp-1, xn)
C

- F (FQn—h an_g, "'7F2'n,+1—2k7 ey F37 Fl)? (7)
2n+1
= (:U’l? K2y ooy My ooy Hn—1, ,U/n)
C

= F (F2n7 FQn—27 ---7F2n+2—2k7 seey F47 FQ) (8>
2n+1

Hence Q attainas the zero minimum at (x, ).

5



Corollary 4 [t holds that

(i) h(x,pu) >0 V(x, u) € R"XR"
= 0 <= (z,pn) satisfies (EQ;).

=

=
>

2

=
|

The objective function

ha,p) = =2cpn 4+ Y [(we-1 — 20)? + 23 + 43 + (i — fir41)?]
1

e
Il

+ (Tt — 20)* + 22 + 202
attains the zero-minimum. Further we have a triple zero property as follows.

Corollary 5 Let a feasible (x,p) satisfy (Zmy). Then it holds that

h(x, p)

n

= —clc—w)+ ) [(wr-1 —2p)* + 7]

(tZ) =
= —cm+ Y [ui + (e — pn)?] + 2405
k=1
= 0.
that s
h(z, 1)
= —Fonp1(Fongr — Fono1) + [(FQn—2k+3 — Fopopi1)” + F22n_2k+1]
(tZ1) =

i
L

= — Iy o + [F22n—2k+2 + (F2n—2k+2 - F2n—2k)2} + 2F22
1

B
Il

= 0.

This yields a pair of quadratic equalities for the Fibonacci sequence {F,, }.

Corollary 6 [t holds that

3

-1
[F22k+1 + (Fokys — F2k+1)2} = (Fong1 — Fon—1)Fony1,

k=0

—_

n—

[(F2k+2 — Fy.)? + F22k;+2:| = Fonlbony1.
0

e
Il



Proof. 1t suffices to note that

}Ek+3'_-Pbk+1 = E5k+2> f@k+2'_ Ebk ::}gk+1-

O
The pair is reduced to
n—1
(Fj 1+ F3) = FonFonnn
k=1
that is
2n
ZFkQ = Pyl (10)
k=1
This is what we called Lucas formula [13,29].
3.1 Fibonacci Duality
First we consider
minimize Z [(xk_l — )+ xﬂ
P, k=1
subject to (i) z € R", xy =c
and
n—1
Maximize 2cpy — Y (i + (e — pus1)?] — 2012
k=1
Dy
subject to (i) p€ R".
Then both P; and D; are dual to each other. An equality condition is
C—T1 = [ T1 = M1 — M2
(ECy) Tt — Tk = M Tp = fl — pp1 K=2,3,...,n—1
Tp—1— Tpn = HUn Tpn = Un-
Fon .
The primal Py attains a minimum m = 7 2 at g = (1,9, ...,x,), while the dual
2n+1
Fop
D; does a maximum M = 2 at po= (p1, fho, - -5 fln)
Fonya
S Fopi1-ok
. = c2nilz2k
Fop
41 (1)
e = Fopio—o
Fonya



that is

Cc

xr = (Il, T2y ooy Ly o v ,.’En) = E (an_l, an_3, ey F2n+1—2k7 ey F1>
2n+1
' (12)
w= (,uh M2y ooy iy - - >,Un) = F (FQm Fon_a, .., Fongo_op, .-, Fz)-
2n+1
4 Case A =4
Let us consider the Case A =4. Then v:=2+ A\, £ := 1+ X yields
v =6, £=05.
We consider
n—1
minimize — 8xgu; + [(Ik_l —ap)® + 2p + 1645 + (e — prsr)?
k=1
9 + 65 (i — firs1)]
4
+ (T — x0)* + 22 + 1702 + 62,0,
subject to (i) x € R", g =¢, (ii) p€ R".
This objective function is denoted by h(z, ).
Corollary 7 Let (z, i) be feasible. Then it holds that
h(z,p) = 0. (13)
The sign of equality holds iff a zero-minimum condition
c—xy = 4pr, Ty = pr— pe
(Zmy)  wp —mp = 4, TR = e — g1 2<k<n-—1
Tpn—1 — Tn = 4,“%7 Tn = Hn
holds.
Corollary 8 The zero-minimum condition (Zmy) has a unique solution (x, u);
r = (l’l, T2y, ooy Ty .y Tp_1, l‘n)
c
- H (Hn—la Hn—2> "'7Hn—k‘a CIR Hl> HO)a (14)
n= (/'le M2y ovvy PRy ooey Hn—1, /JJn)
c
= ?(Gna Gn—l7 "'7Gn+l—ka R GQ; Gl) (15)



where

Bn_an
f—a’
a=3-2v2, B =3+2V2.

G, = H, = 5G, —G,_1.

Hence Q4 attainas the zero minimum at (x, p).

We remark that the Silver number
T=1+v2 ~2414
and its conjugate
Ti=2-7=—71=1-v2~-0414
are the solutions to the quadratic equation
t?—2t—1=0.

The Sibonacci sequence {S,} is defined as the solution to the second-order linear difference
equation

Tpyo —2Tpy1 — Ty =0 27 =1, 2o =0.
Hence it satisfies
Spy1 = 25, + 5,1 S1=1, Sy=0.
It holds that

a=3-2/2 =72=71"2 B=3+2/2 =77

B /Bn_an B 7_211_?271 B SQn
Gn = B—a  2(r—7) 2 (16)

Hn - 5Gn - Gn—l — %(

Thus both G,, and H,, are Sibonacci:

559, — Son—2) = 259, + Son—1 = Sopi1.

Gn — 5 Hn - SQn-i—l- (17)

Corollary 9 [t holds that

(i) h(z,p) >0 V(z,p) € R"XR"
= 0 <= (x,pn) satisfies (EQ,).

=

=

=
|
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The objective function h(z,u) attains the zero-minimum. Further we have a triple
zero property as follows.

Corollary 10 Let a feasible (x, ) satisfy (Zmy). Then it holds that

M, 1)

= —c(c—m) + [(xk_l — )+ 493%}
k=1

i
L

= —cu+ Y [dpp + (e — pesr)?] + 5pp
1

e
Il

= 0.
Hence we have

h(z, p)
= —H,(H, — Hy,1) + [(Hps1-k — Hok)* + 4H. ;]
k=1

(tZ4)

i
L

- _HnGn + |:4G2+1 k + (Gn—l—l—k - Gn—k)Q] + 5G?

1

B
Il

This yields a pair of quadratic equalities for the Gibonacci and Hibonacci sequences

{Gn}, {Hn}.
Corollary 11 It holds that

—_

n—

[4H} + (His1 — Hy)?] = Ho(H, — Hy—v),

(]

B
Il

0

1 (18)
[(Gk—l—l - Gk)2 + 4Gz+1} = H,G,.
k=0
The pair is reduced to
n—1
[4522k+1 + (Sak43 — 52k+1)2] = Sont1(S2ns1 — Son—1),
k=0
y (19)
[(Sorsz — Son)” +4S510] = Son(Sonsa — Son)-
k=0

10



Thus we have an equality on quadratic sum for {S,}

2n

1
ZS% = ESZnSQn—Q—l- (20)
k=1

This is A = 4 (Sibonacci)-version of Lucas formula [13,29], which is A = 1 (Fibonacci)—
version.

4.1 Sibonacci Duality

Second we consier a pair The dual-pair (a pair which is dual to each other) is

minimize Z [(wg1 — x1)? + 4af]

p k=1
2
subject to (i) z € R", g =c

n—1
Maximize 8cpy — Z (16447, + 4 (1 — ps1)?] — 200

k=1
D,
subject to (i) p € R".

Then both Py and Dy are dual to each other. An equality condition is

c—mx = 4n 1 = M1 — K2
(ECy) Tpo1 — T = 4 T = pp — per K=2,3,...,n—1

Tp—1 — Tp = 4:un Tpn = Hn-

H,_ .
The primal P, attains a minimum m = (1 o ! ) ¢ at v = (v1,79,...,T,), while the
dual Dy does a maximum M = 4 Hn at = (1, toy ..., o)
H,_ Gnii—
T = ¢C ana M = CH;;IC (21)
that is
c
T = (I‘l, T2, “‘7xk7"‘7xn> = ?(Hﬂ,flv Hn727 "‘7ank7 cey HO)
C” 22)
,LL: (,u17 ,u'27 '--7,uk7---7,un> - H (GTL7 GTL—17 7Gn+1—k7 9 Gl)
where
Bn —am



Then
4Gn - Hn - Hn—la H() - G1 - 1 (23)

Hence the the optimum point (x, p) satisfies (EC;) and the optimum values are same
m = M.

We note that both G,, and H,, are Sibonacci:

Son
GTL = ; ) Hn = SQn—I—l-
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