Holographic and symmetry breaking operators
of holomorphic discrete series representations
for real rank 3 cases
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Abstract

Let (G,(G7)o) be a symmetric pair of holomorphic type, and let Hx (D) be a holomor-
phic discrete series representation of scalar type of G. Then the restriction Ha(D)|(go),
is decomposed multiplicity-freely into the Hilbert direct sum of countable holomorphic dis-
crete series representations, and its branching law is given explicitly by the Hua—Kostant—
Schmid—Kobayashi formula. Especially, there exist uniquely (up to constant multiple) the
(G7)o-intertwining operators (holographic operator, symmetry breaking operator) between
Hx(D)|(ge), and each irreducible subrepresentation of (G”)o. In this article, we treat the
results on explicit construction of all intertwining operators for H(D)|(gs), when G and the
associated symmetric subgroup (G”e)o are both of real rank 3, of tube type and their non-
compact parts are simple.

§1. Setting

The purpose of this article is to give results on explicit construction of (G7)o-
intertwining operators (holographic operators, symmetry breaking operators) appearing
in the restriction of holomorphic discrete series representations, for the symmetric pairs
(G,(G7)o) = (SU(3,3),507(6)), (507(12), 50" (6) x SO*(6)), (Er(~25),SU(2,6)).

Throughout the paper, let F = R,C,H,Q and d := dimg F € {1,2,4,8}. For z €
F g C, let & denote the F-conjugate, and T denote the complex conjugate. Let p* :=
Herm(3,F) ®r C = {X € M(3,F) | X =X} ®r C, and for X € p*, let X! denote the
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adjugate element given by

!

a; x3 T a2a3 — T1X1 T2Z1 — A3T3 T3] — Q222
Ii)g a2 I1 = T1Xo — a3:%3 asay — x2§32 .@35?32 — a1x1
T2 1 a3 2123 — agTe ToT3 — a1d1 ajaz — Tr3l3

For X,Y € p*, we consider the C-bilinear form (X|Y) := Reptr(XY), and regard
pT and p~ as mutually dual spaces by this bilinear form. Also, for X,Y € p* let
det(X) := £(X|X*), and

h(X,Y):=1— (X]Y)+ (X*Y?) — det(X) det(Y).
Using this, the bounded symmetric domain D C pT is defined by
= (Connected component of {X € p* | h(X, X) > 0} containing 0).

Let (G, K) = (Bihol(D)g, Stab(0)g) be the identity components of the group of biholo-
morphisms on D and the stabilizer subgroup at 0. Then up to covering we have
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and D ~ G/K becomes a Hermitian symmetric space. The complexified Lie algebra of
G is written as Lie(G) ®r C =: g* = pT @t O p~ as vector spaces. Next, for A > 1+2d,
let (-, )3, (D) be the weighted Bergman inner product on the space O(D) = Ox(D) of
holomorphic functions on D given by

(. 9) 30y = Ci /D FX)gXA(X, X 20+ax  (f.9 € O(D)),

where the normalizing constant C) is chosen so that HlHH (py = (1, 1)3,(p) = 1 holds.
Let H)(D) C Ox(D) be the corresponding Hilbert space (weighted Bergman space).
Then its reproducing kernel is h(X,Y)™, and there exist a map x: G x D — K© and
a character y: K€ — C* such that the universal covering group G of G acts unitarily
on Hx(D) by

(1.1) (Ta(9) (X)) = x(k(g™ ", X)) flg™ ' X).

(Ta, Ha(D)) is called a holomorphic discrete series representation of G.
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For example, suppose F = C, so that d = dimgF = 2, p* := Herm(3,C) wg C ~
M(3,C). Then for X,Y € M(3,C) we have
AX,Y)=1—tr(XY) 4 tr(X*Y#) — det(X) det(Y) = det(I — XY),

D={X e M(3,C) | I— XX~ is positive definite}.
For A > 14 2d = 5, the weighted Bergman inner product (-, )4, (p)y on O(D) = Ox(D)
is given by

(f9)n (D) = CA/ F(X)g(X) det(] — XX*)*0dX,

D

and the universal covering group G of

G =5U(3,3) = {g € SL(6,C) ‘ g (IS’ _(}3) g = <? _(}3> }
) C OA(D)

acts on the weighted Bergman space H (D by

T ((CCL Z) )f(X) = det(cX +d)_’\f((aX +b)(cX +d)7).

Next, let (F,F") = (C,R), (H, C), (0, H), and we consider the Cayley—Dickson exten-
sion F = " @ F'j with an additional imaginary unit j. According to Yokota [20], we
define an involution o on p* = Herm(3,F)® by, for a; € C, z;,y; € F’ ®g C,

ar w3+ Ysj T2 — Y] ar @3 —Ysj T2+y2j
T3—ysj ax  xitwyj| = —|&3tysy a2z T1—yj |,
Ta+Yy2j T1—Y1j a3 Ty —Y2j T1+yj a3
so that p} := (p*)7 = Alt(3,F)Cj ~ (F*)C, pJ = (p7)~7 = Herm(3,F’)C, and extend
this to the involutions on o, 06 on G = Bihol(D) by
o(g) =cogos,  ob(g) = (~0)ogo(—0).

Then up to covering we have

(SU(3,3),507(6), Sp(3, R)) ((F,F) = (C,R)),
(G, (G%)o, (G7")0) =  (807(12), 507(6) x SO*(6),U(3,3))  ((F,F') = (H,C)),
(Er(25), SU(2.6), SU(2) x S0*(12)) ((F.F') = (O, H)),
and Dy := D% = DNp; ~ (G9)o/(K)p also becomes a Hermitian symmetric space.
Next we consider the decomposition of H(D) under (G?)o. Let ZI , := {k =

(ki,...,k.) €Z" | ky > -+ >k, > 0}. Then the space P(p;) of polynomials on p;r is
decomposed under (K?)g = (K°%)y as

Pr3)= P Pulp)

3
kez3 ,
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(Hua—Kostant—Schmid, [4, Theorem XI.2.4]), where
Pi(p3) := Spanc{Ax(k.X2) | k € (K7)o} C P(p3),

Ak(XQ) = (al)kl_kz (alag — xgi‘g)k2_k3 det(Xg)k‘“’ € P(p;’) <X2 = (:(;::13 ;; i?)) 5

T2 Ty as

and according to this decomposition, by Kobayashi [9], for A > 1 + 2d, Hx(D)| (Go 18
decomposed as

HAD) oy, = S HalDr, Pucpd)),

3
kez3 ,

where H (D1, Pk(p3)) C O(D1) ® Pi(pg) is the Hilbert space defined by the inner
product

{Fs 90340 (D1 Pt
= CA,k/ (f(Xl,B(Xl,K)XQ),g(Xl,Xz))Pk(p;),XQh(Xl,X_1)A_ddX1,
D,

where (f(XQ),Q(XQ))Pk(pg—)7X2 = g(%)f(XQMXFO is the Fischer inner product on
Pi(pd) (see [4, Section XI.1]), B: p x p; — Endc(pg) is given later in (3.1), d =
dimg F = 2dimg F’, and C), x is chosen such that Hf(XQ)H’H)\(Dl,'Pk(P;)) = |f(X2)|Pk(p;)
holds for f independent of X; € D, on which (G7)q acts by

(s (9) ) (X1, Xo) := x(k(g™ ", X1)) Mg " Xa k(g1 X1) ' Xo).

This is also called the holomorphic discrete series representation of (é”)o. Especially,
if k = (k, k, k), then Hx (D1, P 1) (P3)) = Hitor(D1) is of scalar type. Hence there
exist uniquely (up to constant multiple) the (G )o-intertwining operators (holographic
operator/symmetry breaking operator)

F it HaD1, Pic(p3)) — HA(D) o,
Fi it HA(D)] g0y, — Ha(D1, Pic(p3)-

The purpose of this paper is to construct these intertwining operators. We note that it
is proved by Kobayashi—Pevzner [12] that symmetry breaking operators for holomorphic
discrete series representations are always given by differential operators, that is, ‘Fi,k is
of the form

(FLi) (X)) = Fi(aiX) f(X)’

Xo=0

for some Fik(Z) €EP(p7 )z ® Pu(ps), where X = (X1, Xy) € pt =p] @ p3.
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Remark 1.1. (1) Previous works on differential symmetry breaking operators are
given by, e.g., Rankin [19], Cohen (3|, Peng—Zhang [18], Juhl [8], Ibukiyama—
Kuzumaki—Ochiai [7], Kobayashi-@Orsted—Somberg—Soucek [11], Kobayashi-Pevzner
[12, 13], Kobayashi-Kubo—Pevzner [10] and the author [16].

(2) Previous works on holographic operators for symmetric pairs of holomorphic type
are given by, e.g., Kobayashi-Pevzner [14] and the author [15].

(3) Previous works on Parseval-Plancherel type formulas for symmetric pairs of holo-
morphic type are given by, e.g., Hilgert-Krotz [5, 6], Ben Said [1, 2], Kobayashi—
Pevzner [14] and the author [17] under different realizations of Hy (D).

§ 2. Main theorems

We recall that d = dimg IF € {2,4,8}. For A € C, k € Z>p, let (A\)g := AN+ 1)(A +
2)--(A+k—1),andlet X = (X1,Xs) € p* =p{ ©p3, Z=(Z1,22) €Ep~ =p; DPp;-
First we give the result on holographic operators. For proof see [15]*

Theorem 2.1 ([15, Theorems 5.7 (5), 5.12]). For A > 1+ 2d, k € Z3 , the holo-
graphic operator
Fhit Ha(Dy Pipd)) 0y, — HA(D)glge

is given (up to constant multiple) by the infinite-order differential operator

0
F) = Fli (X ) 10360,
1 1
F)Tk(XQ; Zy) =
, ogh;kl—kz A tho+ky—3d+1), (A+ki+ky—5d+1),
0<l><ka—k3

0<l3
1

Otk ks td+)

flI,l(XQ; Z1)7

ls

where flI’l(Xg; Z1) € P(p3 @91 ) (xs.2:) ® Home (Pi(p3), C) is given later in (2.1).

Next we give the result on symmetry breaking operators. Its proof is given in a later
section.

Theorem 2.2 ([17, Conjecture 7.2]). For A > 1+2d, k € Z3 ,, the symmetry break-
g operator
‘Fi,k: HAD)(Goy, — Ha (D1, Pic(p3))

n [15, Theorem 5.12], the subscripts (ms,m2,m1),2 are wrong. The correct subscripts are
(mg,mz,ml),dg.



6 RYOSUKE NAKAHAMA

is given (up to constant multiple) by the differential operator

0
(Fh o f)(X) = F} (—)f(X)‘ |
Ak A\ 9x a0
1 1
: = (FA—ke—ks+3d+1), (“A—k—ks+3d+1),
0<la<ki1—k2
0<l3<ka—ks3
l14+12<ks3
—k
% (ke )it 1421, 7).

(X —ki —ko+3d+1)

I3

where fi,l(ZI?ZQ) € P(py ©03)(21.2,) @ Px(p3) is given later in (2.2).

Next we give the result on the Parseval-Plancherel type formula. For proof see [17].

We normalize ]-"i . such that its restriction to Py (py ),

Fix: HAD)| (Goy, — Ha(D1, Piclpd))
U U
}—i,k|7>k(p2+): Plpy) — Pic(py)

is the identity on Py (p3).

Theorem 2.3 ([17, Corollary 6.7]). For A > 1+ 2d, f € Hx(D), we have

1By = Do COIFRWS I, (1 o)

keZ3 |
[licicjes A= 46 +5 - 2))ki+kj
H1§i<j§4 (>‘ - %(i +J - 3))ki+kj
(At For + ks — %)kz—kg (A + max{ky, ka + ks} — %)min{kg,kl—kg} (At ks — %d)kg

= ,

()\)k?1+k?2 (>‘ - g)min{kl’k2+k3}()‘ - d)kg

C(\ k) =

where k4 := 0.

In the following we give the definition of flI’l(Xg; Z1), fltl(Zl,Zg). We identify
Pr(py) = Homg(Pk(py),C) by f(Ya) f(ai)(z)‘Xzzo’ and take Ky(Xo2;Ws) €
(P (p3) x, @ PPy ), ) K)o corresponding to the identity. For Z; € p;, since (Z;)* €
ps is at most of rank 1, for m € Zxo, X2 € p3, Z2 € p, we have

(Z)H(X2))™ € Pam (1) 21 @ Plon,m.0) (93 ) X
((Z1)"Z2)™ € Pam(p1 )22 @ Plm,0,0) (P2 ) 2
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where P, (p] ) is the set of homogeneous polynomials on p; of degree m. For (I1,12,13) €
(Z>0)? let (11,12, I3)f := (I3 + 13,11 + 13,11 +15). Then from these we have

(ZOM(X2)) " Ki(X2; W) € 6D Papy(b1)zi @ Pisr: (93) x5 @ Prclpy ),

|1‘:m7 0<l3
0<l1<k1—k2
0<lo<ka—ks3

(Z0)"22)"Ki(X2: Zo) € €D Papy(bi)zs ® Pricta(pz) zo € Pac(pF ) xs-

|1‘:m7 Ogll
0<l2<ki—k2
0<i3<ko—k3

Then by taking the orthogonal projection, we define fivl(Xg; Zy) = flI’l(Xg; Z1,Ws),

fur(Zy, Z2) = fi)(Z1, Za; Xa2) by

(-1)n
1!

€ Pop(p7) 21 @ Prcyr (13 ) x2 @ Pr(p3 ) ws,

= Pajt(p1 )21 © Presz (3 ) x, ® Home (Pi(p3), C),

(21) L (Xas 20, W) = Projicyie x, (((21)F](X2)H) K (X5 W2))

)
(22)  fi(Z1, 203 X2) = (“L'? Projyi1.z, ((Z1)%| Z2) VK (X2; Z5)) det(Z5) M

€ Popy (07 )21 @ Prc—iz (3) 25 ® Pic(p3 ) x,-

In the following we consider the case k = (k,k, k). Then P xx)(p3) =~ C_op is
1-dimensional. We identify these via

d d
det(Xg)k — CE 1= (1 + —) (1 + —> (1)k
2/ 4/
Then we have

K (g k) (Xo3 Wa) = ¢ 2 det(X2)" det(Wa)* € (P (p3) ® P(k,k,k)(Pz_))(KU)O,

and for 1= (0,0, m) or (m,0,0) we have

)
C m
F e 0.0.my (X23 Z1, Wa) = ﬁ(—((zl)ﬁl(Xz)ﬁ)) det(X5)" det(Ws)*,

il ) _ % ((21)%|22) k k
ek ) (mi0,0) (Z15 Za; Xo) = (— det(Z3) det(X3)" det(Z3)".

OtheI‘WiSG we have f(/rk,k‘,k),l(X27 Zl; W2)7 f(ik,k,k),l(Zh ZZ; XQ) =0. Vla the identiﬁcation
Pty (P3) = C_oy these become

-1
¢ m
f(Tk,k,k),(O,O,m)(XQ;Zl) = _:1, (_((Zl)ﬁ|(X2)ﬁ) det(X2)ka

—i ﬁ m
! _ g [ (£ 22) k
f(k,k,k),(m,o,o)(ZbZz) = < det(Za) det(Z3)".
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Hence we get the following.

Corollary 2.4 ([16, Theorem 8.6]). For A\ > 1+ 2d, k € Z>¢, the intertwining
operators are given by

0
F s Hasan(D0) e, — HalD)glae (FLICO = Fl (X 55 ) 1060,
0
}—iki HAD)](Goy, — Hav2r(D1), (}—ikf)(Xl) = Fik (8_X)f(X) e
2=0
where
-1 — 1 _ i fyym k
Fl (X1 Z1) = mz:o ()\+2k:— ld+1)mm!( ((Z1)"[(X2)"))™ det(X2)",
R —k— id Z2)¢Z)\"™
Bal?) = e’ ZO - —2k:+ 3df ; (_((delt)(le)Z)> det(22)".

Thewr operator norms are given by

1FL 2, = 15 llo2 = OO\, (k, k. k) =

,kHOp

§3. Jordan algebra structure on p* = Herm(3, F)

In this section, toward the proof of Theorem 2.2, we review the Jordan algebra
structure on pt = Herm(3,F)®. We recall that the pair (Vo) of a vector space V and
a bilinear product o is called a Jordan algebra if rtoy = yoxz and zo ((rox)oy) =
(rox)o(zoy) hold for all z,y € V. Then p* = Herm(3,F)® (F = R, C, H, Q) becomes
a Jordan algebra by the product X oY = %(X Y + Y X). For a general Jordan algebra
V, for z,y € V, we define operators P(z), P(x,y), B(x,y) € Endc(V) by

P(r)z:=2xo0(x0z)—(xox)oz,

P(z,y)z == (P(z +y) — P(z) — P(y))z,
(3.1) B(z,y)z :==z— P(z,2z)y + P(x)P(y)z,

and when V' is simple, the generic norm h: V x V — C is defined by
h(z,y) = Det(B(z,y): V — V)ranke’/2dimp?
Then for p* = Herm(3,F)® (F = R, C,H), these are given by

P(X)Z=XzZX, PX,Y)Z=XZY +YZX,
B(X,Y)Z =(I—-XY)Z(I-YX),
h(X,Y)=1— (X|Y)+ (X*Y*) — det(X) det(Y).
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On the other hand, for F = O, these formulas (except for h(X,Y)) do not hold. To
include the F = O case, we need the Freudenthal product given by

XxY :=(X+Y) - X —YH
so that X x X = 2X*. Then for p* = Herm(3,F)® (F = R, C, H, Q), we have

P(X)Z = (X|2)X - X*x Z,
PX,)Y)Z=X|2)Y+(Y|Z) X — (X xY) x Z.
Using P(X)Z, the differential of the action 7, on H (D) (1.1) is given by, for (4, B,C) €
C — p+ @ _E(C @ p—,

(d7A(A, B, C)f)(X) = % _Of(X—t(AJrB-X — P(C)X)) + A(=dx(B) + (X|C)) f(X).

Next we recall the decomposition p* := Herm(3,F)® = Alt(3,F")®j © Herm(3,F/)©
= pl @ pT, where F = F’ © F'j. We identify Alt(3,F)%j ~ (F?)C by

0 wy3j —Yy2i
(Wi, y2,y3) = | —ysj 0 wij |,
y2j —v1ij O

and write X = (X1, X2) = (£,2) € p] @ pg = (F?®)C @ Herm(3,F')C. Then under this
identification we have

((&,2)|(¢. 2)) = 2Rew (') + Rew tr(zz) =: 2(£|¢) + (]2),
(& 2)f = (—€x, 2% — %¢),

(see Yokota [20]), and hence for X = (£, z), Z = ((, 2z), we have

P((&,2))(C, 2) = (€€ + Cat + (z]2)€ — €xz, wax + (€) x 2 + 2(€]¢)x — 2'€¢ — Yex).

§4. Proof for symmetry breaking operators

In this section we give a proof of Theorem 2.2. To do this, we recall the F-method
developed by Kobayashi-Pevzner [12]. We take a basis {E,} of p™, and let {Z,} be
the corresponding coordinate of p~. Using this, we define a vector-valued differential

operator By: P(p~) — P(p ) @ pt by

(BAINZ) 1=y D P B Z 7 5 (1) + 0 By
af
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This is called the Bessel operator (see [4, Section XV.2]), and this is independent of
the choice of {E,}. Then we can show that, for C' € p~, —(B,|C) coincides with the

“algebraic Fourier transform” of

d
dr,(0,0,C)f(X) = | f(X +tP(X)C) + n(X]C) f(X)
t=0
for p = 2(1 +d) — )\, where we regard (0,0,C) € g© = pt € @ p~. Also let
(Bx)1: P(p~) — P(p~) ® p] be the orthogonal projection of By onto pi. In terms
of bases {e,} C p, {ea} C py, with the dual coordinates {2¢,} of p; and {z,} of p3
with respect to the pairing (X|Y) = 2(¢|n) + (z]y), (Ba):1 is rewritten as
1

0? 0
(Bx)1 = 5 %;(P(Ea;EB)Z)lm + /\za:(Ea)laZa

2

_1 ¢ N | 9,
=5 Lo et g 2 e X )

SIS (eplen —cwer L 1250 2
25 e e 90z 2 0,

Then the following holds.

Theorem 4.1 (F-method, Kobayashi-Pevzner [12]). We have the isomorphisms

Hom gy, (OA(D)] ey, Ox (D1, P(p3))

~ Homgcep- o (XA ® Px(ps), indic@p_ (XA))
~ {F(Z) € (P(p7)z ® Piclpd )" | (Br)1,2 ® Ip, 1)) F(Z) = 0}.

Here, the isomorphism of the left hand side and the right hand side is given by taking
the symbol of the differential operator.

Therefore, to prove Theorem 2.2, it suffices to verify

(4.1) Fy 1 (2) € (P(p7) 2 ® Piclpz))H7,
(4.2) ((Bx)1.2 ® Ip, (1)) Fx 1 (Z) = 0,

Here, (4.1) is clear from fi,l(Zla Z5) € (P(p7)z@Pk(pg))E o, Next we verify (4.2). In
the following we write Z = (Z1,Z2) = ((, 2) € p; @ p5 . To verify (4.2), first we extend
the definition of Fy, (Z) fromk € Z3}, to k € {k € C® | ky — ko, ky — k3 € Zx0, ks €
C}. We recall that Pu(py) = Pk, —ks.ks—ks.0)(P3) det(2)*2 holds for k € Z3 ,. Then
this formula is available for k3 € C. For ki, k5 € Z>o with k] > k), we fix a non-
zero polynomial K r;.0)(2) € Py kg0 (P2 ). Then for k3 € C let Kg, pyky)(2) =
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K (k1 —ks ko —ks,0) (2) det(2)52 € Pi, ks 1) (P2 ) (We note that in the original definition we
have Ky (2) € (Pe(pF) @ Pi(py).) )0, but the (K)g-invariance is needed only for
the proof of (4.1), and for the proof of (4.2) we may forget the (K?)p-invariance and
may suppose Ky(z) is a scalar-valued polynomial). Using this, we define the function

fli,l(Zl>Z2) = flil(gz) by

("
U

Projy1,. ((tédz)ka(Z)) det(z)~

fia(C2) = Proji 1.z, ((Z1)*22)"Ki(Z2)) det(Zy) !

|1|'
1 _
|l|,P1“0J(k1 kaska—ig 0)+1,2 (€SI MK ko, iy s k.09 (2)) det ()R

€ Pojyj(p1 )¢ ® Pr—1z (P2 )z,
and for A € C, k1 — ko, ko — k3 € Z>0, ks € C, let

’ = (—/\—/7c2—1<:3+jd+1)l1 (—A—kl—k3+2d+ 1),
0<la2<k;1—k2
0<lz<ka—ks3
—k
X ( 3)l1+l2 f}il(C»Z)-

(—>\—k‘1 —k‘g-i—id-I—l)lg

If ks € Z>o, then only l; + lo < k3 terms remain, and this becomes a finite sum. Es-
pecially if Kt 1s.0)(2) € (Pyks,0) (03 ) © Peit i 0y (P2 )2) 570, then Fik(Z) coincides
with the original one up to constant multiple.

Next we give the integral expression of Fik(Z). Let n= C p~, n, C p, be the
Euclidean real forms and 2 C n~, {3 C n, be the symmetric cones consisting of
positive-definite matrices,

p~ = Herm(3,F)® D n~ := Herm(3,F) D Q:= Herm, (3, F),
py = Herm(3,F)* O n, := Herm(3,F’) D Qy := Herm (3, ).

We recall that d := dimg F = 2dimg F’. For pn € C, k € C3, let

dHr(;wk —2(1—1))

=1

»Mw

Fd(,u + k) =

Then the Laplace transform on {25 satisfies the following.

Theorem 4.2 (Gindikin, [4, Lemma XI.2.3, Section IX.3]).
(1) ForRep> % ke Z3, f(z) € Pu(py), w € Qo+ v/—1Iny,

/ e~ (1) £(2) det(2)P~ () dz = Ty(u + k) f(w™?) det(w)
Qo
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(2) For Rep>1+d, keZ,, f(z) € P(ps), a,z € Qa,

La(p+k) / (zlw) g, —1 - —(1+4
e F(w™ ) det(w) *dw = f(2) det(z)*~(1+32),
e T g T detw) i = 1 (2)det(2)
Then by applying the Laplace and the inverse Laplace transforms to
_ f s
e~ (PN1Z22)K, (Z,) = e K (2) = E : fltl@?z)det(z)ll\
0<l;
0<la<k1—k2
0<l3<ks—k3

suitably, we can show the following.

Proposition 4.3. For Rek; < —%, Re(A+ k1 + ko) < =((,2) €Q, a €,
we have

Fd<—)\ + %d +1-— (kQ + k37 k1 + k?n k1 + kQ)) / e—(y|z) det(y)Q/\—Hk'_d_l
La((—ks, —k2, —k1)) Qs

1 zlut 801 (tEclp—t _
. <(2mf—1)3<1+%> /W— el det(a) RT3 (IR (2 1)dx>dy.
2

FY\ (2) =

We put det(z) X =34-1K, (1) =: f(z). To prove (4.2), it suffices to verify

(Bx)l/ o (wl2) det(y)2x+|k|—d—1(/ @) ((ECla™) p( ) dx>dy —o.
Qz a+\/—_1n2_

First we consider (B,\)le—(y\Z)e(tfélw_l) In the following, we use the convention
([Zflg)h = %Lgh + f%2h. Then we have

(By)1e¥12)e(Ccla™)

1 0? 0?
= {8 %ﬁ:(ea Ceg +€p gea)ac 95 +5 ZC €a X eﬁ)(‘)z 025

02 0 21
- _ _ - —(ylz) ,("¢Clz™)
+3 (%ﬁ ((esl2)ea fae,@Z)acaazﬁ +5 Ea eaaga}e yl2) o (CC|

= (c.r—“&cm—w (1— —)CT "= ((yl2) ¢! —Cm—lyz>+A<m—1)e—<yZ>e<t5<'x”>

. 0
= {Cw_”CCaf_l +Cyf + (/\— =+ >Cfr +Z (ylea)Cz ™" = Cx 1?/604)%}

w el (Ecla™).



HOLOGRAPHIC AND SYMMETRY BREAKING OPERATORS

and hence we get

B [ e ([ ) ay
Q2 a++v/—1In;

= SR e DU - -
RSN I

_ Cw‘lyea)%l e—(yz>) det(y)2MHKI =41l (ECla™) £ () dx) d

[ () et vt (A= e
a—l—\/_nz_ 4

‘Z gy (Wlea)Ce —Cwlyea)] det(y) kI -d-TelalyDe(ecle™) () dx)‘iy-
Next we consider Za B ((ylea)Cx™t — Cxtyey) det(y)2/\+\k|—d—1e(wly”),

2 %“y'eawl — (o yeq) det(y) K

= (3 (1 + g)Cx_l — (1 + g)gz—1> det(y)”‘ﬂk'_d_le(m‘yu)

+ 22X+ k| —d - 1)((y|y_1)g’x_1 _ ng—lyy—l) det(y)2A+\k|—d—le(gg|yﬁ)

(e x y)Ca — Ca V(e x 1)) det(y) K41 eelv?)
=(24d)¢zt det(y)2A+‘k|—d—1e(m\y“)

+ (20 + k| — d— 1)(3¢a~" — ¢a ) det(y) K= d Tl

+ (2(zlyf)¢z" — C:c‘l((:c|yﬁ)1 - xyﬁ)) det(y)2 MKl —d=1 (aly")
— ((A\ +2lk| — d)Ca 1 + (zfyf)Ca " + Cyt) det(y)? I Tl

where at the 2nd equality we have used

(ylz xy) = (zly x y) =2(z[y"),  ay* +y(z xy) = (2|y")I,

the latter of which follows from the polarization of yy* = det(y)I. Hence we get

(BA)I/ e~ Wl?) det(y)z’\+k|_d_1</ e(@lv (Scla™) £ () dac)dy
92 a++v/—1Ing

= / e W% (/ [Cm‘”ﬁéaz‘l + eyt + (A _dy 1) Co !
Q2 a+v/=1Ing 4

- Z v ((ylea)Ca™" — Cx_lyea)} det(y)2A Ikl =d=1g(=ly) o (CCla™) £ () da:) dy
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= / e~ WI2) det(y)2MHkl—d-1 </ (C:E_ltf@c_l + (/\ _d + 1) ozt
Q2 a+v/—TIn; 4

— (4X\ + 2|k| — d)¢z ™t — (x|yﬁ)§:t_1>e(mwu)e(tmm_l)f(x) dac) dy

= / e~ WI2) det(y)2A Hkl—d-1 </ ({(—3/\ —2|k| + §d + 1) ¢zt
Qs aty/~TIny 4

_ Z(ﬂea)@?_l %] e(wly”)e(tﬁcw_l)) F(2) dm) dy

:/ o—l2) det(y)2>‘+|k|_d_1</ o(oly?) o(ECla)
Qz a—|—\/—_1n2_

X K—:ﬂ —2lk| + Zd + 1) Cet 4 zo; 0 (x|ea)§x_1] fla) dx> dy

0% 4

:/ o~ (l2) det(y)Q’\Hk'_d_l(/ oaly?) o (ECla™)
Qz a—|—\/—_1n2_

X {(—3/\ —2|k| + Zd + 3) Cx 4 ¢t Z(m|ea)8%] f(x) da:) dy =0,

where the last equality follows from that f(z) = det(z)*&=24-1K\ (z~!) is homo-
geneous of degree 3\ + 2|k| — 9d — 3. Hence we have verified (4.2) for Rek; < —4,
Re(A + k1 + ko) < —%. Then by analytic continuation, this holds for all A\, k3 € C
(except for poles), and especially for k3 € Z>o. By Theorem 4.1, this proves Theorem
2.2,
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