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Continuity of the roots of a parametric polynomial

system and border bases.
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Abstract

We study continuity of the roots of a prametric polynomial system. We introduced several results
concerning the relationship between the continuity and a comprehensive Grobner system in our paper
of ISSAC2018. In this paper, we define the notion of a parametric border basis (PBB) and extend
our results in terms of a PBB.

1 Border Basis
Border Basis (2 DWW THER/NROWEHIZ 52 5. 7 L WHSHUIHIZ X [1] 2RIz,

O‘mfm TTIWVICQIXy,...,X,] 2720 LT, BEIRE Q[X1,...,X,]/I 1 Q EOBRRTAREZERMTH
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I'=(X?+Y?/4—aXY - 1,X%2/4+ Y2 —aXY - 1) CQIX,Y] iZXHLTH a DEN 0 LHEARD K574
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X OHOARES O BLA N2 AT L &, [ O order ideal & L3N
(1) O IFAEERM K[X]/I DRIETH 5.

(2)te O — V' (t dividest — t' € O).

00 = X,0UX,0U---UX,0\O %z O @ border & &3
{t+h:t€d0,t+hel,hisa K-linear combination of terms in O}

% I @ O-border basis ¥ &.3.

EEER1
- O-border basis (F O IZ7zWLTa=—2I1ZIhE 5.
- O-border basis(FEFIZIEZE D —E845) %\ T GB @ monomial reduction & [FZFDFHHEMNTE 5.
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I = (X24Y2/4-1,X2/4+Y2—1) C QX,Y] I22WLT, O ik {1,X,V,XY} D&, 90 &
{X2,Y2 X2Y, XY?}. O—border basis 1& {X2 —4/5,Y% —4/5 X2V —1/5Y, XY? —1/5X},

I' = (X?+Y?/4—aXY —1,X%/4+Y?—aXY ~1) C Q[X,Y] (a %0 &L H7225 & 5720 DEHEDAE) 12720 LT
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O4 RBY > X 2 2R BGEHERNETD I' D GBho6R6N5.)
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Border Basis(PBB) & &.&.
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F={X?24Y2/4—AXY - 1,X2/4+Y? - AXY -1} CQ[4, X, Y]\ A: XRTA—=R—_ X|V: L IZ
7Z\WL T,

G = {(51,G1),(S2,G2),(S3,G3), (S1,Ga)} 1& (F) OFREERIEET X =Y O reduced CGS TH 5.
ZZT

S1=V(A), S =V(A—5), 8 =V(A+3), 8 =C\V(AA - 3)(A+3)),

Gi={X?-1 Y24} Go={Y2- 2, X+Y}, Gy = {Y? -2, X -V}, Gy = {(-164% +25)Y* — 40V +
16,16AX + (1642 —25)Y3 +20Y} TH 5.
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O, ={1,X,Y, XY}, Oy =03 ={1,Y}, O, = {1,Y, Y2 Y3},
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XY — ::}’ By = {Y4 16A2 25Y2 - 16A2 25’X+ 16A _25Y3 + 3 Y XY — 3

1v vy3 16A% 425 20
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ATER.

B' = {(S2, B2, 02), (S3, B3, 03), (S1, B, 01)}

S| =8 US;=C\V((A-3)(4+2)),

By ={Y?-2, X+Y, XY +2}, 33 {Y2—§,X—YXY 2}, Bl = {X?+2AXY -3, Y2+ 2AXY - 4,

2y 16A - 20 2 20 a 1
X7Y 16A2—-25 X+ m.x—'fzf.) , XY" 16A2—-25 X x 7) ))

IE % 2 DD segment (S1, By, 01) & (84, By, O4) % 1 DD segment (S7, B}, 01) IZHETE5DTH
5M, ZD & DK segment lFED L7 CGS P L H/BONRVDTHS.
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IRBINE D D DHE.

(2) (1) B Sio86. X612 (S;, By, O) 28 (F) ® PBB @ segment TH 5 & 57 B; DFHH.

oI, S &S MEETH D, K[X]/(Gi(a)) & K[X]/(G;(@) 78 S;US; LD a7z U TH@EDHE

O%%OK%M\(&J%O)tQ%J%O)%*O@s%mwM&USpRO)wmm?% LHTED.
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F C Q[A, X] O/~ CGS G = {(S1,G4),...,(S,G))} 2/=wL T, (G@)»MacsS ETORT
(C[X]/(G(a)) DIFZERE L TDORIE s bAZE) THhDH L&, F(a,X) Off (BB EDT s fd) X S
ETCa OEREEBUIILS.

ZOEBDMIZE D Sz, Uz > T, CGS DEHETIZ NI A Y v 7 5 ARETGER O o # M %
AT B 2 8 IZTER.
5 3

B2 AL FIZ20WLT, A=0 DEHIZBWT, (F) BERTARV4HAOHEERL, 2151k A O
BBTHEHN, A=0 DEHEEZED (F) D CGS D segment (€D & 5 RIANERFIZDWTEHFIEL R,

—7i. Bl2D(F)y D PBB B 13 A=0%58 S O segment (S7,B,01) ZHiD.

PBBIZ72WLTH, &M 4 LFRKRDIEHTU TV NLD I L ZRTIENTES.

T 5

F C Q[A, X] ® PBB @ segment (S;, B;, 0;) (Z7-\WL T, F(a,X) Off (EREEHT)IX S, ETa Dl
BiRaBUC 72 5.

PBB 2D WCTIRHEMAETIOERBMOMH LD LD & ZFEH L 7Z.
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FCQAX] 20w LT, a BN TRVWE D REK S 1BV T, FREDbe ST LT F(b,X) NE

RTHRW (& (F(b, X)) »REEA T70) ACEBOEREOE S &KL, Thod S BT b OB
%55, 5 O ZWLT, FifSuia} BTk O— border basis ZFiD.

Tz ko, ERERZLNE ST A MYy Z i REGTRA DR D EKNE%E PBB O 5 4 TR 1T %
ZEMNTEDN, EMZRODL SIIRMILTHS. TOHELLUTOFHENKD LD EEZ SNDHFEIHIC
W7z o T2,

Conjecture

F C QA X] 2720w L T, a NI TRVWED R S ITBWT, FED b e S ITx LT F(b, X) »
[ U OARMEDOE i 2/KH, Thodn S ET b 0GB R 25X 5 0120w LT, Flk
Su{a} IZBWT—kk%4 O— border basis & #FD.

B

AMH521E JSPS B JP21K03375 DBz 2T C\W\Wx 7.

Z £ X B

[1] Kreuzer, M., Robbiano, L.: Computational Commutative Algebra 2, Section 6.4 Border Bases.
Springer, 2005.

[2] Fukasaku,R., Iwane,H., Sato,Y.: Real Quantifier Elimination by Computation of Comprehensive
Grobner Systems. Proc. ISSAC2015, pp. 173-180, 2015.



[3] Sato,Y., Fukasaku,R., Sekigawa,H.:On Continuity of the Roots of a Parametric Zero Dimensional
Multivariate Polynomial Ideal. Proc.ISSAC2018, pp.359-365. 2018.



