“Fold maps on complex projective spaces”
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1. INTRODUCTION

AT 4=y R (77 4 8—HD FERY—] 0§ 28I,
“n XCEKIN S™ WEKI 2 7 7 A 8= &9 % p RocEKin 5P LT 7 A 8=
78" — SPOKLEERFOEBIE, n=2p—-1TH5B”
CEMAEHEN TV, ESICSHTEEGEIC “S" K27 7 A /)N—&5 % SP LOT 7
AN—H 7: 5" — SP OREEZFFODEn=2p -1 DEETHY, p=1,2,4,8 DA
fR2” T EMnhoT5.
p=1DEHX, “H#Er: ST — St 7(cosh,sinf) = (cos20,sin20) THH, p =
2,4,8DEEIFK=C Hor OB LE, Gige

[ K? = K xR, f(2,2) = (22071, |20]* = |21]*),

BT BEE, S = ((0,5) € K [+ [l = DHCHRT B flons ;71
SP & Hopf fibration Ths. 75D H, GUR flgim-1 & submersion TH D, F TITHEHA
B BB OREEARIET % 50 3BINEu.

—J7, 1950 FFARIC J. P. Serre (ZEKM DR E M E—HE (OHRME) BLT, ko
ZREIH LTz -

Serre’s finiteness theorem on homotopy groups

7,(SP) is a finite group except the cases where m,,(S™) = Z and 74, 1(S*™) X Z ST
for m > 0, where T is a finite group.

HTTHE (4m —1,2m) Dm = 1,2,4 DIFEZIEHISENS &
m3(S?) 27, (SN XL DLy, m5(S%) 2 Z D L,

THY, HEEREOERIT1 € Z 1k FETEEI NIz Hopf fibration TH 5. Lizh->T, K
EME—BET,(SP) DIEEDORERE—HHIE, n=2p—1(p=1,2,4,8) D& X EFcZkR
W, MAOPTHEBR f: S" — SPICZ RN T &Ik 5.

Hopf fibration ICBHT 52 &% E D ULIARTIHE T 9. 913 well-defined xR RIG {5

H : Tyn_1(S*™) — Z, Hopf invariant,

ABOIATREG (5 f - S0 — $20 DFIEB T 1, 1 IS LT, ZOERT 7 A 73—
DFEHEE LT

H(f) =1k(f" (1), [ (o)) € 2.
MEFEIN, BAR f © Hopf invariant £ 9.

J. F. Adams(1960)
[Elfemml(SQm) st. H(f)=1 <= m=1,2and4. j
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CDOE S EHEEZZHICENT, 1969 4 Amsterdam TD [Z2RA | DEEEET, John
Mather (ZXRORERFEE LTz ¢

Homotopy problem

For any f € m,(SP) is f homotopic to a fold map with n > p?

f:M" — NP (n>p) ZZHIRBEOMD REGS L35 L X, fORESES S(f)
{x € M™;rankdf, < p} DEFKEINS. g e S(f) ZHLE T 2RNEER (11,20, ..., T
£95. TDOEZE, Gig fFBRDK S ERATTIGS

(21, T2y, 1) = (T1, . Tp1, F22 & £ 22)
p

TEENS 5 g € S(f) 7 fold singularity £V 5. Bx 9 E, TDIT AMMAIRETRDRY
RAGRICBT 5 TREEZOEMERTE]) 2 U TV iz Mather I3RS DO e 5 )L F—H

fold — cusp — swallowtail —---

ThHBHTEEH> TV, WM nREG S f St — SP RS Z R T, #9 fold A
BINB T END, S(f) DEEANT AT old THD (DX EHEIE fold map’ &I
WEXN%), 9755 submersion I BTV MREBBRDEFEZM S 1D TH 5. 1272
L, CTTHEELTAMLLODON cusp FFAER D closure 72 & % &, fold AL ORE SR
BRI XRTEEND T &, T745DE fold map DIFFEREIX fold AN DRFHE 2 XTI
EHCR A0 EN 2 S TR SIEERMRE] THE2LWVWHImTHS.

J

Z T THA& L Mather OREZHEL T, XROMEZEZ S -

Generalized Mather’s problem

Find the necessary and sufficient condition for the existence so that M™ admits a fold
map into NP,

&TC, R. Thom & Mather DFRE M E—HEREN 5% C & 15 F1F E/iic, ‘P nlaeE
BROFHA 23] 1CBWT, I'E—AHERO—{b] ZiEL, Wb sE—ADAEX
(7128 O RILEML T, H5Y v MEEIEICEId 5 BOSMA 27 30 nIHEE
BICBIN DR UMD ~ A2 RO/ AT Z ] U, iRy a2 DR RZP0E LTz
(5O 23] 22) .

Z T T, FA&IX generalized Mather’s problem OFFRI7AEE LT, NP =RPICHESZ
MTCTEABTLICTS. FTRp=1DHAREHENTVE XS “EED n KT
ZRRAR M IERADH O HEG (b bE—ABE) ZiFEd5 " LEA->T, p>2
DG EMNIEAHEME E 5. RITARE NE—FREE ORHET, ROFEENMEENT
(AP

Kikuchi-Saeki([13]), Saeki-S([20])

Let M™ be a closed n-manifold with x(M"™) odd. If there is a fold map f: M™ — RP,
then p must be 1,3 and 7. This restriction on p is coming from the non-existence of
the Hopf invariant one problem by Adams.
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FREOEEL K DI T p = 3 BXKT 7 D5 D fold map DIAERE IS FFHI R ALIE 2
2% ERENS. W, EORRITTENSD p =2 DYFIC Thom-Levine-Eliashberg
OEM G MIbn T !

“Any closed n-manifold M™ admits a fold map into R? if and only if x(M")
is even.”

LIeD > T, p> 3D EMRENIHERMELZS.

2. p=3®dD FOLD MAP

MR ZI Ry VWO REES% T 5. DL E, BBZEM O (M, R3)
DOHIC M DI ILEB D ERG S HH-> T, fe SHMDIIDT EIHFHEET S (1)) .
TG f ORI SZ S(f) £ 95 8 E, v e S(f) ZHLE T 2 M (21, 2, ..., 20)
9%, B fICHNZRRAERD =DDNT N TH D, ZNZENDRATHIISIE

(1) (z1,29,...,2) — (21.09, 23 & -+ £ 22)

(2) (1,2, ... xp) — (T1.22, 25 + X129 £ 2] £ -+ £ 22)

(3) (1, 9,..., @) > (2109, 25 + T3To + 1179 L2 £+ £ 17)
Tdhsd. (1)EEBAATld QD) , (2)iEcusp AL, (3) & swallowtail (EERCRD
EFHEN, FEMNEER T ZRkA L L TOXoe2Kd. £T T, fold &2fk%Z F(f) &L, cusp
k% C(f) & L, swallowtail £2{k%Z SW(f) £E£T & Z,

S(f)=F(f), C(f)=C())usSW(f)
MK DL B, Stiefel-Whitney $UC & % Thom ZIHXDERIE
[S(F)5 = wp—a(M™) € H"(M"; Zs)

TdH5Z &% Thom ([23) MLzl &L E fH fold map ThHd & E, iR H
fls : S(f) > RRERITT 1 DIFDHIAHTH BT NI KD, 2T T, ZDIED
IABDIERMNEHIFIC7Z S & ¥, f % tame fold map &5, TDOE X, RO LAGEAT
x5.

Theorem (S)

Let M?™ be a closed, non-orientable 2m-manifold with m > 3. There exists a tame
fold map f: M*™ — R if and only if ws,,(M*™) = 0 and wa,,_1(M>*™) = 0.

ZERIRD R FT DL AICIE, ROMENMIEN TN S.

S [21]

Let M™ be a closed n-manifold with n being odd. There is a fold map f : M™ — R?
if and only if w,_; = 0.

CTTHELTHVWEVLOD, M Epd LEMAESMNITETHZHBEI RN & &,
cusp @ Thom ZHHXDME—DDEEICZ > TWVBHENHI T L THD. 956 fedr
2w I BHESZHEZE, cusp D Thom ZIHAD w,_; THSHEWVIHERNZTENTNS.

VERZ D « GRT7 U LA R L BT & 2ET.
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L7eh->T, [23]1IcdH 5 K51, Thom ZIHADERIZZEIADED FITIFMKS 720D
T, Xoen MEETH > TE cusp D Thom ZIEHAD w,,_ THB LW T EWah 5.

3. GHEZER F D R3 A\D FOLD MAP

AT, EEESHAZIEZER E Uiz L ZIC, R3AD fold map DMEET 20 EHM
ZERTS. FTREBICONR5E72H 5. AiHiORRKICEN UIAERK D, w8159
FEMRE > TOBDTHRMRIDGTHRMN S 5. JUEEZEN RP™ D4 Stiefel-Whitney
X, o€ H(RPZy) = 7y BERITE TS L ¥

w(RP") = (14 )"

THHTEMNHREINTVS (1,2). LIh>T, “HUREOMEN S n=4m+17%%5
WEw, |(RPY) £0THD, n=4m+37%5 w, (RP")=0Tdbs. £z, n=4m+2
5w, (RPY) £0THB. £oT, TNED=DDHI fold map f: RP® — R3
MEAET HEMRE LT LicZb. L, n=4m D& ZlE w, (RP") =0T
H B WIGHZZENE M ENITAHETH D, O A TR T EIZD T, tame fold
map MEE LRW T EIEFIHIOE N S14E S AY, non-tame fold map WMFEFES 2 NIIFE
IEMB AR TH .

RITHEFRGZZER CP* LD R3AD fold map 25 2 5. Fi&, FERICKD [17]1
BWT, YzxUwIEGf. CP? — R*D cusp @ Thom ZHHUIH A TV 3D, cusp
BMETERW T EMGEIE Nz, RICTORRIE, [18]ICBNT, M* ZREMiF5h
Tz AJ0tHZHAE T % & X, fold map f: M* — R DMEET B e DDRAE A& 7%
BT BIIC—IbE NIz, ZORBICKD &, cusp HED OO REEFHIIEET
5T LIS MM E N2

—J7, 16JICHBNT, mEFAfaER 6 KotAZ kA M6 EICiE R? A\D fold map AW
DTCE(FHET ST 2R LTz, Lich> T, FRHC CP3 FITid R D fold map MWD T
ETFET 5. T HICR. Sadykov i HHIC K B F = AT OmZ ML 5 2 kI
KORXDZ LZREHLT: -

Sadykov, preprint
Let M?™ be a closed, orientable 2m-manifold with m > 3. Then there is a fold map
o M*™ — RS,

L7eh>T, TNEDOMRZ#HDS L

Theorem (Okada-S, [6])

(1) 3f:CP" — R3 fold map <= n>3.
(2) Ifn = 4m+ 1, 4m + 2, then RP" does not admit a fold map into R3. If
n = 4m + 3, then RP" admits a fold map into R3.

Lixs.
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