NOTES ON THE COEXISTENCE OF LIMIT NOTIONS
TAKASHI YAMAZOE

ABSTRACT. We summarize the current knowledge on the three
limit notions: ultrafilter-limits, closed-ultrafilter-limits and FAM-
limits. Also, we consider the possibility to perform an iteration
which has all the three limits and clarify the problem we face.

1. INTRODUCTION

1.1. Cichon'’s maximum. Cichori’s maximum is a model where all
the cardinal invariants in Cichoni’s diagram (except for the two depen-
dent numbers add(M) and cof(M)) are pairwise different. Goldstern,
Kellner and Shelah [GKS19] proved that 8; < add(N) < cov(N) <
b < non(M) < cov(M) < 0 < non(N) < cof(N) < 2% consistently
holds assuming four strongly compact cardinals. Later, they and Mejia
[GKMS22] eliminated the large cardinal assumption and hence proved
that Cichoni’s maximum is consistent with ZFC.

We study what kinds of cardinal invariants can be added to Cichoni’s
maximum with distinct values. In this article, we deal with the follow-
ing numbers:

Definition 1.1. o A pair 7 = (D, {m, : n € D}) is a predictor if
D € [w]* and each m, is a function 7, : w" — w. Pred denotes
the set of all predictors.

e 1 € Pred predicts f € w® if f(n) = m,(f[n) for all but finitely
many n € D. f evades 7 if m does not predict f.

e The prediction number pt and the evasion number ¢ are defined
as follows!:

pt = min{|lI| : I C Pred,Vf € w* 37 € Il 7 predicts f},
¢ :=min{|F|: F Cw”,Vr € Pred 3f € F [ evades 7}.

There are variants of the evasion/prediction numbers.

Definition 1.2. (1) A predictor © bounding-predicts f € w* if
f(n) < w(fIn) for all but finitely many n € D. pt* and e*
denote the prediction/evasion number respectively with respect
to the bounding-prediction.

While the name “prediction number” and the notation “pt” are not common,

we use them in this article.
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add(&)

FiGURE 1. Cichon’s diagram and other cardinal invariants.

(2) Let g € (w+1\2)“. ( “\2” is required to exclude trivial
cases.) g-prediction is the prediction where the range of func-
tions f is restricted to [],., g(n) and pr, and e, denote the
prediction/evasion number respectively with respect to the g-
prediction. Namely,

pr, = min{|Il| : IT € Pred,Yf € [],., g(n) 37 € Il 7 predicts f},
¢g =min{|F|: F C ][, ., 9(n),Vr € Pred 3f € F f evades 7}.
Define:

ptubd = sup {ptg VRS (w \ 2)"-’} )
ewpd = min{e, : g € (w\ 2)"}.

& denotes the o-ideal generated by closed null sets and we define the
four numbers add(€), non(E), cov(€) and cof () in the usual way.

The above cardinal invariants can be added to Cichont’s diagram as
in Figure 1.

1.2. Limit notions. The construction of Cichon’s maximum consists
of two steps: the first one is to separate the left side of the diagram with
additional properties and the second one is to separate the right side
(point-symmetrically) using these properties. In [GKS19], the large
cardinal assumption was used in the second step to apply Boolean Ul-
trapowers. In [GKMS22|, they introduced the submodel method in-
stead, which is a general technique to separate the right side without

large cardinals.
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Let us focus on the first step. The main work to separate the left side
is to keep the bounding number b small through the forcing iteration,
since the naive bookkeeping iteration to increase the cardinal invariants
in the left side guarantees the smallness of the other numbers but not
of b. To tackle the problem, in [GKS19] they used the ultrafilter-limit
method, which was first introduced by Goldstern, Mejia and Shelah
[GMS16] to separate the left side of the diagram.

Theorem 1.3. ([GMS16, Main Lemma 4.6]) Ultrafilter-limits keep b
small.

Recently, other kinds of limit notions have been studied.

After the first construction of Cichon’s maximum in [GKS19], Kell-
ner, Shelah and Téanasie [KST19] constructed® Cichon’s maximum for
another order X; < add(N) < b < cov(N) < non(M) < cov(M) <
non(N) < 9 < cof(N) < 2%, introducing the FAM-limit®> method,
which focuses on (and actually is short for) finitely additive measures on
w and keeps the bounding number b small as the ultrafilter-limit does.
Recently, Uribe-Zapata [Uri23] formalized the theory of the FAM-limits
and he, Cardona and Mejia proved that the limits also control non(&):

Theorem 1.4. ([CMU23|) FAM-limits keep non(&) small.

The author introduced in [Yam24] a new limit notion closed-ultrafilter-
limit, which is a specific kind of the ordinary ultrafilter-limit and proved
that it controls e*:

Theorem 1.5. ([Yam24, Main Lemma 3.2.4]) Closed-ultrafilter-limits
keep ¢* small.

In [Yam24], the author also performed an iteration which has both
ultrafilter-limits and closed-ultrafilter-limits and controlled both b and
¢*. Thus, the following natural question arises:

Question 1. Can we perform an iteration which has all the three limit
notions?

If such an iteration is possible, we can control b, ¢* and non(€)
simultaneously and finally obtain a new separation constellation (see
Figure 2 in Section 4).

However, at the moment we cannot answer Question 1 positively,
but we are close to achieving the construction.

In this article, we study the possibility of the construction. Also,
this article is a detailed analysis of [Yam24, Question 5.4].

2t was constructed under the same large cardinal assumption as [GKS19]. Later,
the assumption was eliminated in [GKMS22] introducing the submodel method.
3While they did not use the name “FAM-limit” but “strong FAM-limit for in-
tervals”, we use “FAM-limit” in this article. Also, the original idea of the notion is
from [She00].
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1.3. Structure of the article. In Section 2, we review the relational
systems, the Tukey order and the general preservation theory of fsi
(finite support iteration), such as goodness. In Section 3, we present the
three limit notions: wultrafilter-limit, closed-ultrafilter-limit and FAM-
limat. In Section 4, we analyze the possibility to construct an iteration
with all the three limit notions and clarify where the problem lies.

2. RELATIONAL SYSTEMS AND PRESERVATION THEORY

Definition 2.1. e R = (X,Y, ) is a relational system if X and
Y are non-empty sets and CC X x Y.
e We call an element of X a challenge, an element of Y a response,
and “x C y” “z is responded by y”.
e F' C X is R-unbounded if no response responds all challenges
in X.
e F' C Y is R-dominating if any challenge is responded by some
challenge in Y.
e R is non-trivial if X is R-unbounded and Y is R-dominating.
For non-trivial R, define
— b(R) :=min{|F|: F C X is R -unbounded}, and
— 3(R) =min{|F|: F CY is R -dominating}.

In this section, we assume R is non-trivial.

Example 2.2. e D= (w¥ w¥ <*). Note b(D) = b,9(D) = 0.
e PR = (w¥, Pred,CP), where f CP 7: < f is predicted by
7. Also, BPR = (w”, Pred,C"P), where f C™ 7: & f
is bounding-predicted by 7 and PR, = (], g9(n), Pred, P
) where g € (w+ 11\ 2)¥. Note b(PR) = ¢,0(PR) = pr,
b(BPR) = ¢*,0(BPR) = pt*, b(PR,) = ¢, 0(PRy) = pr,.

e For an ideal I on X, define two relational systems [ := (I, I, C)

and Cr = (X,I,€). Note b(/) = add([),d(/) = cof(I) and
b(Cy) = non(l), 9(Cy) = cov(l). We write just [ instead of [.

Definition 2.3. R+ denotes the dual of R = (X,Y,C), ie., Rt =
(Y, X,Ct) where y Ct 21 =(z C ).

Definition 2.4. For relational systems R = (X, Y, C), R’ = (X', Y’ "),
(®_,P,): R — R is a Tukey connection from R into R if &_ : X —
X' and @, : Y’ — Y are functions such that:

Vee XV eY O (o) =2 ().

We write R <7 R/ if there is a Tukey connection from R into R’
and call <7 the Tukey order. Tukey equivalence is defined by R = R/
iff R <y R and R’ <7 R hold.

Fact 2.5. (1) R <7 R implies (R/)* <7 (R)*.
(2) R <7 R/ implies b(R') < b(R) and ?(R) < d(R/).
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Using a relational system of the form Cpy<s ([A]<? is an ideal on A),

b(R) and 0(R) can be calculated from “outside” and “inside” .

Corollary 2.6. Let 6 be regular uncountable and A a set of size > 6.
(outside) If R <7 Clyy<s, then 0 < b(R) and d(R) < [A|.
(inside) If Cg<0 <7 R, then b(R) < 0 and |A] <d(R).

Both “R =7 Ciy<¢” and “Clg<e 2r R” have the following charac-
terizations.

Fact 2.7. ([CM22, Lemma 1.16.]) Let 6 be an infinite cardinal, I a
(index) set of size > 6 and R = (X,Y, C) a relational system.
(1) If | X] >0, then R =7 Cjxj<0 iff any subset of X of size < ¢ is
R-bounded (i.e., not R-unbounded).
(2) Cipj<o =7 R iff there exists (z; : @ € I) such that every y € Y
responds only < f#-many x;.

Fact 2.8. ([CM22, Lemma 1.15.]) If 6 is regular and A is a set with
|A|<? = |A], then Cly<o =p [A]<0.

Fact 2.9. ([CM22, Lemma 2.11.]) Let ¢ be uncountable regular and
A be a set of size > . Then, any 0-cc poset forces [A]<? 2 [A]<NV
and Cly<o Zp Cly<o N'V. Moreover, r([A]<%) = ¢V ([A]<?) where ¢

7 [43

represents “add”, “cov”, “non” or “cof”.

Definition 2.10. R = (X,Y,C) is a Polish relational system (Prs) if:

(1) X is a perfect Polish space.

(2) Y is analytic in a Polish space Z.

(3) C= U<, Cn where (Cp: n < w) is an (C-)increasing sequence
of closed subsets of X x Z such that for any n < w and any
yeY, {r e Xz, y} is closed nowhere dense.

When dealing with a Prs, we interpret it depending on the model we
are working in.

In this section, R = (X, Y, C) denotes a Prs.

Definition 2.11. A poset P is #-R-good if for any P-name g for a
member of Y, there is a non-empty set Yy C Y of size < 6 such that for
any x € X, if x is not responded by any y € Y}, then P forces z is not
responded by y. If 8 = X, we say “R-good” instead of “N;-R-good”.

Fact 2.12. ([JS90], [BCM23, Corollary 4.10.]) Any fsi of 6-cc 8-R-good
posets is again #-R-good whenever 6 is regular uncountable.

Fact 2.13. ([FM21],[BCM23, Theorem 4.11.]) Let P be a fsi of non-
trivial 0-cc 0-R-good posets of length v > 6. Then, P forces C},j<o =r
R.

Fact 2.14. ([Mejl13, Lemma 4], [BJ95, Theorem 6.4.7]) If 6 is regular,
then any poset of size < 6 is #-R-good. In particular, Cohen forcing is

R-good.
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To treat goodness, we have to characterize cardinal invariants using
a Prs. While D, PR, BPR and PR, are canonically Prs’s, the cardinal
invariants on ideals need other characterizations.

Example 2.15. (1) For k < w, let id® € w* denote the function
i+ % for each i < w and let H = {id"*' : k < w}.

Let & = S(w,H) be the set of all functions ¢: w — [w]<¥
such that there is h € H with |p(i)| < h(i) for all i < w. Let
Lc* = (w¥, S, €*) be the Prs where 2 €* ¢ :& z(n) € ¢(n) for
all but finitely many n < w.

As a consequence of [Bar10], Lc* 2 N holds.

Any p-centered poset is pt-Le*-good ([Bre91, JS90]).

Any Boolean algebra with a strictly positive finitely addi-
tive measure is Lc*-good ([Kam89]). In particular, so is any
subalgebra of random forcing.

(2) For each n < w, let Q, = {a € [2°¥]<¥ : Lby(J,,[s]) <
27"} (endowed with the discrete topology) where Lby is the
standard Lebesgue measure on 2¢. Put Q =[] __ €, with the

product topology, which is a perfect Polish space. For x € €,

let Ny == (<, Usea(m (], a Borel null set in 2¢. Define the

Prs Cn = (Q,2¥, =°") where x C°® 2z: & 2 ¢ NI. Since

(N} :xz € Q) is cofinal in N (2¥) (the set of all null sets in 2¢),

Cn =7 Cj; holds.

Any p-centered poset is u-Cn-good ([Bre91]).
(3) Let Z = {f € (2<%)*>™" : Vs € 2<“ 5 C f(s)} and define the Prs

Mg = (2¥,Z,€*) wherez €°* f: & [{s€2<¥:2 D f(s)}| <

w. Note that Mg =1 Cy.

Summarizing the properties of the “inside” direction and the good-
ness, we obtain the following corollary, which will be actually applied
to the iteration in Section 4.

Corollary 2.16. Let 6 be regular uncountable and P be a fsi of ccc
forcings of length v > 6.

(1) Assume that each iterand is either:
e of size < 0,
e a subalgebra of random forcing, or
e o-centered.
Then, P forces Cp,j<s <7 Lc*, in particular, add(N) < 6.
(2) Assume that each iterand is either:
e of size < 6, or
e o-centered.
Then, IP forces Cpj<o =<7 Cn, in particular, cov(N) < 6.
(3) Assume that each iterand is:
e of size < 6.
Then, P forces Cpj<0 <7 Mg, in particular, non(M) < 6.
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3. LIMIT NOTIONS

3.1. Ultrafilter-limit and closed-ultrafilter-limit. We basically fol-
low the presentation of [MCU23| to describe the general theory of
(closed-)ultrafilter-limits. Also, the original ideas are already in [GMS16]
and [Yam24]. Thus, we often omit the proofs in this subsection. For
details, see [Yam24].

Definition 3.1. ([Mej19, Section 5]) Let I' be a class for subsets of
posets, i.e., I' € [[p P(P(P)), a (class) function. (e.g., ' = A(centered) :
“centered” is an example of a class for subsets of poset and in this case
['(IP) denotes the set of all centered subsets of P for each poset PP.)

e A poset P is u-I'-linked if P is a union of < py-many subsets in
['(P). As usual, when p = Ny, we use “o-I-linked” instead of
“No-I'-linked”.

e Abusing notation, we write “I' C [ if I'(P) C I''(P) holds for
every poset P.

In this paper, an “ultrafilter” means a non-principal ultrafilter.

Definition 3.2. Let D be an ultrafilter on w and PP be a poset.

(1) Q@ C P is D-lim-linked (€ AW™(P)) if there exists a function
lim”: Q¥ — P and a P-name D’ of an ultrafilter extending D
such that for any countable sequence § = (g,, : m < w) € Q¥,

(3.1) lim? glIF {m <w: ¢, €GyeD.
Moreover, if ran(lim”) C @, we say Q is c-D-lim-linked
(closed-D-lim-linked, € Am(P)).

(2) @ is (c-)uf-lim-linked (short for (closed-)ultrafilter-limit-linked)
if @ is (c-)D-lim-linked for every ultrafilter D.

(3) Auf" = Np A" and AG} =, AP

We often say “P has (c-)uf-limits” instead of “P is o-(c-)uf-lim-
linked”.

Example 3.3. Singletons are c-uf-lim-linked and hence every poset P

is |P|-c-uf-lim-linked.

Definition 3.4. o A r-T-iteration is a fsi P, = ((Pe, Qg) D€ <)
with witnesses (P; : £ < ) and (Q¢c : ¢ < 0g, & < 7) satisfying
for all £ < :

(1) Py <P
(2) 9'5 < K. )
(3) Q¢ and (Q¢¢ : ¢ < O¢) are P, -names and P, forces that
U4<95 Qec = Q¢ and Q¢ ¢ € I'(Qg) for each ¢ < 0.
e ¢ < v is a trivial stage if II—Pé— |Qec] =1 forall ( <. S is
the set of all trivial stages and ST :=~\ S™.

e A guardrail for the iteration is a function h € [[,_, 0c.
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e H C H5 < 8¢ is complete if any countable partial function in
[ 1., 0¢ is extended to some (total) function in H.
° IP’Z is the set of conditions p € P, following h, i.e., for each

¢ € dom(p), p(§) is a P -name and ”_]Pg p(&) € Q&h(g).

Lemma 3.5. If 8 < p < |y| < 2# and pt = k, then there exists a
complete set of guardrails (of length ) of size < p™o.

In this section, let I'y represent AN or Alnt.

Definition 3.6. A x-I'-iteration has I' -limits on H if
(1) HC I, 95,. a set of guardrails. '
(2) Forh € H, (D} : £ <) is asequence such that Df is a Pe-name
of a non-principal ultrafilter on w.
(3) If ¢ < p <, then I.l_pn D C D_f; . . )
(4) For & < v, Irp, (Dgy e V¥ Whﬂ@(l%)‘::_D?F]VP5%f
£ € S, otherwise let (Dg)~ be an arbitrary ultrafilter in V¥e
(hence this item is trivially satisfied in this case).
(5) whenever (&, tm < w) Cvyand § = (¢n : m < w) satisfying
“_ng Gm € Qe n(e,) for each m < w:
(a) If (&, : m < w) is constant with value &, then

(3.2) IFp im P8 g Fo {m <w:gm € H} € D?H-

(Hg denotes the canonical name of Qg-generic filter over
VEe)
(b) If (&, : m < w) is increasing, then

(3.3) Fp, {m <w: ¢m € G,} € D

Lemma 3.7. Let P, be a x-I'ys-iteration (of length v+1) and suppose
P, =P, ;1] has I'y-limits on H. If:

“hy— P
(3.4) kg, (D)~ € V> forall h € H,

then we can find {D;L 11+ h € H} witnessing that P, has I'y-limits
on H.

The limit step of the construction of ultrafilters is realized if we resort
to centeredness.

Lemma 3.8. Let 7 be limit and P, be a x-(A(centered) N ['y¢)-iteration.
If <D§ 1 & < v,h € H) witnesses th{it for any £ < v, Pe = ]P"Wfé has
[ye-limits on H, then we can find (D? : h € H) such that (D : £ <
v, h € H) witnesses P., has I'ys-limits on H.

We give a proof since this lemma plays a crucial role in Section 4.
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Proof. Let h € H be arbitrary and S be the collection of § = (¢, : m <
w) such that for some increasing (¢, < v :m < w), “_[Pg Gm € Qe h(em)

holds for each m < w. For g € S, let A(cj) ={m<w:q¢n€ G,y} By
excluding triviality, we may assume that we are in the case cf(y) = w
(hence &,,, — ) and all we have to show is the following:

(3.5) e, “|J DEU{A(Q) : ¢ € S} has SFIP”.

E<y

If not, there exist p € P,, { < 7, Pe-name A of an element of Dh,
{7 ={(¢, :m<w):i<n} € [S]"¥ and increasing ordinals (&, < 7 :
m < w) for i < n such that IFp- ¢, € Q¢i e,y holds for m < w and

m

1 < n and the following holds:
(3.6) plre, AN A@) = 0.

<n
We may assume that p € Pe. Since all (§), < v:m < w) are increasing
and converge to 7, there is my < w such that £ > ¢ for any m > my
and ¢ < n. By Induction Hypothesis, p IFp, “Dg” is an ultrafilter” and
hence we can pick ¢ <p, p and m > mg such that g IFp, m € A. Let
us reorder {& i < n} = {£ < ... < 71} Inducting on j < I,
we construct q; € Pg,. Let ¢ == ¢ and j < [ and assume we have
constructed ¢;_1. Let I; = {i <n: ¢, = ¢&’}. Since Pg; forces that all
¢., for i € I; are in the same centered component Q&jyh(éj), we can pick
pj < gj—1 in Pg; and a Pg;-name ¢; of a condition in ng such that for
each i € I;, p; “_]ng qj < Gy, Let q; == p;"¢;. By construction, ¢’ == ¢,
satisfies ¢ < ¢ < p and ¢'[ ¢}, ke, ¢'(&),) < 4, for all i < n, so in
particular, ¢’ IFp, m € AN Nicn A(F'), which contradicts (3.6). O

Ultrafilter-limits keep b small and closed-ultrafilter-limits keep e*
small:

Theorem 3.9. ([GMS16, Main Lemma 4.6], [GKS19, Lemma 1.31.])
Consider the case Iy = Al
Assume:

e 5 is uncountable regular and s < 7.
e H is complete and has size < k.

Then, P, forces Cj,<~ =¢ D, in particular, b < . (Note that since a
set of conditions following a common guardrail is centered, PP, is k-cc
and hence preserves all cardinals > k.)

Theorem 3.10. ([Yam24, Main Lemma 3.2.4]) Consider the case 'y =
Alm,
Assume:

e x is uncountable regular and x < 7.
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e H is complete and has size < k.
Then, P, forces Cjy <~ =7 BPR, in particular, e < ¢* < k.

We introduce a sufficient condition for “Q C P is (c-)uf-lim-linked”.
The condition is described in the context of pure combinatorial prop-
erties of posets and we do not have to think about forcings.

Definition 3.11. e Let D be an ultrafilter on w,  C P and
lim”: Q¥ — P. For n < w, let (%), stand for:

(%) :“Given @ = (¢, :m < w) € Q¥ for j < n and r < lim”§ for all j < n,
then {m < w : 7 and all ¢/, for j < n have a common extension} € D”.

@ C Pis sufficiently- D-lim-linked (suff- D-lim-linked, for short,
Q € AYT(P)) if there exists a function lim”: Q“ — P satisfying
(%), for all n < w.
Moreover, @ C P is suff-c-D-lim-linked (Q € ASWI(P)) if
ran(lim”) C Q.
e () C P is suff-(c-)uf-lim-linked if @ is @ C P is suff-(c-) D-lim-
linked for any D.
o AU =, AT and ASUT = (), AWl

Lemma 3.12. Let D be an ultrafilter on w and @ C P is suff-D-
lim-linked witnessed by im”. Then, @ is uf-lim-linked with the same

witness lim”. In particular, A" C Al and AST C Alim,

Lemma 3.13. ([GMS16]) Eventually different forcing E is
o-(A(centered) N AS"™)-linked and hence o-(A(centered) N AM™%)-linked.

cuf

Definition 3.14. For g € (w+ 1\ 2)”, let g-prediction forcing PR,
the poset which generically adds a g-predictor and hence increase e,,
defined as follows:
PR, consists of tuples (d, 7, F') satisfying:

(1) d € 2.

(2) = (7, :n€d 1 ({1})).

(3) foreachn € d~*({1}), m, is a finite partial function of [],_, g(k) —

g9(n).

(4) F e [T, 9(n)]=*

(5) for each f, f" € F, f||d| = f'I |d| implies f = f'.
(d', 7", F") < (d,, F) if:
(i) d 2 d.
(ii) Vn € a7 ({1}), 7, 2 .
(ili) ' D F.
(iv) Vn e (&) *({1})\d*({1}),Vf € F, fIn € dom(n,) and 7, (f| n) =

fn).
When g(n) = w for all n < w, we write PR instead of PR, and just call
it “prediction forcing”.
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Lemma 3.15. ([BS96]) For g € (w+ 1\ 2)”, PR, is o-(A(centered) N AS)-
linked and hence o-(A(centered) N AP)-linked. Moreover, PR, is o-

(A(centered) N AS*T)-linked and hence o-(A(centered) N A2¢)-linked when-
ever g € (w 2)%.

3.2. FAM-limit. We describe the general theory of FAM-limits fol-
lowing [Uri23]. Also, the original ideas are already in [She00] and
[KST19]. Thus, we omit proofs in this subsection (See [Uri23] for de-
tails).

Definition 3.16. e For a set A and a finite non-empty set B,
|AN B
dB(A) =
| B

e For a poset P and a countable sequence p = (p; : | < w) € P¥
of conditions, let IFp W (p) = {l<w:p € G}

e A fam on w is a finitely additive measure =: P(w) — [0, 1] such
that Z(w) = 1 and Z({n}) = 0 for all n < w.

o [, isdefined by (Ip)k<w € L :< (Ix)r<w is an interval partition
of w such that all I}, are non-empty and |I;| goes to infinity.

e (0,1)g denotes the set of all rational numbers ¢ with 0 < ¢ < 1.

Definition 3.17. Let = be a fam, I__: (I k<w € Lo, 0 < e < 1 and
P be a poset. A set Q@ C P is (Z,1,¢)-linked if there is some map

lim= : Q¥ — P and some P-name Z' of a fam extending = such that for
any q € @,

lim=q I- /dlk(W(q)) d=' > 1—e.
Definition 3.18. Let P be a poset, n < w and q € P*. We define

iy

For ) C P, define

int(Q) = inf {M:QGQ”}.

(q) = max{|F|: F Cn,{q :i € F} has a common lower bound}.

0<n<w n

Definition 3.19. A poset P is p-FAM-linked?® if there is a sequence
(Que:a < p,e € (0,1)g) of subsets of P such that®:

e Each Q.. is (Z,1,¢)-linked for any fam = and I € I.

e For any € € (0,1)q, Uy<), Qo is dense in P.

e For any a < ppand € € (0,1)g, int(Qne) > 1 —¢.

4This linkedness notion is not in the framework of Definition 3.1 in that we use
an additional parameter ¢ € (0,1)g, but the formalization is almost the same as
ultrafilter-limits.

Our definition is a bit different from that in [Uri23]: In Definition 4.2.8 in [Uri23]
he required a stronger property for pu-FAM-linkedness, especially for (Z,1,¢)-
linkedness in Definition 4.2.2, and dealt with our definition as a derived property
in Theorem 4.2.5.
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Definition 3.20. o A k-FAM-iteration is a fsi =(P, QE (€< )
with witnesses (P; : £ < ) and Q= (Qg,6 €<, (< b e€
(0,1)g) satisfying for all £ < ~:

(1) P_ < Pg
(2) 65 < K.
(3) P forces that Q¢ is O-FAM-linked witnessed by
Q= (G € < bz € (0,1)).
° 5 < 7 is a trivial stage if II—P— |Q5 | =1 for all ( < 6 and

€ (0,1)g. S is the set of all trivial stages and St :=~\ 5.
) A guardrail is a function i € [[,_ (0¢ % (0,1)g). For a guardrail

h, we write h(§) = (hr(£), hr(£)).
° IPZ is the set of conditions p € P, following h, i.e., for £ €

dom(p), p(§) is a P, -name and II—P- p(&) € Qh(§

G = {(4n :m < w) sequentially follows h with constant ¢ €
(0,1)q if there are (&, : m < w) € v* such that both hz () =€
and II—Pé—m Gm € Qi’&m) hold for all m < w.

e A set of guardrail H is complete if for any guardrail h and any

countable partial function hg C h, there exists h’ € H extending
ho.

Definition 3.21. A x-FAM-iteration has FAM-limits on H with wit-
ness <E?’I che H T €l <n)if
(1) H C J[e.,(0c x (0,1)g), a set of guardrails.
(2) Forh€ H, I €I, and ¢ <7, Eg’l is a Pe-name of a fam.
“hI — =hT
(3) If ¢ <.77 <7, then _Il-pn = C 'HZ_I. o )
(4) IFe, (E07)" € fo, where (Zp1)7 = 2" N VPf if ¢ € 5,
otherwise let (E?’I)_ be an arbitrary fam in V"¢ (hence this
item is trivially satisfied in this case).
(5) Whenever ¢ = (¢, : m < w) sequentially follows h with con-
stant € € (0,1)g with witnesses (£, : m < w) € *,
(a) If (&, : m < w) is constant with value &, then

(3.7) Ip limZ g I /dfk(W( ))d:gf1 >1—¢.
(b) If (&, : m < w) is increasing, then for any ¢’ > 0,
(3.8) IFp, = "“ {k<w:d,(W(@)>1-¢)-(1-£€)}) =1

Lemma 3.22. ([Ur123, Theorem 4.3.16, 4.3.18.]) Let 7 be an ordinal
and P, be a /ﬂ—FAM-iteration. If <E?I 1€ <, h€ H I cI,) witnesses
that for any £ < v, P = P, [ £ has FAM-limits on H, then we can find

(M he H el )suchthat(”“ £ <«, he H I el,) witnesses

P, has FAM-limits on H.
12



Theorem 3.23. ([CMU23|, detailed description of Theorem 1.4.) Let
H be a set of guardrails for a x-FAM-iteration and P, be a x-FAM-
iteration with FAM-limits on H. Assume:

e r is uncountable regular and x < 7.
e H is complete and has size < k.

Then, P, forces® Cpyj<x =<1 Cg, in particular, non(&) < .

3.3. The forcing poset E. In [KST19], they also introduced the forc-
ing notion E instead of E, which increases non(M) as E does, but
has FAM-limits, which E does not have. (Cardona, Mejia and Uribe-
Zapata [CMU23] proved that E increases non(€) and hence does not
have FAM-limits.) We give a brief explanation of E. (See [KST19] for
details)

Definition 3.24. Let T C w<¥ be a tree.

(1) stem(T") denotes the stem of T', i.e., the smallest splitting node.

(2) For s,t € T, s<t denotes that ¢ is an immediate successor, i.e.,
t = s71 for some [ < w. Define Qs = Q (T) :={s' € T : §' > s},
the set of all immediate successors of s in 7T'.

Definition 3.25. (1) We define the compact homogeneous tree T* C
w<¥ with the empty stem stem(7™) = () by induction on the
height h. For h < w, let p(h) = max{|T* Nw"|, h + 2}, 7(h) =
((h 4+ 1)2p(h)M 1" q(h) = w(h)"*2, M(h) == a(h)? and

) = o (57008 ) for m < MOR) (ua(M(1) = o),

For s € T*Nwh, let Qg = Q(T*) = {s71 : 1 < M(h)} and
now 1™ is inductively defined.
(2) For s € T* and A C €, define j1,(A) := 4 (|A|). For a subtree
p C T*, define ps(p) = ps({s' € p: s'>s}) for s € p.
(3) The poset E consists of all subtrees p C T* such that u,(p) >
1

1+ oy for all s € p with s 2 stem(p). p<q:&pCyq.

Fact 3.26. (1) ([KST19, Lemma 1.19.(a)]) Let h < w, s € w" and
{pi i <m(h)} C E. If all p; share s above their stems, then
they have a common lower bound.

(2) ([KST19, Lemma 1.19.(b)]) E is (p, 7)-linked,
ie,E= Un<w Nism Uit Q% where each QY is m(i)-linked.
(3) ([KST19, Lemma 1.19.(c)]) E adds an eventually different real
and hence increases non(M).
(4) (JKST19, Lemma 1.19.(c)]) E is (forcing equivalent to) a sub-
forcing of random forcing.

6Similarly to the case of ultrafilter-limits, P, is k-cc and hence preserves all
cardinals > & (see e.g. [Uri23]).
13



Lemma 3.27. ([KST19, Lemma 1.20],[Uri23, Theorem 4.2.19])

For t € T* and € € (0,1)g, let Q. denote the set of all p € E such
that some natural number m > 2 satisfies:

e stem(p) = t has length > 3m.
e us(p) > 1+ L for all s € p with s D ¢.
o L <e

Then, (Qi-:t € T* e € (0,1)p) witnesses E is o-FAM-linked.

Actually, E has also closed ultrafilter-limits and this is why we say
we are close to achieving an iteration with all the three limit notions.

Lemma 3.28. ([GKMS21]) Q = Q,. C E is closed-ultrafilter-limit-
linked for any ¢ € T* and ¢ € (0,1)g. Thus, E is o-Alm-linked.

Proof. Let D be any ultrafilter on w. We define lim”: Q¥ — Q as
follows: For § = (qm : m < w) € Q¥, define ¢> = lim” g := {t € T* :
X; € D} where X; :={m <w :t € qu}. Since s C t implies X, O X,
g™ is a subtree of T™*. Inducting on h < w, we show:

(3.9) Vi={m<w:¢q"NuW"=¢°Nw"} €D forany h < w.

Yy = w € D trivially holds. Let h < w and assume Y;,, € D. Fix
s € q®Nuwh. For A C Q,, define Z4 = {m < w: ¢, NQ, = A}.
Since (J{Z4 : A C Q,} is a finite partition of w, there uniquely exists
A C Q) such that Z4, € D. We show A = ¢ N ,. On the one hand,
if t € A, then t € ¢, holds for any m € Z4, so Z4 C X; and hence
t € ¢*. On the other hand, if t € ¢> Ny, then X; € D and we can
pick some m € X; N Z4. q,, witnesses t € A. Thus, A = ¢ N Q,
holds. Let W, be the uniquely determined set Z4 for s € ¢> N w".
Then, Y, N({Ws : s € ¢® Nwh} € D is a subset of Y, and hence
the induction is done. By (3.9), we obtain stem(q¢>) = tg, ¢ € E and
moreover ¢* € @ (hence the closedness of lim” is shown). To show
(%), in Definition 3.11 for n < w, let @ = (¢, : m <w) € Q¥ for j <n
and 7 < lim® @ for all j < n. Take h < w satisfying h > n, | stem(r)|
and t € rNw". Since t is also in each lim” @, there exists X € D such
that for all m € X, ¢t € ¢, for all j < n. Thus, < h(< w(h))-many
conditions r and {¢, : 7 < n} share the common node ¢ above their
stems, by Fact 3.26 (1) they have a common extension.
Therefore, lim?” witnesses @ C E is closed-D-limit-linked.
O

4. ITERATION

Table 1 illustrates the relationship among the limit notions, the forc-
ing notions and the cardinal invariants. The reason why each line in

the table holds is as follows:
14



(1) By Lemma 3.15 and the fact that PR increases e, which is kept
small by closed-ultrafilter-limits and FAM-limits.

(2) By Lemma 3.15 and the fact that PR, increases e,, which is
kept small by FAM-limits.

(3) By Lemma 3.28 and 3.27.

(4) By Theorem 3.9, 3.10 and 3.23.

Thus, we naturally expect that by iterating (subforcings of) each poset
we can obtain the left side of the separation constellation illustrated in
Figure 2, since the smallness of b, ¢* and non(&) is guaranteed by each
limit notion.

Let us get ready for the iteration. The construction follows [Yam24,
Section 4].

Definition 4.1. e R, =Lc*and R, = A.
e Ry, .= Cn and R, := B.
[ R5 =D and Rg =D.
e R, =PR, R} = BPR and R; .= PR.
e R; = C¢, R :=PR, , and R{ :=PR, for g € (w 2)~.
e Rs = Mg and R4 = E.
Let [ :={1,...,6} be the index set.

R; is the poset which increases b(R;) for each i € I.

Assumption 4.2. (1) A\; < --+ < A7 are regular uncountable car-
dinals.
(2) A3 = pg, Ay = puf and A5 = pd are successor cardinals and ps3
is regular.

(3) k < \; implies kM0 < \; for all i € 1.
(4) A% = X7, hence A™Y = \; for all i € I.

Definition 4.3. Put v := \;, the length of the iteration we shall
perform. Fix S; U---USg = v, a cofinal partition of A7 and for £ < ~,
let i(€) denote the unique ¢ € [ such that £ € S;.

Assumption 4.4. \; < 2¢3,

Lemma 4.5. There exist complete sets H, H' and H” of guardrails
of length v = \; for A3-AlP-iteration of size < A3, \y-Al-iteration of

size < Ay and A\s-FAM-iteration of size < A5, respectively.

TABLE 1. The kinds of the limits each forcing notion has.

forcing notion ultrafilter closed-ultrafilter FAM

PR v X X

PR, v v X

E v v
keep small b e non(&)
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Now we are ready to describe the iteration construction, which is the
main object to analyze in this article.

Construction 4.6. We shall construct a ccc finite support iteration

7 . . . . .
Pl satisfying the following items:

(1) P, is a As-Ajf-iteration of length v := A7 and has A}*-limits
on H with the following witnesses:
° <IP>€_ : € < 7), the complete subposets witnessing Alm-
linkedness.
e Q= {Qcc:(<b&<7), the Al linked components.
o D= (Dg” : £ <, h € H), the ultrafilters.
e S = 5,US,USs, the trivial stages and ST = S,US5USg,
the non trivial stages.
(2) PI,. is a Ay-Ali-iteration and has Al%-limits on H' with the
following witnesses:

e (P, : & < 7), the complete subposets witnessing Agi-
linkedness.
o R=(Re¢:( < &<7), the Aim-linked components.

o [ = <E§”' 1€ <~, I € H'), the ultrafilters.
o T = S1US,US3US,, the trivial stages and T := S5USg,
the non-trivial stages.
(3) P}, is a As-FAM-iteration and has FAM-limits on H” with the

following witnesses:
° <]P’g : & < 7), the complete subposets witnessing FAM-

linkedness.

S5 = (5, :¢c€(0,1)g( < b& <), the FAM-linked
components.

o Z= (=" g <y, W e H" T €ly), the finitely additive
measures.

e U = 5,US,US3US,USs, the trivial stages and Ut = S,
the non-trivial stages.
(4) For each £ < v, N¢ < Hpg is a submodel where O is a sufficiently
large regular cardinal satisfying:
(a) |Ne| < Aige)-
(b) N¢ is o-closed, i.e., (Ng)* € Ne.
(c) For any ¢ € I, n < v and set of (nice names of) reals A in
VP of size < \;, there is some £ € S; (above 1) such that
A CN..
(d) Ifi(§) =4, then {Df : h € H} C Ng.
(e) If i(€) = 5, then {Dg theH}, {Eg" ‘h' € H'} CNe.
(f) If i(¢) = 6, then {D} : h € H},{E} : ' € H'}, {E " :
h" e H' I €l.} C Ng.
(5) ]P)g_ = PgmNg. .
(6) For each & <, Py IF Q¢ = Ryg).
16



(R5 denotes R{ for some g € (w \ 2)“ and ¢ runs through all
g € (w\ 2)¥ by bookkeeping.)

(7) Q,R and S are determined in the canonical way: at trivial
stages, they consist of singletons and at non-trivial stages, they
consist of w-many A /Alm/FAM-linked components, respec-
tively.

To begin with the conclusion, we have no idea whether Construction
4.6 1s really possible. We first describe what separation constellation
we can obtain if the construction is possible. Then, we analyze the
construction and summarize what we can do and what we may not be
able to do.

Theorem 4.7. If Construction 4.6 is possible, then P7 . will force
for each i € I, R; = Cpy<n Zp [M]™, in particular, b(R;) = A;
and ?(R;) = 2% = \; (the same things also hold for R} and R for
g € (w\2)¥). Moreover, by recovering GCH and applying the submodel
method, we can obtain PL_ which gives the constellation illustrated in
Figure 2, where ¥y < 6; < --- < 65 are regular and 6, is an infinite

cardinal such that 6, > 61, and 6% = 6..

Proof. Compared with P, in [Yam24, Construction 4.7], what we have
to additionally deal with are the following:

(1) Why Cj,,j<n =r Ry holds: By Fact 3.26(4) and Corollary 2.16.
\% <z =7 Ry holds: It 1s known that there exists a Prs

2) Why ), R, holds: It is k hat th i |
R/, such that R, < Ry and (p, 7)-linked forcings are R5-good
([KST19, Definition 2.3., Lemma 2.5.3., Lemma 2.8.3.]). Use
Fact 3.26 (2).

(3) Why C|y.;<»s =7 R; holds: By Theorem 3.23.

(4) Why Rg =1 Cpy,j<» holds: By Fact 3.26 (3).

g

Let us analyze Construction 4.6. Actually we can realize the succes-
sor steps.

Successor step. If i(§) < 5, we are in a similar case to [Yam24,
Construction 4.7] since £ is a trivial stage for the FAM-iteration and
we do not have to think about fams. Thus, we may assume that i(§) =
6. R = E is o-Al™-linked by Lemma 3.28, so we can extend the
ultrafilters D and E. By Lemma 3.27 and Lemma 3.22, we can also
extend the fams =. Also, we can take a submodel N since |H” x I| <
)\6-

However, we have a problem at limit steps, not on fams, but on
ultrafilters.

Limit step. For fams =, we can directly apply Lemma 3.22. For ultra-

filters D and F, recall that when constructing the names of ultrafilters
17



IR 2No

- add(N) : cov(M) — non(N)

FIGURE 2. Constellation of Pf , if the construction is possible.

at limit steps in the proof of Lemma 3.8, we resorted to the centered-
ness, which E does not have. We have no idea on how to overcome this
problem without resorting to centeredness.”.
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