STEPPING-UP SEMIPROPERNESS OF NAMBA FORCINGS

KENTA TSUKUURA

ABSTRACT. We show that if both of Nm(k,A) and Nm(At) are semiproper
then Nm(k, AT) is semiproper.

1. INTRODUCTION

In [3], we introduced Namba forcings Nm(k, A) over P, A and studied these. We
also showed that for regular cardinals Ny < k < A, the following holds.
(1) Nm(x,\) is semiproper if Nm(x, 2’\@) is semiproper.
(2) Nm(k,\) forces that cf(8) = w for all § € [k, \] N Reg.
These properties and [2, Theorem 2.2 of Chapter XI] shows that Nm(x, A) and
Nm(A*) are semiproper if Nm(x, A*) is semiproper and 2* = A\*.
In this paper, we show the converse of this as follows.

Theorem 1.1. Suppose that k < X\ are reqular cardinals greater than Ro. If both
of Nm(k, A) and Nm(AT) are semiproper then Nm(r, \T) is semiproper.

The structure of this paper is as follows. In Section 2, we recall the basic mate-
rials for Namba forcings. Section 3 is devoted to Theorem 1.1.

2. PRELIMINARIES

We use [1] as a reference for set theory in general. In this paper, x and A denote
regular cardinals greater than Ny unless otherwise stated. Reg is the class of regular
cardinals.

A tree p C [X]<¥ is a set that is closed under the initial segment, that is, s € p
and [ C s implies [ € p. By | C s, we mean that s end-extends [. Note that, when
we consider a tree structure or an end-extension relation [ C s, we assume that X
has an ordered relation and [ and s are finite increasing sequences in the sense of a
fixed order. In this paper, X is A or P, A. These have natural orders.

2.1. Namba forcings. Namba forcing Nm(\) is the set of all Namba trees over .
Namba tree is a tree p C [A]<“ with the following conditions:

(1) p has a trunk tr(p), that is, tr(p) is the maximal ¢ € p such that Vs € p(s C
tVtCs).
(2) For all s € p, if s D tr(p) then Suc(s) = {£ < A | s7(€) € p} is unbounded
in A
Nm(]) is ordered by inclusion.
Namba forcing Nm(x, \) is the set of all Namba trees over P, A. Then Namba
tree is a tree p C [P, A]S¥ with the following conditions:
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(1) phas a trunk tr(p), that is, tr(p) is the maximal ¢ € p such that Vs € p(s C
tvtCs).
(2) For all s € p, if s D tr(p) then Suc(s) = {a € P | s (a) € p} is
unbounded in P, A.
Here, [P, A= is the set of all C-increasing finite set of subsets of P,A. Nm(x, \)
is ordered by inclusion.

2.2. Galvin games. For an ideal I over Z and A € I, the Galvin game O(I, A)
is a game of length w with two players as follows:

PlayerI||F0:A—>w1| |---|Fi:A—>w1|
PlayerII” |§0<w1|...| |§i<w1|"'
Let & = sup,, &,. I wins if (), F,, ' € IT. &, is the statement that claims

Player II has a winning strategy for O(JP{, A) for all A € (JP{)T. @, is the
statement that claims Player II has a winning strategy for D(Jf\’d,A) for all A €
(JP)*. Here, JP{ and JP9 are bounded ideals over P\ and A, respectively. The
importance is as follows.

Lemma 2.1 (Shelah). The following are equivalent.
(1) @a.
(2) Nm(\) is semiproper.

Lemma 2.2 is an analogie of Lemma 2.1.

Lemma 2.2. The following are equivalent.

(1) Ppax.
(2) Nm(x,\) is semiproper.

Proof. See [3]. O

3. PROOF OF MAIN THEOREM
By Lemmas 2.1 and 2.2, for Theorem 1.1, it is enough to show
Lemma 3.1. &\ AP+ — D, 0+

Proof. For A < a < AT, let ¢, : @ — X be a bijection. For an unbounded set
AC P, Al = {p,“(ana) | a € A} is unbounded in P, \. Let ws, be Player
II's winning strategy for O(JP{, A'®) for each . Let ws* be Player II's winning
strategy for O(JP4, \).

For each a € A, by the definition, there is a b € A such that a = ¢, “(bNca). We
fix a such b as b, . For an F : A — wy, define F* : A% — w; by Fl%(a) = F(by o)-

Let us define a strategy of Player II for O(JP{,, A). Suppose that Fp,..., F,
be Player I's partial play. Note that, for each a < AT, Player II knows &; o, =
W (FQ%, ..., F/®) for each i < n. Then H(a) = & o defines a mapping H; :
AT — wi. Let us instruct Player II to choose &, = ws*(Hy, ..., H,), so we define
ws(Fp, ..., Fy,) = &n.

Suppose that Player I choosed Fy, FY, ... and Player II used ws. We claim that
Player IT wins. Let &, = sup;&;, here &, = ws(Fp, ..., F,). The goal is showing
that ), F,-_lfoo is unbounded.

For a ¢ C P, AT, there is an o such that ¢ C o and a € ﬂl Hi_lﬁoo. Note that
N Hi_lﬁoo is unbounded subset of AT since ws* is a winning strategy. So we have
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ﬂi(Fz‘m)_l(SUPi §asi) C ﬂi(Fira)_lgoo’
Since ws,, is a winning strategy, these are unbounded subset of P;A. Note that
N;(Fl*)~les, C Al®. Then there is an a € ();(F/*) '€ such that ¢, “c C a.
Then &o > Fim(a) = F;(bs,n). By the choice of by, we have b, o € A and
a = pq “(bg,a N ). Therefore

Yac=@u“(cNa) Ca=@u“byaNa).
In particular, ¢ C byo €(); Fi—lgw as desired. O

In [3], we show that the “local” semiproperness of Namba forcings can be char-
acterized in terms of semistationary reflection principles.

Theorem 3.2 (Tsukuura [3]). If o < & for all @ < k then the following are
equivalent.

(1) Nm(r, ) preserves the semistationarity of any subset of [A]“.
(2) SSR([A]Y, <k).

SSR([A]“, <k) is the statement that claims, for every semistationary subset S C
[A]“, there is an R € P, A with the following properties:
(1) wi CRNKER
(2) SN[R]“ is semistationary.
We call the local semiproperness of Nm(x, \) (1) of Theorem 3.2. Using this, we
can obtain an analogie of Theorem 1.1 for the local semiproperness.

Theorem 3.3. Suppose o < k for all @ < k. If Nm(x, A) and Nm(A1) are locally
semiproper then Nm(x, AT) is locally semiproper.

Proof. By Theorem 3.2, SSR([A\]“, <x) and SSR([A]T, <AT) holds. It is easy to
see that SSR([AT]¥,<x) holds. Again, by Theorem 3.2, Nm(x,A ") is locally
semiproper. U
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