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1 Introduction

Let A be a (not necessarily associative) algebra over a field K. The auto-
morphism group G(A) of A is the group of bijective linear mappings f on A
satisfying f(zy) = f(x)f(y) for all z,y € A.

An algebra A is zeropotent if 22 = 0 for any z € A. A zeropotent algebra
is anti-commutative, that is, zy = —yx for all z,y € A. Zeropotent algebras
of dimension 3 over an algebraically closed field are completely classified by
Kobayashi et al. [1]. We can determine the automorphism groups of zeropotent
algebras of dimension 3. In this article, we choose a typical algebra from them
and calculate its automorphism group.

2 Zeropotent algebras of dimension 3

Let A be a zeropotent algebras of dimension 3 over K. Let E = {e, f,g} be a
basis of A. Because A is anti-commutative, the multiplication table of A on F
is given by

0 a —fB
—« 0 Y )
B - 0

where
v = fg=ane+anf +aizg
B = ge = as1e + agaf + azsg
a=ef =aze+asf +assg

ailr a2 a3
A=|an ax as
a1 as2 ass.

*This is a preliminary report and will not be published elsewhere in this current form.

for a;; € K. We call




the structural matriz of A because it determines the structure of the algebra A
(we use the bold symbol A for the structural matrix).

Let T be a linear mapping on A. We use the bold symbol T for the repre-
sentation matrix of T" on the basis E. By Proposition 2.1 in [1], we have

Theorem 2.1. T is an automorphism of A, if and only if |T| # 0 and

A= mTtAT (1)

Up to isomorphism, we have 9 families of nonzero zeropotent algebras of
dimension 3 over an algebraically closed field K with char(K) # 2:

Zyv,Zo, Z3, { Zs(k) }kerr, Zs, Zo,{ Z7(k) yher, Zs and Zg

defined by the structural matrices

000\ /0 01 10 000 010
000,0007100 01 k|,lo o0 o],
00 1 00 1 0 0 00 1 00 1
01 1 1 k 0 12 2 1 3 3
00 1],{o 1 o0],[o1 2],[0o 1 3],
00 1 00 1 00 1/ \0o 0 1

respectively, where H is a subset of K such that
K=HU-H, Hn—H ={0}.

See Kobayashi et al. [1].

3 Circle groups
For o € K define the multiplication *, on K? = K x K by
(z,9) %5 (z,u) = (xu + yz, —0xz + yu)

for (z,y), (z,u) € K2. Tt is easy to see that (K2, *,) is a monoid with identity
element (0,1).
The mapping ¢, : K2 — K defined by

bo(z,y) = oz + 19 ((z,y) € K x K),
is a homomorphism of multiplicative monoids, and the kernel

Co=9¢,"(1) ={(z,y) € K x K|oz® +y* =1}

forms a group.
If 0 =0, then
CO =K x {1, —1},



and the multiplication * = xq is given by
(z,€) * (y,6) = (0 + ey, €0)

for z,y € K and ¢,d € {1, —1}.
If 0 # 0 and the square root /o is in K, C, is isomorphic to the circle group
(C,%):
C=0Cr={(z.y) € K2 +y* = 1}

(,y) % (z,u) = (xu + yz, —xz + yu) ((z,y), (z,u) € C),
through the isomorphism 1, : C, — C' given by

Vo(z,y) = (Vox,y) ((z,y) € Cy).

4 Determination of the automorphism groups

We can determine the automorphism group of each zeropotent algebra classified
above using Theorem 2.1. Here, we choose the algebra Z7(k) defined by the
structural matrix

k
A= 1
0

OO =
— o O

with parameter k € H.
Let T be a linear mapping represented by

a b c
T=|p q r
s t u

on a basis E = {e, f,g}. By Theorem 2.1, T is an automorphism if and only if
|T| #£0 and

1 k£ 0
IT|IA = (aqu+brs—+cpt—cgs—art—>bpu) (0 1 0| =
0 0 1
a’>+p?>+s2+kap ab+ pg+ st+kaqg ac+ pr+ su+ kar
T'AT = |ab+pg+st+kbp b +¢> +t2+kbg be+qr+tu+ kbr

ac+pr+su+kep be+qr+tu+keq 412 +u?+ ker

Solving this equation, 1" is an automorphism if and only if

_ o kath

b= p—2 5
(2—=k%)a T kh

7= 2

u =

C=Tr=8= = y



where h = /(k? —4)a® + 4. Hence, we see that the automorphism group of
Z(k) is the linear group

G = {T(a,h)’a,heK,hQZ(k2—4)a2+4},

where
1 2a ka+ h 0
T(a,h) = 3 ~ka—h (2—k*a—kh 0
0 0 2

When k = 2, we have

G = {T(a,h)‘a,heK,h:il},

where
a a+h 0
T(a,h)=|—-a—-h —a—2h 0
0 0 1
Because

T(a,h)T(b,j) = T(—aj — bh — hj, —hj)

for a,b € K and h,j € {1, -1}, we see that G is isomorphic to Cy via isomor-
phism:
(x,h) — (x4 h,—h).

If k # 42, letting 0 = 4 — k2, G is isomorphic to the ellipse
E, 22 +o0y®> =4,
with multiplication * given by
(x,y) = (z,u) = ;1 (k(zz — oyu) + o(zu+ yz), k(zu + yz) — (zz — oyu)) .

It is isomorphic to the group C, through the transformation

— k ka
ro R Rty

Thus, G is isomorphic to the circle group C' as stated in Section 3.

References

[1] Y. Kobayashi, K. Shirayanagi, S. Takahasi, M. Tsukada, Classification of
three-dimensional zeropotent algebras over an algebraically closed field,
Communication in Algebra, vol. 45, 2017, 5037-5052.



