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1 Introduction

Proving theorems of linear algebra, especially properties of the determinant is a central theme in
bounded reverse mathematics. although the determinant has several #L algorithm, many of its
properties are known to be provable in a theory slightly stronger than #L.

The seminal work of Soltys and Cook on bounded reverse mathematics of linear algebra revealed
that some important properties such as the cofactor expansion, the axiomatic definition of the
determinant and Cayley-Hamilton Theorem are equivalent over the theory V#L. Also they proved
that the multiplicativity of the determinant implies all these properties.

Soon after, the celebrated result by Tzameret and Cook gave an upper bound on the provability
of these properties. It is proved in [10] that the multiplicativity of the determinant is provable in
VNC?2.

Also, Ken and the author [4] showed that properties of matrix rank are provable in VNC? by
using the result in [10] and establishing the interpretation of extensions of Soltys theory for linear
algebra in VNC?. However, it is still open that the above properties of the determinant and matrix
rank are provable in some weaker theories such as V#L. In particular, the proof in [10] is based
on the algorithm for the determinant via Schur complement. On the other hand, faster algorithms
such as Berkowitz algorithm [1] are formalizable in V#L.

In this article, we propose to extend the study of proof compleixty of linear algebra along this
line to Pfaffian.

Pfaffian was introduced by Pfaff in 19th century in relation with partial differential equations.
Recently, many applications are given in combinatorics and representation theory. Computing
Pfaffian is very similar to computing the determinant and many fast algorithms for the determinant
are generalized to Pfaffian which include the characterization via clow sequences.

In this article, we will give a Berkowitz type algorithm for Pfaffian and prove its correctness by
way of clow sequences technique which was developed by Mahajan, Subramanya and Vinay. This
is used to formalize Pfaffian in the theory V#L.

Then we also consider the provability of Pfaffian properties over the theory V#L. Especially,
we consider the problem of proving properties from Pfaffian version of multiplicativity.

We also present a version of Cayley-Hamilton type theorem for Pfaffian. Cayley-Hamilton type
theorem for Pfaffian has been unfamiliar until recently. By examining the proof of Cayley-Hamilton
Theorem from cofactor expansion in [3] carefully, we present a theorem which is equivalent to
cofactor expansion and the axiomatic definition of Pfaffian.

*This work was supported by JSPS KAKENHI Grant Number 18K03400.



To author’s knowledge, our version of Pfaffian Cayley-Hamilton is new and we expect that it
can be used to prove various properties of linear algebra.

Our goal is not only to extend the proof complexity problem of linear algebra but also to extend
bounded reverse mathematics to combinatorics and representation theory. The final section is
devoted to showing our perspective.

Yet another noteworthy properties of Pfaffian is that the product of two Pfaffians admit combi-
natorial algorithm. We will present a new Berkowitz type algorithm for Pfaffian pairs.

In this article, we overview proof theoretic treatments of Pfaffian properties developed by the
author. Due to the limited space, most results are given without detailed proofs. Full proofs are
given in the manuscript [5].

2 Preliminaries

Due to the space limit, we refrain from giving details of bounded arithmetic and complexity theory.
We work in two sort bounded arithmetic developed by Cook and Ngyuen [2]. The theory V#L
consists of axioms

e XF-COMP:
VaVr <a3dY (x €Y < Y(x))

where ¢(x) € ©F does not contain Y.

e String Multiplication:
VX, Y3IZ(Z=X'Y)

e Matrix Powering;:
VX : square matrix Vn 3Y (Y = X™)

The complexity class #L consists of functions which are logspace reducible to the determinant.
It is known that matrix powering is complete for #L and thus we have

Theorem 1. A function is ©¥ definable in V#L if and only if it is in #L.

Note that induction for E(])B formula is provable in V#L even when we extend the language by
¥ P definable functions. This fact will be a crucial tool in proving matrix properties.

Pfaffian is defined in a similar manner as for the determinant. Specifically, let A € Mat(2n, 2n)
be skew symmetric. Then its Pfaffian is defined as

pf(A) = > sgn(0)as(1)o(2) " do(2n-1)o(2n) (1)
gEMay

where Ma,, represents the set of perfect matchings on [2n] such that
oc(l)<o(3)<---0(2n—1).

Pfaffian can be regarded as a generalization of the determinant in the sense that det(A) for n xn
matrix A is computed by Pfaffian as

det(A) = (—1)"D) p (_‘2 ’ g) 2)

For skew symmetric matrix A € Mat(2n, 2n), the following relation is known:



Theorem 2 (Cayley). If A € Mat(2n,2n) is a skew symmetric matriz then
det(A) = pf(A) 3)

Our formalization of Pfaffian is based on the characterization by way of clow sequences due to
Mahajan, Vinay. A clow (closed walk) on [n] is a list of edges

(i17i2>a (i21i3)7 ey (Zm,ll>

such that i; < i for all 2 < k < m. The first index 4; is called the head of C and is denoted by
head(C).
A pclow is a list By, By, ..., E,, where each E}, is a pair (e}, e5) of edges such that either

o b = (4,2 —1) and ek = (2§ — 1,2j) or
o b = (i,27) and e§ = (25,25 — 1).
Let C be a pclow. Define
fd(C) = #{(i,j) € C i < j}, bd(C) = #{(i,j) € C :i > j}.

and
sgn(C) = (=1)7E+1,

For A = (a;;) € Mat(2n,2n), we define a;; = ai; if i < j and a;; = aj; if i > j. The weight of a
clow C = (e1,ea,...,eay) over A is the product

’LUA(C): H a;;k—l'

1<k<m
A pclow sequence is a sequence C' = (C1, ..., C;) of pclows such that
head(C1) =1 < head(Cs) < --- < head(C)).

We define the sign and the weight of a pclow sequence as

sen(C) = H sgn(C) and wa(C) = H w4 (C)
respectively. Finally the length of a pclow or a pclow sequence is the number of edges occuring in
it.
Theorem 3 (Mahajan et.al.). Let A € Mat(2n,2n) be skew symmetric. Then

pf(A) = > sgn(C))wa(0).
C:pclow seq. |C|=2n



3 Berkowitz-type algorithm for Pfaffian

In this section we construct a #L algorithm for Pfaffian.
For n € w, we define the skew symmetric matrix J,, € Mat(2n, 2n) by

J1
J1
J1:<0 1),Jn: n times (n > 1).
-1 0
J1
We omit the subscript if it is clear from the context.

Definition 1 (PB algorithm). Let A € Mat(2n,2n) be skew symmetric and

0 a2 R
—a;s 0 =S
'R S M

be its block decomposition. Define Berkowitz algorithm Pa as

1
a12 1
RJS CL12
Pr=| RJ(MJ)S RJS € Mat(n +1,n). (4)
: . .. .. 1
RI(MJ)"™2S RJ(MJ)"™3S - -+ ap

We define Pfaffian coefficients Py = (pp,Pn_1,.-.,00) as Py = (1,a12) if n =2 and
PA = Papm.
if n > 2.

This algorithm is already suggested by Rote [8] in somewhat awkward manner. We present it
here in a complete form and prove its correctness below.
We will show that PB algorithm computes Pfaffian. More generally we have

Theorem 4. Let A € Mat(2n,2n) be skew symmetric and Py = (pp,pn_1,-..,po) be its Pfaffian
sequence. Then

Pn—k = > sgn(Clwa(C) + > sgn(C)wn (C). (5)
C : pclow seq. C : pclow seq. on [3,2n]
|C|=2k |C|=2k

for1<k<n-1and
po = > sgn(C)wa(C) (6)

C : pclow seq.
|C|=2n

Hence pf(A) = po.



To prove Theorem 4, we first notice that each entry in the matrix P4 computes the sum of
signed weights of clows. For instance, consider the entry ajs. The only possible clow starting
from (1,2) is C = ((1,2),(2,1)) with wa(C) = aj2. Moreover, note that f(C) = 1 and thus
sgn(C) = (—1)'*! = 1. Hence we have

Z sgn(Clwa(C) = ar.
C : pclow |C|=2
In general we have

Lemma 1. Let A € Mat(2n,2n) be skew symmetric with its block decomposition given as above.
Then
RJ(MJ)*25 = > sgn(Cw 4 (C). (7)

c : pclow
|C|=2k,head(C)=1

From this lemma, Theorem 4 is proved by induction.
Note that PB algorithm is a #L algorithm and hence we have

Corollary 1. Pfaffian pf(A) is 28 definable in V#L.

4 The proof complexity of Pfaffian
Some of Pfaffian properties are derivable solely from Pfaffian Berkowitz algorithm. Here we present
two of them.
Lemma 2. (V#L) Let A € Mat(2n,2n) be skew symmetric and X be any number. Then
Pf(AA) = A" pf(A). (8)

Theorem 5. Let A € Mat(2n, 2n) be skew symmetric, o = (qn, Gn-1,---,490) andri = (Tn,"n—1,...,70)
be Pfaffian coefficients of A and 'A respectively. Then for 0 < k < n,
'n—k = (_1)an—k- (9)
Thus pf(*A) = (—1)" pf(A).
Since Pfaffian is a generalization of the determinant, most properties of the determinant are given
for Pfaffian as well. The difference is that operations on rows or columns on det(A) correspond to

operations simultaneously on rows and columns.
Let A € Mat(2n,2n) be skew symmetric. Define the following operations:

e Ali: j] is given by simultaneously swapping rows i, j and swapping columns i, j.
e A(i, j) is given by removing rows 4, j and columns i, j.
Then we have the following properties in analogy with the determinant:

Theorem 6 (Pfaffian Cofactor Expansion). Let A € Mat(2n,2n) be skew symmetric and 1 < i <
2n. Then
(PCE) pf(4)=_ (=1)"7*"OU ay pf(Ai, j)
1<j#i<2n

where O(k) is Heaviside step function.



If we define the determinant by the equation (2) then properties of the determinant are provable
from the corresponding properties for Pfaffian in V#L. For instance, we have

Lemma 3 (V#L). (PCE) implies the cofactor expansion of the determinant.
Proof Sketch. The proof is by induction on the number of rows. Let A € Mat(n,n) and B =

(_9 A f)l> By applying (PCE) to B and using the inductive hypothesis yields that

pf(B) = (—1)"("=D/2 N (1)1 det(A; ;).
1<j<n
O
Theorem 7 (V#L). (PCE) implies Cayley’s theorem:
VA € Mat(2n,2n) : skew symmetricdet(A) = pf(A)>. (10)

See [7] for the proof.

The axiomatic definition of the determinant refers to the multilinearity, the alternation and the
equation det(I) = 1. Similarly, the axiomatic definition of Pfaffian (PAD) is the collection of the
following three statements:

Multilinearity : Let A(), i) be the matrix A with the row and the column ¢ multiplied by A.
Then pf(A(A, 7)) = Apf(A).

Alternation : pf(A[i: j]) = —pf(A).

Identity : pf(J) = —1.

Theorem 8. V#L proves Multilinearity on the first row and column and Identity.
Proof. The first part is easy. For the second part, let J, € Mat(2n,2n). Then

1 0
P~ |11
|
00 - 1
From this we have the recurrence pf(.J,) = pf(Jn—1). Since we have pf(J;) = —1, the claim is
immediate. O

For the determinant, cofactor expansion and the axiomatic definition are equivalent in V#L.
This is also the case for Pfaffian.

Theorem 9 (V#L). (PCE) and (PAD) are equivalent.

Proof. First we show that (PALT) implies (PCE). Let A € Mat(2n,2n) be skew symmetric and
1 < i < 2n. Apply (PALT) for rows and columns 1,3 yields pf(A(1,i)) = — pf(A). By Theorem 8,
we can expand A(i, j) on the first row and column. Then applying (PALT) again yields (PCE).
For the other direction, we can show that (PCE) implies (PALT).
O



Theorem 10 (V#L). Let I € Mat(2n,2n) be the identity matriz. Then

pf (_OI é) — (—1), (11)

Proof. Let Cy = pf <_OI é) € Mat(4n,4n) and
0 0 Rpq
Cr = 0 0 —lspp1 | € Mat(4n — 2k, 4n — 2k).

~Rpp1 S Chria
Then Cj, is of the form

Iop ok
Osy; € Mat(4n — 2k, 4n — 2k)
—Ion—2k
where all blank entries are zero.

Let ¢ = (qgn_k, qlgn_k_l, . ,q(’)“) be Berkowitz sequence for Cf. From Berkowitz algorithm, it
follows that

1 0
k k+1
Don—k 0 1 92n—k—1
k " k+1
Dn-k-1 | -1 0 Ao ko
k 1 &
90 1 q0+1
0 0 O -1 0
Hence we have the following recurrences:
k _ k _ k+1
I =1 @ 1= qpn_f—2s
k k+1 k41 )
An—k—i = _qn_k_i+1 + ki1 (2 << 2n— k),
k k
4o = —41-

We claim that Vj < k p;? = 0. This is proved by backward induction on k < n. If kK = n then

Gn, = (1 0o --- O) so the claim is obvious. Suppose that Vj < k pf = 0. and 7 < k. Then by the

inductive hypothesis,
k _ k+1 _
Pn—k—1 = don—p—2 = 0;
k _ k+1 k+1 —
Un—k—i = ~n k—ir1 T g—i—1 = 0-

Hence we have ¢f = —q’,jfll and by backward induction, we conclude that pf(Cp) = (—-1)". O

The following equaition can be regarded as the analogue of the multiplicativity.

Theorem 11. Let A € Mat(2n,2n) be skew symmetric and B € Mat(2n,2n). Then

(MP) pf('BAB) = pf(A) det(B).



Note that if B is skew symmetric then by Cayley’s theorem (equation 3), we have det(B) =
pf(B)2. Hence we obtain
pH(BAB) = pt(4) pf(B)?.

We expect that (MP) implies most properties of Pfaffian in V#L. The rest of this section is
devoted to the consideration of this problem.

First remark that the condition of the axiomatic definition other than Alternation are provable
in V#L.

Theorem 12. V#L proves Multilinearity for i = 1 and Identity.

Proof. Multilinearity for the first row and column is straightforward from PB algorithm. Identity
is proved by induction on n. O

Suppose that Alternation is proved form (MP). Then it is easy to see that (MP) implies other
properties of Pfaffian, namely (PCE) and Cayley’s Theorem. To prove Alternation from (MP),
remark that

A[’L : j] =t IszIzj
So by (MP) we have
pf(A[i : j]) = pf(Ti;; AL;j) = pf(A) det(I;;).

Hence it suffices to show that
det(l;;) = —det(1) (12)

is provable for the identity matrix I of even order. However, it seems fairly complicated to directly
prove the equation (12). So we argue in a simpler manner.
First note that

Theorem 13 (V#L). Let I € Mat(2n,2n) be the identity matriz and for 1 < k < 2n, I[k] be the
alternation of rows k and k+ 1 in I. Then

ot (L (o) = o (13)

Proof. We argue similarly as in Theorem 10. The proof is divided into two cases.

Case 1: Kk mod 2=1. Let k =2/ +1 and

Iy
1
I[k] = 1
IQm
where n =14+ m + 1. Define
0 0 Riiq
0 I[k] I+
Co= (—I[k] 0 > ) Cj = 0 0 tSj_H (0 <k< n)

t
Rjt1 Sjy1 Cjina



Then for 0 < j <, j=1and ! < j <mn, Cjis of the form

I12(1 — j) + 1]
02]' € Mat(4n—2j,4n—2j),
—I12(l —j)+1]
1
1
I
Oy € Mat(4n — 21,4n — 2[), and
—1
—1
-1
I
02 € Mat(4n — 27, 4n — 2j),
—1I

respectively. Moreover, C), = 0.
Remark that Berkowitz matrix for C; with j # [ are the same as in Theorem 10. For Cj, we
have

10
0 1
10
Pe, =
1
01
00 O 10

Now the proof is identical to that for Theorem 10. Specifically, we have

g —gf fo<j<l<n,
] 1+1 . .
J qjj_l if j =1
and from this recurrence, the claim follows immediately.
Case 1: kK mod 2 =0. Let kK = 2[. By a similar block decomposition as in Case 1, we have
B B’
Ci1 = Os1-1) , and C) = Oa1-1
-B -B’

where



Berkowitz matrices for these two matrices are

1 0
10
0 1
0 1
0 0
0 0
Pe, -1 0 and Pg, =
1
1 01
01 00 0 0 0
0 0 O 00
From these computations we obtain a recurrence which implies the claim. O

Theorem 14 (V#L). (MP) implies (PALT).

Proof. Let A € Mat(2n,2n) be skew symmetric and 1 < ¢ # j < 2n. Then we can effectively
construct a sequence 1 < ki, ko,..., ko1 < 2n such that

Ali:j] = tIk21—1 T tIkztIklAIlﬁIlw oy
By applying (MP) repeatedly to A[i : j], we obtain
pf(A[i : j]) = pf(A) det(Iy, ) det(Iy,) - - - det(Ig,,_,)

Note that this is where we require induction in V#L. Now the claim follows immediately from
Theorem 13. U

5 Cayley-Hamilton Theorem for Pfaffian

So far we have seen that Pfaffian and the determinant have a lot of common properties. Hence one
might ask whether Cayley-Hamilton type theorem is possible for Pfaffian. The answer is yes and in
this section we present a version of Cayley-Hamilton theorem for Pfaffian.

Definition 2. Let A € Mat(2n,2n) be skew symmetric and qﬁ,qg_l, e q()4 be its Pfaffian coeffi-
cients. Define Pfaffian characteristic polynomial as

Da(x) = gpa” +gpaa" T+ g (14)
Theorem 15 (Pfaffian Cayley-Hamilton Theorem). Let A € Mat(2n,2n) be skew symmetric. Then
©4(AT) = g7 (AT)" + gy (AD)" 4+ g3 T = 0. (15)

We can prove this theorem in several ways. One way is to use the combinatorial argument which
is used to prove Cayley-Hamilton Theorem for the determinant due to Straubing [9]. However, we
do not know whether such proof can be formalized in V#L.

We can also prove this from (PCE) which can be formalized in V#L.

The converse is also true, that is,

Theorem 16 (V#L). (PCH) implies (PCE). Thus (PCE), (PCH) and (PAD) are equivalent over
V#L.

We omit the proof due to the limitation of space.

10



6 Berkowitz algorithm for Pfaffian pairs

In [8], it is shown that the product of Pfaffians are computable by means of alternating clow
sequences. This fact leads to a Berkowitz type algorithm computing pf(A) pf(B). In this section
we present such an algorithm.

Let 1 <7 <n and k be a number. We define

Cir = {C : alternating clow, head(C) > i, |C| =2k}, and

_ Z _ 16
D, = {C : alternating clow, head(C) =i, |C| = 2k}. (16)
For skew symmetric matrices A, B € Mat(n,n) let m = |n/2|. We define P-coefficients of A
and B as
JA,B = (qma qm—1,- - - 7q0) (17)
where
qm =1,
Qm—k = Z sen(C)wa g(C), for 1 <k < n, and
C‘eClyk
Z sgn(C)wa p(C)if n=0 (mod 1), (18)
6601,71
q0 = _ _
Z sgn(C)wa,g(C) if n =0 (mod 0).
C_'efDlyn
where for a clow C' = (e, e9,...,€e95_1,€9), we define the weight
wA,B(C) = ae,bey + + Geyy,_, ey, (19)
and for a clow sequence C' = (C1,...,C))
wap(C) = [[ wan(Cy). (20)
1<i<l

In [8], it is shown that pf(A) pf(B) = go. So this notion is a generalization of the clow presen-
tation of Pfaffian pairs.
We will construct a recursive algorithm which computes P-coefficients (17).

Theorem 17. Let .
0 R 0o 'S
A_<—tR M)’ B—(S M)eMat(n,n)

,m=|n/2|, §a,B be P-coefficients of A and B. Let
. Jm—rme2,..m0) ifn=0 (mod 2)
N = (Prms =15+ -+, 70) ifn=1 (mod 2).

If n =0 (mod 2) then

m 1 0
qm—1 —RS 1 . ::::;
Qm‘—2 = —R(NM)S —RS . (21)
: : : 3 -
qO ~R(NM)™ 'S —R(NM)™"2S§ ... —RS

11



and if n =1 (mod 2) then

1 0 0
dm m
dm—1 -RS 1 0 B 'm—1
dm—-2 | = —~R(NM)S —RS e Tm—2 (22)
0 —~R(NM)™ 1§ —R(NM)™ 2§ ... —RS 1 i

It is also provable in V#L that Pfaffian computed by the algorithm given by Definition 1 is
identical to that computed by Pfaffian pair A, J are identical. Generally we have the following:

Theorem 18 (V#L). Let A € Mat(2n,2n) be skew symmetric, §a be P-coefficients of A and qa,;
be coefficients of P-coefficients of A, J. Then ¢4 = qa,j.

From this theorem it follows that Berkowitz type algorithm for pf(A) is a special case of that
for Pfaffian pairs.

7 Closing remarks

We have proved that basic Pfaffian properties are provable from Pfaffian version of multiplicativity
(MP). This fact is similar to that for the determinant where (MP) is replaced by the multiplicativity
of the determinant. So it is natural to conjecture that (MP) is provable in VNC?2,

In V#L. the determinant can be defined in two ways; one by Berkowitz algorithm for the
determinant and the other defined from Pfaffian by the equation (2). It is easily seen that these
two definitions are equivalent if we admit (PCE).

The algorithm for Pfaffian pairs presented in last section might give a possible approach for
proving the multiplicativity of the determinant in V#L or its mild extension. Namely, det(AB) =
det(A) det(B) is equivalent to the identity

ot (Liamy Co) = o (G )er (L 1) (23)

Since both sides of this equation have combinatorial representation which are formalized in V#L,
it is possible that it can be proved in the theory. However, such proof may be fairly complicated,
so the first step to this approach may be to give an unformalized proof of equation (23).

Another interesting feature of Pfaffian pair is that it can formalize the Pfaffian version of mul-
tiplicativity (MP). So we may also expect that this is provable in V#L.

The ultimate goal of this work is to give candidate hard tautologies for Frege proof system which
have quasi-polynomial Frege proofs. Since such tautologies are provable in weak systems which can
formalize Pfaffian we believe that such candidate are consequences of Pfaffian identities considered
in this article. So finding proofs of combinatorial theorems from Pfaffian will be our next step.
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