L? HODGE THEORY FOR COMPLEX HYPERBOLIC SPACE FORM WITH
FINITE VOLUME

SEUNGJAE LEE

ABSTRACT. The goal of this article is to review a version of L?-Hodge theory in [6], for symmetric
powers of holomorphic cotangent bundle over complex hyperbolic space forms with finite volume.

Let (X, F) be a hermitian manifold with a smooth hermitian vector bundle E over X. Let
Ly*(X, E) be the L? space of measurable E-valued (r,s) forms for the induced metric from
X and E. The Hilbert adjoint of densely defined operator d : Ly*(X,E) — LYTHX,E) is
denoted by 0*. If the dimension of L? Dolbeault cohomology group HZQS 5(X , ) is finite, then
the following L? Hodge decomposition holds.

Theorem 0.1. (L? Hodge decomposition) Let (X, E) be a hermitian manifold with a smooth

hermitian vector bundle E over X. If the dimension of HZ’fé(X, E) is finite, then

(1) Ly*(X., E) has an orthogonal decomposition:
Ly* (X, E) = Imd © Imd* ® Hy* (X, E)

where Ag := 90 0* + 0% 0 d and Hy* (X, E) := ker Ag is the space of L?-harmonic (r, s)
forms. This decomposition implies that the following isomorphism

3 5(X, B) = Hy* (X, E)

(2) Let H be the projection operator from Ly*(X, E) to Hy®(X, E). Then, there is a bounded
linear operator G satisfying

AgOG:GOAng—H, HoG=GoH=0.
The operator G is called the Green operator.

If X is compact, then the dimension of L? Dolbeault cohomology group is finite by the
Hodge theory. However, in non-compact manifolds, the L? Dolbeault cohomology group may
have infinite dimension (for example, see [2]). Therefore, to guarantee the finite dimensionality
of the cohomology group, we need to impose some geometric conditions to (X, E).

If X is an n-dimensional complete Kahler manifold and £ is Nakano-positive, then H Zf 5(X E)
vanishes due to the Bochner-Kodaira-Nakano inequality. However, if £ is Nakano semi—it)ositive,
additional assumptions on (X, F) are needed to guarantee the finiteness of H Z’; 5(X, E): suppose
that X has a complete Kéhler metric. The associated Kahler form is denoted b7y w. Assume that
there is a smooth real-valued function ¢ on X such that w = v/—19d¢ on the complement of
a compact proper subset K of X. If the supremum of the induced norm |dp|? of ¢ from w is
finite, then the finiteness of HZfé(X , E) follows when E' is Nakano semi-positive.

Unfortunately, these results cannot be used for non-Nakano semi-positive bundle: Let B" be
a complex unit ball in C" and I" be a torsion-free lattice in Aut(B"™). Consider a smooth finite
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volume quotient ¥ = B"/I', that is, a complex hyperbolic space form with finite volume for
the induced Bergman metric of B"™. Note that its holomorphic sectional curvature is of negative
constant. We denote the holomorphic cotangent bundle of ¥ by 1%. Let S™1Y be the m-th
symmetric power of 7%, and Ky be the canonical line bundle. If m is not sufficiently large, then
S™IY @ Ky !'is not Nakano semi-positive.

Nevertheless, ¥ has a toroidal compactification 3 up to a finite cover. The toroidal compact-
ification ¥ is a smooth compactification of ¥ whose boundary divisor consists of the disjoint
union of smooth Abelian varieties, each with a normal bundle (for details, see [7, 8]). Since
several isomorphism theorems between a sheaf cohomology over a compact Kéahler manifold X
with a simple normal crossing divisor D and a L?-Dolbeault cohomology on X — D with a cer-
tain type of complete Kéhler metric have been established (for instance, see [4]), we can expect
that a similar type of theorem for S™T%, exists. If it is true, then the finite dimensionality of

H 2 6(2 S™Ty) directly follows from the compactness of .

Theorem 0.2. (Main Theorem of [6]) Let I' C Aut(B™) be a torsion-free lattice that has only
unipotent parabolic automorphisms. If the volume of ¥ = B" /T for the induced Bergman metric
from B™ is finite, then for every m,r,s € NU{0}, there exists a holomorphic vector bundle E, ,
over the smooth toroidal compactification ¥ such that if r = 0,n or m > n—1, then the following
isomorphism holds:

H

12 5(5, SMTy) = H*(X, Erm). (0.1)

Remark 0.3. Any torsion-free lattice has a finite index subgroup that only has unipotent
parabolic automorphisms. Therefore, any complex hyperbolic space form with finite volume has
a smooth toroidal compactification up to a finite cover.

Sketch of the proof of Theorem 0.2. Let O(E,.,,) be the sheaf of germs of holomorphic sec-
tions of E,,,. Let L;’; (U, S™T3;) be the space of measurable S™1%;-valued (r,*) forms which
are locally integrable on U with respect to the induced Bergman metric of ¥ and the hermit-
ian metric of S™T3.. Define a sheaf L2 STy by L2 SmT*( ) ={v e L2 1OC(U, S™IY) ov €

r k41
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of w.
Since L2 S is a fine resolution of O(E,,,), if the resolution is exact, then a standard

(U, S™I%)} for any open set U in 3. Note that Ly’ smy is a fine sheaf by the completeness

homological algebra argument (for example, see Lemma 4.1 [6]) induces the isomorphism (0.1).
Therefore, to establish (0.1), we need to verify the exactness of

0 O(Erm) — Lyyge 5 ker ) smrg — 0 (0.2)

and
0 — ker G(T $),5mTE = L2 ST 2, ker G(T s+1),5mTy — 0 (0.3)

forall 1 <s<mn.

Let Dj, 7 =1,--- ,k be the boundary divisor corresponding to the cusp b; in the Satake-Baily-
Borel compactification of ¥, where k is the number of cusps of 3. To verify (0.2), take any point
pin D; C ¥ C 3. Since AT @ S™TY, can be trivialized near p, we can consider the Laurent
expansion of a holomorphic section of S™T%; near p. Now, the exactness of (0.2) follows by some
integral calculations because the induced Bergman metric on % is locally quasi-isometric to a
ball quotient type metric near p (see section 3 in [6]).

Now, the remaining part is to verify (0.3). For this, we need to establish a version of L?
Dolbeault-Grothendieck type Lemma for S™15:. To do this, take a point p € D; and a sufficiently
small open polydisc U, near p. Then, the induced Bergman metric on ¥ is quasi-isometric to
a ball quotient type metric in U,. Hence, we can control the curvature term of A”™ 0T* _p; ®
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S™IE @ K(;pl_ D, in the Bochner-Kodaira-Nakano inequality, using a suitable weight function
near p. Therefore, we can prove a local vanishing of a L?-Dolbeault cohomology for AT’OT[jp_ D, ®
S™Ty ® Kﬁplij on U, — D; if s > 2.

However, if s = 1, this approach does not work due to the geometry of the ball quotient
type metric. When r = 0 or n, Lee and Seo define a local coordinate system using the local
description of ball quotient type metric near D; to overcome these difficulties. Using this, they
change the local d-solvability problem for A™07% @ S™TY-valued (0, 1) forms to A™OTY @ S™T%-
valued (n, 1) forms. If = 0 or n, then A’”’OTg ®@ S™1T%, is Nakano-positive, and so, in this case,
the local O-solvability issue for (0, 1) form can be solved.

Also, for the case where r # 0,n, and m > n — 1, the authors apply the argument of Chen
[3] to induce a Donnelly-Fefferman type estimate, which is useful to establish a local vanishing
result of some L2-Dolbeault cohomology near p (for details, See Lemma 4.4 and Proposition 4.5
in [6]).

(]

The result follows directly by the compactness of 3.

Corollary 0.4. Suppose thatr = 0,n or m > n — 1, then HZfa(Z, SMTY) < oo.

A holomorphic ball bundle € over ¥ is given by the quotient of B™ x B™ under the diagonal
action
(z,w) € B" x B" — (yz,yw) € B" xB", Vyel.
Since any automorphism of B™ is extended as an automorphism of n-dimensional complex pro-
jective space CP", € is a relatively compact smooth domain in a certain CP" bundle over 3.
Let Kpn be the Bergman kernel of B". A weighted Bergman space A2 () of order o > —1 is
defined by a Kahler form

n+1
and 0 := 1 — |T,w|?, where T,w is an involution automorphlsm in B" (for details, see [5, 6]).

Theorem 0.5. (Theorem 1.5 in [6]) Let I' C Aut(B") be a torsion-free lattice that has only
unipotent parabolic automorphisms. If the volume of ¥ = B" /T is finite for the induced Bergman
metric of B"™, then there exists a linear injective map

D @HL28 (Z,8™T%) — (1] A%Q

a>—1

wq =

and the image of ® is dense in O(Q) equipped with the compact open topology.

Corollary 0.6. (Corollary 1.6 in [6]) Let I' C Aut(B™) be a torsion-free lattice. If the volume
of ¥ = B"/I' for the induced Bergman metric of B" is finite, then there are no non-constant
bounded holomorphic functions on 2.

Sketch of the proof of Theorem 0.5. We identify SOT Y with the trivial line bundle X x C. Now,
for a ¢ € ngoa( ,SOTE), we define ®(1)(z, w) := 4)(z), where ¢ is given by the quotient map
B" — X.. Since the volume of € is finite for the induced volume form by wq, ®(v) is well-defined.

If N > 1, for any given ¢ € H'Y . (3, SNTY), we define a sequence {p} by

L2.9
=20 if k< mg
{ N =1
and for s > 1, s is the L?-minimal solution of the recursive formula
Ipnts = —(N + 5= 1)Rapn+s-1 (0.4)
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on Y. For the definition of Rg, see [5, 6].

If the Green operator G exists in Lg’O(E, S™TY,), then the minimal solution of (0.4) exists,
and so we can explicitly calculate the L? norm of ¢y. If 3 is compact, then the existence of the
Green operator GG is due to the Hodge theory. However, if ¥ is not compact, the existence of G
is not apparent.

To establish the existence of the Green operator G, Lee and Seo apply Theorem 0.1 and
Corollary 0.4. As a result, the authors calculate the explicit L? norm of {¢.}. Using these L?
norm data, they construct an associated holomorphic function ®(¢x) from . Also, they show
that the L? norm of ®(py) is finite and O®(¢ ) = 0 in the sense of distribution by following the
argument in [1, 5]. Therefore, ®(pn) is well-defined. Now, ® is defined by extending linearly.
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