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Abstract

We propose definitions of an equivariant category of algebraic C-constructible en-
hanced subanalytic sheaves and an equivariant algebraic enhanced de Rham functor.
Moreover, we prove that its functor induces an equivalence of categories between the
equivariant derived category of holonomic D-modules and the equivariant category
of algebraic C-constructible enhanced subanalytic sheaves. Furthermore, as a small
application of this equivalence, we give an approach to the proof of the well-known
fact about equivariant algebraic coherent D-modules.

1 Introduction

The original Riemann—Hilbert problem asks for the existence of a linear ordinary differ-
ential equation with regular singularities and a given monodromy on a curve.

In [Del], P. Deligne formulated it as a correspondence between meromorphic connec-
tions on a complex manifold X with regular singularities along a hypersurface Y and local
systems on X \ Y.

Moreover, in [Kas84], M. Kashiwara extended Deligne’s correspondence as an equiv-
alence of categories between the triangulated category of regular holonomic D-modules
and that of C-constructible sheaves which is called the regular Riemann—Hilbert corre-
spondence:

DRy : D}, (Dx) — Dg..(Cx), M Qx ®5 M,

where DR x is the de Rham functor and 1y is the de Rham complex.

After the appearance of the regular Riemann—Hilbert correspondence, A. Beilinson and
J. Bernstein developed systematically a theory of regular holonomic D-modules on smooth
algebraic varieties over C and obtained an algebraic version of the regular Riemann—
Hilbert correspondence which is called the algebraic regular Riemann—Hilbert correspon-
dence. See [Be, Bor] and also [Sai] for the details.

Note that by using the equivariant version of the algebraic regular Riemann—Hilbert
correspondence, Brylinski-Kashiwara|BK] and Beilinson—Bernstein[BB] independently solved
the Kazhdan—Lusztig conjecture, which was of course a great breakthrough in represen-
tation theory.

In this paper, we propose an equivariant version of the algebraic irregular Riemann—
Hilbert correspondence. These results are based on a joint work with Taito Tauchi of
Aoyama Gakuin University [IT24]. The main definitions are Definition 7.1, 7.8 and the
main theorem are Theorem 6.2, 7.7, 7.10 . Moreover, the application of these results is
the proof of Fact 7.11.
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2 Irregular Riemann—Hilbert Correspondence

The problem of extending the regular Riemann—Hilbert correspondence to cover the case
of holonomic D-modules with irregular singularities had been open for 30 years.

2.1 Irregular Riemann—Hilbert Correspondence and Enhanced
Ind-Sheaves

After a groundbreaking development in the theory of irregular meromorphic connections
by K.S. Kedlaya [Ked10, Ked11] and T.Mochizuki [Moc09, Mocl1], A. D’Agnolo and
M. Kashiwara established the Riemann—Hilbert correspondence for irregular holonomic
D-modules in [DK16] as follows.

We denote by DP(Dx) the derived category of Dx-modules and by D2, (Dx), DY.,(Dx)
the triangulated category of coherent, holonomic Dx-modules, respectively. Let us denote
by Q% the enhanced de Rham complex which is defined in [DK16, Def. 8.2.1] and consider
the functor from DP(Dy) to the triangulated category EP(ICy) of enhanced ind-sheaves
on X which is called the enhanced de Rham functor:

DR (M): D*(Dyx) — E*(ICx), M — Qf ®F 1, 7 'Bx M.

See [DK16, Def. 9.1.1] for the details. We denote by ER (ICx) the full triangulated
subcategory of EP(ICy) consisting of R-constructible enhanced ind-sheaves on X. See
[DK16, Def. 4.9.2] for the definition of it. Then we have:

Theorem 2.1 ([DK16, Thm. 9.5.3, Prop. 9.5.4]). The enhanced de Rham functor induces
a fully faithful functor:
DR : Dy (Px) = Eg(ICx)

and the following diagram is commutative:

DRE
Dy, (Dx) & E; (ICx)

U JeXOLX

Dll“)h (DX) D;ix D((b:-c((CX)7




where ex o 1y : D?(Cx) — EP(ICx) is the natural embedding functor (see [KSO1, §4.1]
for the definition of ¢tx and [DK16, Prop. 4.7.15] for the definition of ex).

Furthermore, T. Mochizuki proved that the essential image of the fully faithful functor
DRY: D}, (Dx) < Eb (ICx) can be characterized by the curve test [Moc22]. See also
[Kuwa21, Thm. 8.6] for T. Kuwagaki’s another approach to the irregular Riemann—Hilbert
correspondence.

On the other hand, in [Ito20], the author defined C-constructibility for enhanced ind-
sheaves on X and proved the following. We denote by E&_(ICx) the full triangulated
subcategory of EP(ICy) consisting of C-constructible enhanced ind-sheaves on X. See
[It020, Def 3.19] for the definition of C-constructible enhanced ind-sheaves.

Theorem 2.2 ([It020, Thm. 3.26], [[t023, Prop. 3.1]' ). The enhanced de Rham functor
DR induces an equivalence of categories:

DR : Dy, (Dx) — Eg(ICx)

and the following diagram is commutative:

DRE
DEOI (DX) = E}[):—C(I(CX)
U \J\ex oLx
D}, (Dx) DR D2 (Cx).

Remark that the author reproved the regular Riemann—Hilbert correspondence of

Kashiwara by using the irregular Riemann—Hilbert correspondence (Theorem 2.2) in
[It023].

2.2 Algebraic Irregular Riemann—Hilbert Correspondence

The author proved an algebraic version of Theorem 2.2 in [Ito21] as below.

Let X be a smooth algebraic variety over C and denote by X a smooth completion
of X (i.e., X is a smooth complete algebraic variety over C which contains X as an open
subvariety and X \ X is a normal crossing divisor of X). We denote by EP(ICy_) the
triangulated category of enhanced ind-sheaves on a bordered space X" = (X a“,)? an),
Here, X" (resp. X 1) is the underlying complex manifold of X (resp. X ). See [DK16,
Def. 3.2.1] for the definition of bordered spaces, [DK21, §2.6] and [KS16, Def. 2.12] for
the details of enhanced ind-sheaves on bordered spaces.

Let us define the algebraic enhanced de Rham functor by

DR%_: D"(Dx) — E’(ICxa), M+ E(jxa) 'DRE,, (Djx.M)™).

Xan

where E(jxan) ™' : EP(IC{..) — EP(ICxan) is the inverse image functor of the morphism
Jxan: XZ — X of bordered spaces which is induced by the open embedding j§': X" <

n [Ito20], although Theorem 3.26 and Proposition 3.1 were stated by using the enhanced solution
functor Solﬁa(7 we can obtain a similar statement by using the enhanced de Rham functor DRE.
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X Djx.: D*(Dx) — D"(Dg) is the direct image functor of the open embedding
jx: X < X and (-)™: D*(Dg) — D(Dg..) is the analytification functor.

We denote by ER (ICx_ ) the full triangulated subcategory of EP(ICy_ ) consisting
of algebraic C-constructible enhanced ind-sheaves on X2*. See [Ito21, Defs. 3.1, 3.10] for
the definition of algebraic C-constructible enhanced ind-sheaves.

Theorem 2.3 ([Ito21, Thm. 3.11, Prop. 3.14]? ). The algebraic enhanced de Rham functor
DR})Z(—OO induces an equivalence of categories:

DRY., : Dy (Dx) — E(ICx.,)

and the following diagram is commutative:

DRE
DEOI (DX> = E}[):—C(ICXOO)
U \J\exgg OLng
D}, (Dx) DR D2_.(Cx),

where the second horizontal arrow is the algebraic regular Riemann—Hilbert correspon-
dence and eyan o tyan: D?(Cxan) — EP(ICyan) is the natural embedding functor (see
[DK16, The paragraph before Notation 3.2.11] for the definition of ¢xan, [DK21, The
paragraph before Notation 2.3] and [KS16, Def. 2.19] for the definition of exan).

Remark that the author reproved the algebraic regular Riemann-Hilbert correspon-
dence by using the algebraic irregular Riemann—Hilbert correspondence (Theorem 2.3) in
[It023].

3 Irregular Riemann—Hilbert Correspondence and En-
hanced Subanalytic Sheaves

3.1 Subanalytic Sheaves

Let us briefly recall some basic notions and results of subanalytic sheaves on real analytic
bordered spaces. References are made to [Kas16, §§3.4-3.7]% and also [[to24a, § 3.1]. See
also [KS01, §6], [Pre08] for the notion of subanalytic sheaves on real analytic manifolds.

Let My, = (M, M) be a real analytic bordered space. See [Ito24a, §2.4] for the
definition of it. We denote by DP(C5;" ) the derived category of the abelian category
Mod(C5j" ) of subanalytic sheaves on M. Note that there exists a natural left exact
embedding paz, . : Mod(Cyr) — Mod(C52 ). It has an exact left adjoint py, , that has in
turn an exact fully faithful left adjoint functor p,,_i. Moreover, the restriction p]}\‘j;* of
P« to the category Modg..(Cyy ) of R-constructible sheaves on M, is exact.

2In [Ito21], although Theorem 3.11 and Proposition 3.14 were stated by using the enhanced solution
functor Soliw, we can obtain a similar statement by using the enhanced de Rham functor DREOO.

3In [Kas16], M. Kashiwara introduced the notion of subanalytic sheaves on subanalytic bordered
spaces. However, in [Ito24a], the author only consider them on real analytic bordered spaces.
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3.2 Main Result of [Kas16]

At the 16th Takagi lecture, M. Kashiwara explained a similar result of Theorem. 2.1 by
using subanalytic sheaves instead of enhanced ind-sheaves as below.

Let X be a complex manifold and denote by D"(C$)y ) the derived category of
subanalytic sheaves on a real analytic bordered space X x R.,. Here R, := (R,R) and
R is the 2-point compactification of R. Let us also denote by 7: X x Ry — X the first
projection.

Theorem 3.1 ([Kasl6, Thm. 6.3]). There exists a fully faithful functor:
DRy : Dpyy(Dx) — D*(C¥3r.)-
See [Kas16, § 5.4 for the definition of DR ..

3.3 Enhanced Subanalytic Sheaves

Let us briefly recall some basic notions of enhanced subanalytic sheaves on bordered
spaces and results on those. References are made to [Ito24a, § 3.3].

Let M, = (M, M) be a real analytic bordered space. We denote by EP(C5%) the
triangulated category of enhanced subanalytic sheaves on a bordered space M,,. Note
that there exists a fully faithful functor

REF™: BY(CH) < DY(CH )
Note also that EP(C5j> ) has a standard t-structure (E<0(C5 ), E=%(C5> )). We set
BY(Ch) = B(Ci) N E2(C ).
For a morphism f: M, — N4 of bordered spaces, we have the Grothendieck six opera-

+
tions ®, RZhom**"* Ef~', Ef,, Ef', Efy for enhanced subanalytic sheaves on bordered
spaces. Note that these functors have many properties as similar to classical sheaves. We
shall skip the explanation of it. Moreover, we have a natural embedding

e, DA(CI) - EV(CH),

see [Ito24a, Prop. 3.21] for the details.

We denote by Ep_(C5{> ) the full triangulated subcategory of E*(C5}> ) consisting of
R-constructible enhanced subanalytic sheaves. See [Ito24a, Def. 3.19] for the definition of
it. Then we have

Theorem 3.2 ([Ito24a, Thms. 3.15, 3.20]). There exists a fully faithful functor
Iy, : EP(C32) = EP(ICyy,)

which has J§; : EP(ICy, ) — E"(C5}>) as the right adjoint functor. Moreover, there
exists an equivalence of categories:

1};%100
EH%—C<C§\1}};) = EE—CGCMoo)

E
Ihroo

See also [Ito24a, Prop. 3.16] for the compatibilities between I};_, Jy; and the Grothendieck
six operations.



3.4 Irregular Riemann—Hilbert Correspondence and Enhanced
Subanalytic Sheaves for the Analytic Case

Let X be a complex manifold and set Q™" := 771 px,Qx QL O™ see [[to24a,

Def. 3.36] for the definition of O%™". Then we obtain a functor
DRY™™: D"(Dx) = E*(CY¥"), M= r 'l pxM el o Q.

Note that for any M € DP(Dy) one has DRY™ (M) ~ Q% (DR (M)) [1]. Moreover,
we have:

Theorem 3.3 ([Ito24a, Thms. 3.38, 3.39* ]). The functor DRY™" induces a fully faithful
functor

px10x

DRY™": Dpy(Dx) = ER (C3")

and the following diagram is commutative:

D" (C¢0p..)
DR ™™ (1)[1] J -
RX,su
Dha(Dx) ——— > BR(C¥)  C ECY)
X
DRE I)E(iz & X
Eb (ICx) C E’(ICy).

Moreover, the author defined C-constructibility for enhanced subanalytic sheaves, and
prove that there exists an equivalence of categories between the triangulated category
Eb_(Cs¢P) of C-constructible enhanced subanalytic sheaves and that of holonomic Dx-
modules. See [[t024b, Def. 4.16] for the definition of E&_(C5gP).

Theorem 3.4 ([Ito24b, Thm. 4.19, 4.22, Prop. 4.21]%). There exists an equivalence of
categories:
I3
EE—C(C?}?b) ~ EE—C(ICX) :

TR

E,sub . . .
Moreover, the functor DRY™ induces an equivalence of categories:

DRY™: Dpyy(Dx) — E2.(C3")

and the following diagram is commutative:

DR]}E{,sub
Dﬁol (DX) = EE-C ((C.s;(lb)
U J ey,
D}, (Dy) — o> DE,(Cx).

“In [Ito24a], although Theorems 3.38 and 3,39 were stated by using the enhanced solution functor
Soli’sub, we can obtain a similar statement by using the enhanced de Rham functor DRI;{’S“b.
SIn [Ito24b], although Theorem 4.22 was stated by using the enhanced solution functor Sol%SUb, we

can obtain a similar statement by using the enhanced de Rham functor DRi’wb.



One can summarize the above results about the analytic irregular Riemann—Hilbert
correspondence in the following commutative diagram:

D*(C¥e..)

fages

Di(Dy) e BECY)  C BRLEY)  C BN
T b it al

E¢_(ICx) C Ep_(ICx) C EP(ICy).

3.5 Irregular Riemann—Hilbert Correspondence and Enhanced
Subanalytic Sheaves for the Algebraic Case

In [Ito24b], the author proved an algebraic version of Theorem 3.4.
Let X be a smooth algebraic variety over C again, and denote by X a smooth com-

pletion of X. Then we set

DRy™": D*(Dx) = E*(C¥3), M — E(jxa) 'DRIL’ (Djix M)™)

where E(jxa)": EP(C%)) — E°(C3) is the inverse image functor of the morphism
Jxan: X3 — X of bordered spaces. Let us denote by EL_.(C¢") the full triangulated

subcategory of Eb(C}lc%) consisting of algebraic C-constructible enhanced subanalytic

sheaves on a real analytic bordered space X2 = (X a“,)? an) . See [Ito24b, Defs. 5.5, 5.9]
for the definition of algebraic C-constructible enhanced subanalytic sheaves. Then we
have:

Theorem 3.5 ([[to24b, Thms. 5.8, 5.10, Prop. 5.12]%). There exists an equivalence of

categories:

IE
xan

B (CXY) =~ Eg (ICx.).

JE
X3z

Moreover, there exists an equivalence of categories:
E,sub | b ~ b sub
[)]‘:{Xoo . Dhol(DX) E(C-C(CXOO>

and the following diagram is commutative:

DR
Dy, (Dx) = Ez (C¥)
U Jei}%’g oRpxan,
DY, (Dx) —=— DL (Cx).

6In [Tto24b], although Theorem 5.8 was stated by using the enhanced solution functor Sol%*"". we
I g y g Xoo ?

can obtain a similar statement by using the enhanced de Rham functor DR%:Cub.
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4 Equivariant Derived Category

We shall briefly recall equivariant derived categories.

4.1 Equivariant Derived Category of Sheaves

Let us briefly recall the definition of the equivariant derived category of sheaves.

A topological space is called good if it is Hausdorff, locally compact, countable at
infinity, and has finite flabby dimension. We denote by gTop the category of good topo-
logical spaces. Moreover, let us denote by gTop® the category of G-spaces for a group
object G of gTop and by gTop?M the slice category of a G-space M in gTop®.

In this paper, we say that an action of G on a G-space R is free if the quotient map
R — R := R/G makes into a principal G-bundle. A resolution R of M is an object
of gTop/GM with free action. Let us denote by Res§ C gTopr the full subcategory of
resolutions of X satisfying R := R/G is good. For a morphism f: M — N of good
topological spaces, we denote by f: M — N the morphism induced by f.

Let us set the category Z as below:

e An object is finite sequences I = (iy,...,ix) € (Z>o)* for some k € N.

e For two objects I = (i1,...,ix),J = (J1,-..,71), there exists unique arrow I — J
if and only if J is a subsequence of I which means that there exists a sequence
1<mn; <---<n <k such that j,, =1,, for any m € No;.

Let n € N. We say that a morphism f: M — N of good topological spaces is n-acyclic
if it satisfies the following two conditions:

(Acl),, For any F € Mod(Cy), the adjoint pair (f~!, Rf.) induces an isomorphism in
Db(CN)Z
F = r="Rf. f'F,

where Mod(Cy) is the abelian category of sheaves on N and 7=" is the truncation
functor.

(Ac2),, For any good topological spaces N’ and any morphism g: N' — N of good topo-
logical spaces, the base change f': M’ := M xy N’ — N’ satisfies the property
(Acl),.

We also say that a morphism f: M — N of good topological spaces is n-preacyclic
if it satisfies the property (Acl),. Moreover, we say that a good topological spaces A is
n-acyclic if A satisfies the following two conditions:

(A1),, The unique morphism a: A — {pt} from A to the one-point topological space is
n-preacyclic.

(A2),, A is non empty , connected and locally connected.

Note that a: A — {pt} is n-acyclic if A is n-acyclic. See [BL, Criterion in Sect. 1.9.4]
for the details.



We say that a group object G of gTop has enough acyclic objects if for any n € N
there exists A, € gTop?pt} which is n-acyclic. Then we set Ay := G and set

M] ::Ail X Alk x M
for I = (iy,...,ix) € (Zso)*. Moreover, if Homz(I,J) # () we write
_M —_ —_
PY:M;— M;, Pp:M;— M,

for the projection and the morphism induced by P, respectively. We sometimes abbre-

viate J_D% to Pry. Then, the equivariant derived category D(Cyy) of sheaves of C-vector
spaces is defined as below:

e An object is a pair
F = ({FI}IGI’ {QOIJ}LJEI) 3

where F; € D(Cy;,) and ¢y J_DI_JlFJ — F} such that
orr = idp,

and the following diagram is commutative:

—1,—=1 Py (piK) -1
Py (P Fk) Lo P Fy
l PrJ
——1
PricFi PIK Fr.

e A morphism a: F' — F’ is a set @ = {ay}7e7 of morphisms «;: F; — F} such that
the following diagram is commutative:

-1 pry
——1
Pry (aJ)j ar
P Fj
J+J / IN
Prg

Note that this definition is equivalent to that of [BL] because the category Z and the
functor Z > I — X; € Res$ satisfy the conditions of [BL, Prop. in Sect. 2.4.4]. Note also
that the definition of D2(Cx) does not depend on the choice of {A, },en.

4.2 Equivariant Derived Category of D-Modules

Let us briefly recall the definition of the equivariant derived category of D-modules. Ref-
erence are made to [Be], [Bor] and [HTT] for algebraic D-modules.

In this paper, algebraic varieties are all quasi-projective. For n € N, we say that a
morphism f: X — Y of algebraic varieties is D-n-acyclic if it satisfies the following two
conditions:



(DAcl),, For any M € Mod(Dy ), the adjoint pair (D f*, Df.[d, — dy]) induces an isomor-
phism in DP(Dy):
M L> TSan*Df*M[dY - dx],

where Mod(Dy ) is the abelian category of Dy-modules, 7=" is the truncation functor
and dx (resp. dy) is the complex dimension of X (resp.Y').

(DAc2),, For any algebraic variety Y’ and any morphism ¢g: Y’ — Y of algebraic varieties
such that X’ := X xy Y’ is an algebraic variety, the base change f': X' — Y’
satisfies the property (DAcl),.

Note that for an algebraic variety X the unique morphism a: X — {pt} is D-n-acyclic
if the underlying complex manifold X" of X is n-acyclic.

Let G be a smooth algebraic group. We say that G has enough D-acyclic ojects if for
any n € N there exists a smooth algebraic G-variety A,, with free G-action such that the
unique morphism a: A,, — {pt} is D-n-acyclic, and (A4, x X)/G is an algebraic variety for
any algebraic variety X. Then, the equivariant derived category Dlgoh’G(DX) of coherent
Dx-modules on a smooth G-variety X is defined as below:

e An object is a pair

M= ({Mitier, {prstrier)
where M; € D, (Dx,) and ¢;;: DP;,M; = M; such that

coh
orr = id,
and the following diagram is commutative:

DP;(¢sk)

DP;;(DP} M) DP;;M,
i PprJ
DP} Mg — M;.

e A morphism a: M — M’ is a set & = {a;}rez of morphisms a;: M; — M’ such
that the following diagram is commutative:

D?;]MJ Lkl M[
DP}J(aJ)l ar
DP;, M), - M.

4.3 Equivariant Regular Riemann-Hilbert Correspondence

Let us recall the equivariant version of the algebraic regular Riemann—Hilbert correspon-
dence.

Let X be an algebraic variety and denote by X" the underlying complex manifold of
X.
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We say that a smooth algebraic group G has enough compatible D-acyclic objects
if for any n € N there exists a smooth algebraic G-variety A, with free G-action such
that the underlying complex manifold A2" of A, is n-acyclic, and that (A, x X)/G is an
algebraic variety for any smooth algebraic G-variety X. Note that any linear algebraic
group has enough compatible D-acyclic objects. See [IT24, Lem. 6.7] for the details.

Let G be a linear algebraic group and {A,}.eny a sequence which is satisfies the
conditions in the definition of enough compatible D-acyclic objects as above. Then for
M e DY, o(Dx) we set

DRx (M) := ({DRx, (M)} rez, {DRx, (910) }1.sez)

and we have a functor DRy : Dg,;, (Dx) — Dg(Cx). We set the full subcategory of
D?oh,G(DX) by

D}, ¢(Dx) = {M € D, o(Dx) | My € D}}(Dx,) for any I € T}
and set the full subcategory of D2 (Cyan) by

D¢.(Cx) := {M € Dg(Cxm) | M; € D¢ (Cx,) for any I € Z}.
Then we have:

Theorem 4.1 ([Kas08, Thm. 4.6.2]). The functor DRy : DY, ;(Dx) — Dg(Cx) induces
an equivalence of categories:

DRy : Dy, (Dx) — Dg.,¢(Cx).

This equivalence of categories is called the equivariant regular Riemann—Hilbert cor-
respondence.

5 Equivariant Category of Enhanced Ind-Sheaves on
Bordered Spaces of Compact Type

Let us briefly recall some basic notions and results of [IT24].

We say that a bordered space M, = (M, M ) is compact type if M is compact. See
[DK16, Def. 3.2.1] for the definition of bordered spaces.

Note that tanks to the Alexandroff compactification, for any good topological space M
we can take a compact good topological spaces M such that (M, M ) is a bordered space
of compact type. Moreover, for any two compact good topological spaces M, M* which
are contain M as open subset, (M, M) is isomorphic to (M, M*) as bordered spaces. See
[IT24, Def. 2.9] for the details. Hence, for a good topological space M, we can denote by
M., such a bordered space of compact type.

Note also that any morphism f: M — N of good topological spaces induces a mor-
phism f.,: M, = N¢p of bordered spaces of compact type. See [IT24, Lem. 2.10] for the
details.

Let us set

E%(ICy..) := E=°(ICy. ) N E=°(IC)..),

where a pair (E<°(ICy._ ), E=°(ICy.)) is a t-structure on the triangulated category
EP(IC,y..) of enhanced ind-sheaves on M,,. See [DK19, Prop. 2.6.2] for the details.

11



Definition 5.1. Let n € N. We say that a morphism f: M — N of good topological
spaces is enhanced n-acyclic of compact type if it satisfies the following two conditions:

(cEAcl),, For any K € E°(ICy,,), the adjoint pair (Efg', Efep.) induces an isomorphism in
Eb(ICNCp)I
K~ TS”Epr*EfC;lK,
where 75" is the truncation functor.
(cEAc2),, For any good topological space N’ and any morphism g: N’ — N of good topological
spaces, the base change f': M’ — N’ satisfies the property (cEAcl),.

We also say that f: M — N is enhanced n-preacyclic of compact type if it satisfies the
condition (cEAcl),.

The following lemma mean that if a group object G € gTop has enough acyclic objects,
it has also “enough enhanced acyclic objects of compact type”.

Lemma 5.2. If a good topological spaces A is (n + 1)-acyclic, then a: A — {pt} is
enhanced n-acyclic of compact type.

Definition 5.3. Let M be a good topological space and G be a group object of gTop
having enough acyclic objects and take a sequence {A,}nez., C Res?pt} of n-acyclic

objects. An equivariant category EE(I(CMCP) of enhanced ind-sheaves on M., is defined
as below:

e An object is a pair

L:= ({Li}rez. {¢1s}1.7e1),
where L; € EP(IC gz, ) and @r: E(Pyy)g) Ly — Ly such that

wrr =1idg,
and the following diagram is commutative:

EPry)ep (9rr)

E(P1) o (E(Pyx)e Lic) E(Pry)e Ls
! wrJ
E(FIK)C_PI Lk PIK Lz.

e A morphism a: L — L' is a set & = {a;} ez of morphisms «;: L; — L} such that
the following diagram is commutative:

— PIK
'Ly Ly

E(PIJ)C_pl(aJ)L ar

L.

/
PIK

Note that the category Eg(IC)y,, ) becomes a triangulated category. See [IT24, Lem. 4.7]
for the details. Note also that there exists a fully faithful functor

€Mep © UMy - DIE;<CM> — EE(ICMCP)
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6 Equivariant Irregular Riemann—Hilbert Correspon-
dence and Enhanced Ind-Sheaves

Let G be a linear algebraic group. Recall that G has enough compatible D-acyclic objects.
See [IT24, Lem. 6.7] for the details. We take a sequence {4, },eny which is satisfies the
conditions in the definition of enough compatible D-acyclic objects.

Let X be a smooth algebraic G-variety and X a completion of X.

Definition 6.1. For any M € D, (Dx), we set

DRgcp,G(M) = ({DR(EyI)Cp(MI)}IeI, {DR(EyI)Cp(QOIJ)}I,JeI>

and define a functor
DR*];:(cva: D?oh,G(DX) — Dg(CXCaS)

We set the full subcategory of DY, +(Dx) by
DEOI,G(DX) = {M S D?oh,G(DX) | M; e DEOI(DYI) for any I'e I}
and set the full subcategory of E(IC xan) by
BL, o(ICx,,) = {M € Ei(ICxy) | My € B2 (ICx,) for any I € T},

See [Ito21, Defs. 3.1, 3.10] for the definition of algebraic C-constructible enhanced ind-
sheaves. Then we have:

Theorem 6.2. The functor DR%CWQ induces an equivalence of categories:
DREI(CP,G: DEOI,G(DX) ;> EE-C,GaCch)

and the following diagram is commutative:

DRY .
DEOLG (DX) - E!(%-c,G (ICch)
U Jexa? oLxep
DEh,G(DX) DR;,G D!é—c,G<CX)'
Proof. This assertion follows from Theorem 2.3. |

7 Main Definitions and Results

Let us explain an equivariant category of C-constructible enhanced subanalytic sheaves
and prove that an equivariant version of the algebraic irregular Riemann-Hilbert cor-
respondence. The main definitions are Definition 7.1, 7.8 and the main theorem are
Theorem 7.7, 7.10.

13



7.1 Equivariant Category of Enhanced Subanalytic Sheaves on
Bordered Spaces of Compact Type

Let G be an algebraic group having enough acyclic objects and take a sequence {4, },en
of acyclic objects, and X a smooth algebraic G-variety over C.

Definition 7.1. An equivariant category Eg(@i}ﬁ) of enhanced subanalytic sheaves on
Xy s defined as below:

e An object is a pair
L:= ({Lr}rez. {e1s}rie1)

where L; € Eb(C?“YbI) ) and @;;: E(PU) 'L; — Ly such that p;; = idy, and the
following diagram is commutative:

- E(Pr))ap (pix)
E(P1))o) (B(Pjk) o L) L P EB(Pr), Ly
2 wrJ
E(FIK)C_IJILK PIK L;.

e A morphism «a: L — L' is a set a = {a;};e7 of morphisms «;: L; — L such that
the following diagram is commutative:

E(FIJ);plLJ LKL L;
E(PIJ)c_pl(aJ)l ar
Bl i

Proposition 7.2. For any F' = ({F}rer, {¢1s}1.7e1) € D&(Cxan), we set

e 0 Rpxega (F) = ({efin), Roem,o(FD) brer, {6383, (Rogem, (610 ez )
Then we have a functor
¥ © Rpxane: Dg(Cxan) = Eg(CXR), F = e 0 Rpxans(F).
Proof. This assertion follows from [Ito24a, Prop. 3.22]. O

Let us explain a relation between the equivariant category of enhanced ind-sheaves on
X&' and that of enhanced subanalytic sheaves on X7

Proposition 7.3. For any L = ({L;}sez, {¢1s}1.5ez) € Eg(@i?c%), we set

I o(L) 1= ({Ifn, (L) brer, {5 (0ro)brer)
Then we have a fully faithful functor:
I)]?gg,Gz Eg(((:i}%) - EE(ICX?S)a L— I)E(g;G(L)-

14



Proof. By [Ito24a, Prop. 3.16 (2)(i)], we obtain a functor ]3E<gg;,G3 Eg(@i?c%,) — Eg(l@xgg), L~
])F?gg,G(L) and it is fully faithful by Theorem 3.2 ([Ito24a, Thm. 3.15]). O

Let us define a C-constructibility for an object of E&(C5") as below.
cp

Definition 7.4. We set the full subcategory of Eg(C¥) by
E«b:_c7G(C§IE)) ={Me Eg(@i}%) | M; € EE_C(C?‘%)CP) for any I € Z}.

See [Ito24b, Defs. 5.5, 5.9] for the definition of algebraic C-constructible enhanced
subanalytic sheaves.

Proposition 7.5. The functor eg‘g% o Rpxan. induces a fully faithful functor:

X% 0 Rpxgge: DL (Com) = B2 o(CRY)

Proof. This assertion follows from [Ito24b, Prop. 5.12]. O
Moreover we have the following functor.
Lemma 7.6. For any L = ({L;} ez, {¢rs}1ez) € EE_C’G(ICX%)), we obtain an object of

E}[):—C,G (C_S)?g%‘ ) :

Ten (L) = ({J%?H)CP(LI)}IGI, {J(EY?D)CP(QOIJ)}IJ@) .
Moreover, we have a functor
J}%’gg,G: EE-C,G(ICX%‘) - EE—C,G(C?%)? L— JE?E,G(L)‘
Proof. These assertions follow from [Ito24a, Prop. 3.16 (4)(i)] and [Ito24b, Thm. 5.10]. O
Then we have the following results which is the main theorem of this paper.
Theorem 7.7. There exists an equivalence of categories:

IE

Xan.G
ER,.c(C¥h) = E2 o(ICxay).
TXan G
Proof. This assertion follows from [Ito24b, Thm. 5.10] and Lemma 7.6. O

7.2 Equivariant Irregular Riemann—Hilbert Correspondence and
Enhanced Subanalytic Sheaves

Let G be a linear algebraic group with a sequence { A, },en which is satisfies the conditions
in the definition of enough compatible D-acyclic objects (see §4.2 for the details), and X
a smooth algebraic G-variety over C.
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Definition 7.8. For any M € DY, (Dx), we set

DRES™, (M) = ({DRES (My)}rer, {DREEY (1) }rser)
Proposition 7.9. We have a functor
DRy Do o(Dx) = Dg(Cxgy ), M = DR (M),
Proof. 1t is enough to show that
DR (E(Prs)e) Ls) = E(Pry)o, (DR (L))

(XJ)ep
for any I,J € Z which are satisfy Homz(I,J) # () and any L; € Eb(C?quJ) ). This
assertion follows from [IT24, Lem. 6.3] and [Ito24a, Thm. 3.15, Prop. 3.16 (2)(i)]. O

We call this functor DR?(’:E% the equivariant algebraic enhanced de Rham functor.

)

Then we have the following results which is the main theorem of this paper.

Theorem 7.10. The functor DR?(’:;]OG induces an equivalence of categories:
E,ssub b ~ b b
DRXCS;,G’ Dhol,G(DX) — E(C—C,G((Ciycp>

and the following diagram is commutative:

DRECP# G
DEOI,G (DX) = E((b:-qG (C}ﬁ)
U Jeiﬁ% oRpxan,
Dll?h,G (DX) DR:J(A,G D}[):—C,G(CX ) :
Proof. This assertion follows from Theorem 3.5. O

Remark that the following diagram is commutative:

Db D b sub b sub
hol,G( X ) E.sub E(C-C,G(CXC ) - EG<CXC )
DRY P P
Xcp,G
Q IE IE
xap.G |t xan.a
DR%CPG |

E((b:-c,G (ICXCp) C Eg (ICXCp)

As an application of this theorem, we prove the following well-known fact.

Fact 7.11 ([Kas89, Thm. 9.3.1], [HTT, Thm. 11.6.1]). If the number of G-orbits on X is
finite, any M € D, ;(Dx) is an object of Dy, 4(Dx).

Proof. Let M € D}, (Dx). Then by the induction of the number of orbits, we obtain
DRy (M) € e (Rpxans (D.o(Cx))) NEL¢(CX)

and hence
DRY,, (M) € exa (txam (D2..o(Cx))) NER, o(ICx,,).

This means that M € Dy, (Dx) by using [It023, Lem. 3.10]. O
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