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1 Introduction

Let M = (R, <,+,-, €% ...) be an exponential o-minimal expansion of the
field R of real numbers with C*° cell decomposition. By [7], there exist
uncountably many o-minimal expansions of R.

We refer [1], [2] for definable maps, definable sets. By [8], a generalization
of o-minimal structures of R are studied. There exists an o-minimal expan-
sion of R such that it does not admit C'* cell decomposition ([6]). Everything
is considered in M unless otherwise stated.

We study approximations of locally definable C"G maps by locally defin-
able C*°G maps.

2 Locally definable C"*°G manifolds

Definition 2.1. (1) A subset X of R" is locally definable set if for each
point x € X, there exists an open ball A such that X N A is definable.

Note that every open subset of R™ is locally definable.

(2) Let X CR™ and Y C R™ be locally definable sets. A continuous map
f: X =Y islocally definable if the graph of f (C X xY CR" xR™) is a
locally definable set. A locally definable map f : X — Y is alocally definable
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homeomorphism if there exists a locally definable map f':Y — X such that
fof =idy, f'of=1idx.

(8) Assume that X,Y are open. A locally definable map f: X — Y is
a locally definable C™ map if it is a C" map. A locally definable C" map
f X =Y is alocally definable C" dif feomorphism if there exists a
locally definable C™ map f':Y — X such that fo f' =idy, f' o f =idx.

Remark that the complement of a locally definable set and the projection
image of a locally definable set are not always locally definable ([5]).

Definition 2.2. (1) A group G is a definable group if G is a definable set
and the group operations G x G — G and G — G are definable.

(2) Let G be a definable group. A pair (X, ¢) consisting a definable set X
and a G action ¢ : G x X — X is a definable G set if ¢ is definable. We
simply write X instead of (X, ¢).

(3) A definable map f : X — Y between definable G sets is a definable
G map if for any x € X, g € G, f(gx) = gf(x). A definable G map is a
definable G homeomorphism if it is a homeomorphism.

Definition 2.3. A Hausdorff space X is an n-dimensional locally de finable
C"™ manifold if there exist a countable open cover {U;}°, of X, countable
open sets {V;}32, of R™, and a countable collection of homeomorphisms {¢;
U; — Vi}52, such that for any i, j with U;NU; # 0, ¢:(U;NU;) is definable and
open, and ¢p;op; '+ ¢;(UNU;) — ¢;(U;NU;) is a definable C™ diffeomorphism.
This pair ({U;}2,,{¢: : Ui — V;}2,) of sets and homeomorphisms is called
a locally definable C" coordinate system.

Definition 2.4. A pair (X, ¢) consisting a locally definable C"™ manifold and
a group action ¢ : G x X — X such that ¢ is a locally definable C™ map is
a locally definable C"G mani fold.

The following is our result.

Theorem 2.5 ([4]). Let G be a compact definable C* group. Let X,Y be an
affine locally definable C*G manifold and r a positive integer. Suppose that
f: X =Y islocally definable C"G map. Then f is approximated by locally
definable C*G map with respect to the Whitney C" topology

This is a generalization of the following theorem.



Theorem 2.6 ([3]). Let G be a compact definable C* group. Let X,Y be
an affine definable C°G manifold and r a positive integer. Suppose that
f X — Y is definable C"G map. Then f is approximated by definable
C>®G map with respect to the definable C" topology
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