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We introduce the zero set property of a definably complete expansion of an
ordered field F = (F,<,+,-,0,1,...). A definable C" manifold X is definably
C" imbeddable into some F™ if and only if X is definably normal when the
definably complete expansion of an ordered field has the zero set property.

1 Introduction

We introduce the results of an ongoing work by the authors in this paper. Let
0 < r < co. We abbreviate ‘definable C™’ to ‘D™’. We discuss about D" imbeddablity
of D" manifolds.

We briefly review the previous works on D" imbeddablity of D" manifolds. In the
o-minimal setting, it was proven that every D" manifold is D" imbeddable into some
F™ in [1], [2] and [5]. The reference [1] only treats the case in which the manifold
is definably compact. The other two treat more general case, but there are gaps in
their proofs*!. The authors treated the definably complete locally o-minimal case in
[4] and proved a D" imbedding theorem in it. The early versions of [4] also have a

gap of the same kind though it was fixed in the current version.
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*1 In the proof of [5, Proposition 2.2], it was proven that the closure of V; in X}_; is contained
in U;, where X _q is a subset of the manifold X. However, it needs to be proven that the
closure of V; in X is contained in U; in that part of the proof. As to [2, Lemma 4.6], the proof
that 4; is of class C" at points in O(Qbi_l(Vi)) N 0(¢;1(Wi)) is missing.
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2  Our results
Recall some definitions.

Definition 2.1. (1) The structure F is definably complete if for any non-empty
definable subset A of F, sup A and inf A exist in {F U £o0} [6].

(2) A definably complete structure F = (F, <,...) is d-minimal if for every m and
definable subset A of F™*! there exists an N € N such that for every x € F™, the
set {y € F|(x,y) € A} has non-empty interior or a union of at most N discrete sets
13, 7].

Let F = (F,<,+,-,0,1,...) be a definably complete expansion of an ordered field
and 1 <7 < oo.

Definition 2.2. (1) A pair (M,{¢; : U; — V;}icr) of a topological space and finite

family of homeomorphims is a definable C™ manifold or a D" manifold if

e {U;}icy is a finite open cover of M,

e U] is a D" submanifold of F for any i € I and,

e the composition (¢;|u,nu,) © (¢ilv.nu,) " = @i(Us NU;) = ¢;(U; N T;) is a D"
diffeomorphism whenever U; N U; # 0.

Here, the notation SDi|UiﬂUj denotes the restriction of ¢; to U; NU;. The family
{pi : Ui — Ul }icr is called a D" atlas on M. We often write M instead of (M, {¢p; :
U; — Ul }ier) for short. Note that a D" submanifold is naturally a D" manifold.

(2) A definable subset Z of X is a k-dimensional D" submanifold of X if each point
x € Z there exist an open box U, of x in X and a D" diffeomorphism ¢, from U, to
some open box V,, of F'¢ such that ¢,(r) =0 and U, NY = ¢, (F¥NV,), where F*
denotes {(z1,...,2,0,...,0)|z1,..., 2 € F} .

(3) Let X and Y be D" manifolds with D" charts {¢; : Uy — Vi}ica and {¢; :
U; — V/}jep, respectively. A continuous map f : X — Y is a D" map if for any
i € Aand j € B, the image ¢;(f~'(V]) NU;) is definable and open in F™ and the
map ;o fo ¢, ¢i(f7H(V;)NU;) — F™ is a D" map.

(4) Let X and Y be D" manifolds. We say that X is D" diffeomorphic to Y if there



exist D" maps f: X — Y and h: Y — X such that foh =1id and ho f = id.

(5) A D" manifold M is definably normal if for any definable closed subset C' and
definably open subset U of M with C C U, there exists a definable open subset V' of
M such that C CV Celpy (V) CU.

Definition 2.3. A definably complete expansion of an ordered field F = (F,<
,+,+,0,1,...) has the zero set property if for any positive r > 0, and any definable
closed subset A of F™, there exists a D" function f: F™ — F such that f~1(0) = A.

Theorem 2.4 ([8]). A d-minimal expansion of an ordered field has the zero set prop-

erty.

By Theorem 2.4, d-minimal structures are examples of having the zero set property.

The following are our results.

Theorem 2.5. Let F = (F,<,+,-,0,1,...) be a definably complete expansion of an
ordered field having the zero set property. FEvery definably normal D" manifold is

definably imbeddable into some F™, and its image s a D" submanifold of F™.
A D" submanifold of F'" is definably normal, we have the following theorem:

Theorem 2.6. Let F = (F,<,+,-,0,1,...) be a definably complete expansion of an
ordered field having the zero set property. Fvery definably D™ manifold X is definably
imbeddable into some F™, and its image is a D" submanifold of F™ if and only if X

is definably normal.

We briefly sketch an outline of the proof of Theorem 2.5. The proof is almost the
same as that of [2, Theorem 1.3]. In [2], the structure is assumed to be o-minimal,
but the proof in [2] is almost valid even when the structure is a definably complete
expansion of an ordered field having the zero set property. We show a ‘partition of
unity’ lemma in the course of the proof. Let {y; : U; — U/}1<i<k be D" atlases of
a definably normal D" manifold M. We construct D" functions ¢; : M — F' so that
supp(v;) C U; and M = Ule{wi > 0} by induction on i. Set

i—1 k
Vi=Ju; (0,000 U | U;
=1 j=it1



Since M is definably normal, we can take a definable open subset B; of M such that
M\V; C B; Ccly(B;) € U;. We construct 1; so that ¢; > 0 on M \ V; and
supp(¢;) C clp(B;) in a standard way. The inclusion supp(v;) C cly(B;) C U
guarantees that the function ; is of class C" at the boundary of U; because it is zero

at the boundary.
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