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Abstract

This paper presents a review of Legendrian dualities. These dualities were initially
developed by S. Izumiya and subsequently generalized by S. Izumiya and the author.
They serve as fundamental tools for researching the extrinsic differential geometry of
submanifolds in non-flat spaces.
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1 Introduction

S. Izumiya demonstrated a theorem named Legendrian dualities for pseudo spheres in Minkowski
space in [7, 8]. This theorem has since become a fundamental tool for studying the extrinsic
differential geometry of submanifolds immersed in these pseudo spheres from the perspective of
singularity theory (cf., [3, 4, 5, 9, 10, 11, 12]). Subsequently, S. Izumiya and the author of this
paper developed similar Legendrian dualities between pseudo spheres in general semi-Euclidean
spaces [2]. In this paper, we will provide a review of these dualities and present some aspects
of their applications, though this review may be somewhat limited.

We first prepare basic notions on semi-Euclidean space. Let R™ = {(z1,...,211) |
x; € Rii = 1,...,n+ 1} be an (n + 1)-dimensional vector space. For any vectors & =
(1, Tng1)s Y = (Y15 -+, Yns1) in R the pseudo scalar product of © and y is defined by
(X, y) = — > xiy; + Z?:Tilxlyl The space (R™,(,)) is called semi-Euclidean (n + 1)-
space with index r and denoted by R, We say that a vector  in R\ {0} is spacelike,
null or timelike if {(x,x) > 0,= 0 or < 0 respectively. The norm of the vector x € R"*! is
defined by ||z|| = /|{(z, z)|. We have the following three kinds of pseudo-spheres in R?*!: The
pseudohyperbolic n-space with idex r — 1 is defined by

m o ={x cR"| (z,z) = —1},
the pseudo n-sphere with idex r by

Si={zeR"|(z,x) =1}
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and the (open) nullcone by
A" ={z e R\ {0}[(z,2) =0 }.

In relativity theory R} ™ is called Minkoski (n + 1)-space, Si* de Sitter n-space and HI' is Anti
de Sitter n-space which is denoted by AdS™. These are the Lorentzian space forms. Moreover,
Hy is called hyperbolic n-space and S is the Euclidean unit sphere which are the Riemannian
space forms.

2 Legendrian dualities

In [7], S. Izumiya has shown the basic duality theorem which is the fundamental tool for the
study of spacelike hypersurfaces in Minkowski pseudo-spheres and then we generalize the similar
dualities in semi-Euclidean space in [2]. We now introduce these dualities as follows:

(1) (a) Hyy x 57 2 Ay ={(v,w) | {(v,w) =0},
(b) w11 : Ay — H w90 Ay — ST
(¢) O11 = (dv,w)|Aq, 012 = (v, dw)|A;.

(2) (a) Hyy x A" D Ay = {(v,w) | (v,w) =—1},
(b) a1 : Ag — H" |, 99 : Ay — A™

(c) 021 = (dv,w)|Asg, Oa9 = (v, dw)|As.

(3) (a) A" x SF D Az ={(v,w) | (v,w) =11},

(
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b) 31 - Ag — An,ﬂ'gg : A5 — S;L,

3

(c) O31 = (dv, w)|As, O35 = (v, dw)|As.
(4) (a) A" x A" D Ay ={(v,w) | (v,w) = -2 },

(b) a1 : Ay —> A" g9+ Ay — A”,

(c) Oy = (dv,w)|Ay, O4o = (v, dw)|Ay.
Here, 71 (v, w) = v, mz(v, w) = w, (dv, w) = —wodvy + Y, widv; and (v, dw) = —vedwy +
> vidw; are one-forms on R x R+

We remark that ;;'(0) and 6,,'(0) define the same tangent hyperplane field over A; which
is denoted by K;. The basic duality theorem is the following theorem:

Theorem 2.1 Under the same notations as the previous paragraph, each (A, K;) (i = 1,2, 3,4)
is a contact manifold and both of m;; (j = 1,2) are Legendrian fibrations. Moreover those contact
manifolds are contact diffeomorphic each other.

We now explain the situation by a “mandala of Legendrian dualities” as the following
commutative diagram:
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Figure 1. The Mandala of Legendrian Dulaities

We can also consider the following two extra double fibrations:
(a) S x S D As = {(v,w) | (v,w) =0},
(b) 51 1 As — Sl mse : Ay —> ST,
(c) 051 = (d'v w)|A5, 050 = (v, dw)|As.
(6) (a) Hpy x H' D Ag ={(v,w) | (v, w>=0},
(b) 71 : A6 — H' | m62: Ag — H' |
(¢) Og1 = (dv, w)|Ag, O = (v ,dw>|A6.

We have the following theorem.

()

Theorem 2.2 Under the same notations as the above, each (A;, K;) (i = 5,6) is a contact

manifold and both of m;; (j = 1,2) are Legendrian fibrations.

We can show that (Ajs, K5) (respectively, (Ag, Kg)) is locally diffeomorphic to the projective
cotangent bundle 7 : PT*H" | — H! | (vespectively, m : PT*S!" — S) which sends K; to
the canonical contact structure. We remark that these contact manifolds (A;, K;) (j = 5,6)
are not canonically contact diffeomorphic to (A;, K;) (i = 1,2,3,4). Therefore we cannot add
these contact manifolds to the mandala of Legendrian dualities. By definition, S§ is a unit
sphere in Euclidean space R{™", so that (As, K5) is the well known classical spherical duality

in this case. Finally we remark that Ag = 0 in HJ x HJ.



3 Applications

3.1 Linear Weingarten surfaces

A surface M immersed in different ambient 3-space is called a Weigarten surfaces, if the prin-
cipal curvatures i, kg of M satisfy f(k1,k2) = 0 or the Gauss curvature K and the mean
curvature H satisfy g(K, H) = 0, where f and g are smooth functions. Moreover, if there exist
constants a, b and ¢, such that the smooth functions f and g are linear, namely axk; 4+ bky = ¢
or aK +bH = ¢, we term M a linear Weigarten surfaces. Furthermore, a linear Weigarten
surface is also called a Bryant type provided that a + b # 0, briefly BLW-surface. We would
like to point out that when a linear Weingarten surface of Bryant type is immersed in the
de Sitter 3-space, the resulting surface is termed a linear Weingarten surface of Bianchi type,
briefly, BLW-surface. We note that the theory of linear Weingarten surfaces has a long standing
research history. Nevertheless, from our point of view, we only reference the research results
achieved by Gélvez, Martinez and Mildn in [6] and those by Aledo and Espinar in [1] as follows.

Theorem 3.1 ([6], Theorem 2 ii) Let V' be a noncompact, simply connected domain. Fix
a meromorphic map A :V — SL(2,C) satisfying

—1 . 0 w
4 dA_(dh 0)’

where h is a meromorphic function and w a holomorphic one-form. If

_ 212 s (1-— E)QHthQ
7=+ (el - 20

is positive definite then f = A(Q1)A* is a linear Weingarten surface. Where,

GRS | a
Q= | TP s e= 7, L+elnlF>o0.
Feh  +(1+¢|hl?) atb

We remark that the hyperbolic Gauss map g of f is given by g = A(Q2_)A*. Aledo and Espinar
in [1] showed that g is a BLW-surface in S$. Moreover, from the Legendrian duality viewpoint,
we can show that f and g are A; dual to each other. Consequently, we arrive at the following
assertion proposed by Izumiya and Saji.

Theorem 3.2 ([12], Theorem 5.2) Let L1 : U — A, be a Legendrian immersion. Suppose
that both of 1 0 Ly : U — H and ma 0 Ly : U — S} are immersions. Then w10 L1 = f is
a linear Weingarten surface of Bryant type if and only if w5 0 L1 = g is a linear Weingarten
surface of Bianchi type.

This implies that the dual surface of a linear Weingarten surface in HJ is also a linear

Weingarten surface in S} and vice versa.

3.2 The evolutes of fronts in hyperbolic 2-space and de Sitter 2-space

In this subsection, we review the differential geometry of smooth curves in hyperbolic 2-space
and de Sitter 2-space. For details, see [5].



3.2.1 The evolutes of fronts in hyperbolic 2-space

We firstly introduce the differential geometry of curves in H3. Let ), : [ — HZ be a smooth
curve. We call «y,, the spacelike frontalin HZ, if there exists a smooth mapping v¢ : I — S%, such
that the pair (7,,v4) : [ — A satisfies (7y,,(t),¥¢(t))*0 = 0 for all t € I. Here 6 is a canonical
contact 1-form on A;. The condition (v, (t),~¥%(t))*0 = 0 is equivalent to (¥, (¢),~%(t)) = 0,
for all t € I. We call (v,,~%) the spacelike Legendrian curve in A;. Moreover, if (v,,~v%) is an
immersion, we call v,, the spacelike frontin HZ and (~,,~%) the spacelike Legendrian immersion
in Ay. Let 45 (t) = v,(t) AvL(t) € Si. We have a moving frame {~,,~%,~;} which called the
hyperbolic Legendrian Frenet frame of R? along -,. By the standard arguments, we have the
following hyperbolic Legendrian Frenet-Serret type formula:

(1) 0 0 mp(t) Y1 (t)
i) | = 0 0 na(t) Yi(t) |,
i (t) mp(t) —np(t) 0 Y5 (t)

where my, () = (4,,(t),vi(t)) and ny(t) = (¥ (t), 75 (t)). We call the pair (my,, ny,) the spacelike
hyperbolic Legendrian curvature of spacelike Legendrian curve (v, v%).

Example 3.3 Let v, be a reqular curve in Hy with the hyperbolic geodesic curvature . If we
take v¢ = ey, then (v,,~%) is a spacelike Legendrian curve with the spacelike hyperbolic Legen-
drian curvature (—||Y,ll, ||174l|6R)- In fact, it is a spacelike Legendrian immersion. Moreover,
by a straightforward calculation, we have ny(t) = |mp(t)|kn(t) for all t € I. In this case, we
have ny(t) = 0 if and only if k,(t) = 0.

Example 3.4 Let vy, : I — HF be v,(t) = (V1+ t* 415, t2,¢%). It is obviously that the origin
is the singular point of ~y,. We assume that

1 , )
N ) . — <t3\/1 T 5,5 4 3,45 — 2) .
V4 +9t? + t6
By a straightforward calculation, we have
_\ﬂ+ﬂ+ﬁ< 3t* + 2t? 2&)
VIS 082 +4 \VT+ ¢4 +167

i (t)

and (v,,7%) is a spacelike Legendrian immersion with the spacelike hyperbolic Legendrian cur-
vature (my,ny,), where

V4 + 92 + 6

) = rrar e
10 + 155 + 10t + 6
na(t) =

(44 92 + t6)\/1 + 4 + 16

We call ~y,, the hyperbolic 3/2-cusp, see Figure 2.
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Figure 2. hyperbolic 3/2-cusp

We now consider the geometric meanings of evolutes of spacelike fronts in HZ. Let (v,,~%) : [ —
A; be a spacelike Legendrian immersion with the spacelike hyperbolic Legendrian curvature
(mp, np,) which satisfies n2 (¢) # m3(t) for all t € I. We define a mapping &,(v,) : I — R} by

1
E(v)(t) = £ (7 (&) 74 () — ma(t)75(1))
VIni, () — mi ()]
and call it the totally evolute of vy, in R?. We remark that if n? () > m2(¢), then &,(v,)(t) € H2.

In this case, we denote it by E"(,) and call it the hyperbolic evolute of ~,. Moreover, if
n2(t) < mi(t), then &,(v,)(t) € S7. We rewrite it as £4(vy,) and call it the de Sitter evolute of

Yh

Example 3.5 Let vy, : [ — H?*(—1) be v, (t) = (V1 +t* + 15,12, ¢3) be the hyperbolic 3/2-cusp

defined in the Fxample 3.4. By a straightforward calculation, we have

(6(1 4 t*+16)3/2, 3t5 + 615 — 27¢* — 612, 617 + 87 + 24¢> + 8¢)
V(10 + 15t6 + 104 + 6)2 — 12(4 + 9¢2 + 16)3]

E(7)(t) =+

Y

see Figure 3.

hyperbolic evolute of the hyperbolic de Sitter evolute of the hyperbolic
3/2-cusp 3/2-cusp
Figure 3
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3.2.2 The evolutes of fronts in de Sitter 2-space

We now consider the differential geometry of spacelike curves in S?. Suppose v, : [ — S is a
spacelike curve at any regular points ¢t € I, namely, “,(t) is a spacelike vector at the regular
points. We call v, the spacelike frontal in S? if there exists a smooth mapping v : I — H?
such that the pair (v%, ~,) : I — A; satisfies (v%(t),~v,(t))*0 = 0 for all ¢t € I. The condition
(Y2(t), v4(t)*0 = 0 is equivalent to (%,4(t),¥%(t)) = 0, for all t € I. We call (v,,~%) the
spacelike Legendrian curve in A;. Moreover, if (v,4,~%) is an immersion, we call v, the spacelike
frontin S? and (v,, ") the spacelike Legendrian immersion in Ay. Let v5(t) = v,4(t) Ay (t) €
S2. We have a moving frame {v,,~",~5} which called the spacelike de Sitter Legendrian Frenet
frame of R? along ~,. By the standard arguments, we have the following spacelike de Sitter
Legendrian Frenet-Serret type formula:

Yalt) 0 0 mq(t) Ya(t)
Fat) | = 0 0 na(t) Yat) |
Ya(t) —maq(t) na(t) 0 Ya(t)

where mg(t) = (4,(t),v5(t)) and ng(t) = (¥4 (t),v5(t)). We call the pair (mg, ng) the spacelike
de Sitter Legendrian curvature of the spacelike Legendrian curve (7,4, v"). Under the assumption
n3(t) # ma(t) for all ¢ € I, we define a mapping &,(vy,) : I — R} by

1
+
VIng(t) —mi(t)]

and call it the totally evolute of v, in R}. We remark that if n2(¢) < m3(t), then &,(v,)(t) € H3.
In this case, we denote it by £"(v,) and call it the hyperbolic evolute of ~,. Moreover, if
n2(t) > m2(t), then &,(v,)(t) € S?. We rewrite it as £4(,) and call it the de Sitter evolute of
Ya-

We now show the relationships between the totally evolute &,(«,,) of a spacelike front v, in
HZ and the totally evolute &,(v,) of a spacelike front ~, in S as flollows.

E(va)(t) =

(nd(t)’)’d(t) - md(t)’)’g(t))

Theorem 3.6 ([5], Theorem 5.1) Suppose that (7v,,7v4) : I — Ay is a spacelike Legendrian
immersion with the spacelike hyperbolic Legendrian curvature (my,ny) which satisfies mi (t) #
nz(t) for allt € I. Then we have:

(1) If miy(t) < ni(1), then E7(,)(t) = € (V) (1)
(i) If mij(t) > njy (1), then EJ(v,,)(t) = E(va)(1).

This assertion implies that when -, and ~, are A;-dual to each other, they share identical
evolutes.
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