Algorithm Classifying Roots of
Star-shaped Kac-Moody Root Systems

Toshio OSHIMA

ABSTRACT. There is a correspondence between the imaginary roots of a star-
shaped Kac-Moody root system and the spectral types of non-rigid Fuchsian
ordinary differential equations. The norm of the root corresponds to the index
of rigidity of the equation and the action of the Weyl group corresponds to the
middle convolution of the equation. It is known that the Weyl group has finite
orbits in the set of imaginary roots with a given norm. The purpose of this
paper is to give an algorithm realized in a computer algebra which effectively
gives representatives of the orbits. The representatives can be applied to the
classification and construction of higher dimensional Painlevé type equations.

1. 28 Kac-Moody JIL—F%&

BJE Kac-Moody V— FRZEELTHL (cf. [Kc]) . HRTOES
(1.1) 1:=1{0,(j.v);j=01,....v=1,2..}
WHL, b Z2RK
(1.2) D=A{a;;iel}={ao, a;,;j=0,1,2,..., v=12,...}
TIROHN B HERKITTAR Y PAVZERE L, UTDESITED S.

(1.3) I' =T\ {0}, =1\ {a},
(1.4) Q=) Za > Qri=) Ly, Q_:=-Q4.
acll acll

D& ae X

p—1 n]-—l

(1.5) o =nog + Z Z 5,00,

7=0 v=1
EWVWSEREDD (nj, 087825 n;, FERME). ZZTnj, cZTHY, aecQy
=8 Njv € ZZO EWV ISR T B,
Fl, a€eQ D ta g Q (k=2,3,...) &z T & ¥ indivisible 2\ 5.
X5, h LONEENFHAFRREEAZLL T O XS ICERT 5.
(ala) =2 (o € 10),

(aolajy) = —0u1,

(@il )_{O (i#j or |p—v|>1),
i v) =

(1.6)

-1 (i=j and |p—v|=1).

MIO&FILE OTKL, a, FelITMIETE2200D0% (o) = -1 D& ZIHHRTD

BWiEE 47277 5 (Dynkin KX) T LEORRELRT.



£ Kac-Moody /L— h R ¥ X, I £ ZDOLOBOHNEN ED X512 (|) TE
FoTWEHDT, IOILZHEMIL— b WVS, ZDOL— 2D WeylBEW 1Za eIl
TIE F 5 BRI

(1.7) Sa 1Dz —(zla)aeh
THEREINS h OFEEOR e EREN 5. F7

oij(iy) = g, 0ij(0) = iy, oijlaky) =y (k#1,]), 0ij(a0) = ao
THEFBHIVL 0, TEMSNBHE Soo LBE, WEW ¥ S TERSNS
BT 3. WIE(]) BRECHED 2 EAERITRENS.

AR 1.1 (Kc]). RIL—FOES A™ T O W-HE WII 2725753, 2 Kac-
Moody b — FRD & Zid Wag IZE LWV, —F

(1.8) B :={vy € Q+ \ {0}; suppy IFHHT (y,a) <0 (Vo € 1)}
LB, EOERIL—FOEE AT IZWB i35, $LUTOEREZHVS.
(1.9) suppy := {a € II; n, # 0} for = Znaaeb.

acll

IDLEAF =A™NQs EBLE A =AFUA™, WBCQy %45, ¥
7z AT = AT AT = AT AT 2 BL Y EL— POESIE AT = AImUA™,
L= FOEBF A UA™, EAL—TFOEEAL BANQ: = AP UWBIT—
BTs. LCUDHEDEASLPERLE, LiUL, =L, Ly #0, Ly # 0 %513
v; € L; T (vi|v2) #0 725 b DIMHET 5 Z L 2 KT 5. £z, a € A™ &b
X ap €suppa 25,

a, BERMHERZ BOILE T2 WanWp =00 D 2. o TEEG {ap}U
BU(-B) X A B2 W-iliEOE2REXREE5Z 5.

“HIRT D B Dynkin XIS L TROMKTEEN S 4 0D BRHLR
Dynkin KX Dy, Es, Er, B¢ ’H 5. 18, “BRE" 236 % Weyl B2 H
Bfr sz 35,

3
2 4 6 5 4 3 2 1
o—O0O—"0O—0—"0C—"0—"—~0O——=0
33,222, 111111

(1.10) 11,11,11,11 !

2 2
1 2 3 4 3 2 1 1 2 3 2 1
22,1111, 1111 111,111,111

Q4 DIt a TLiE Dynkin KIRiCAEZDObDE, (1.5) DESICE LI 2Dk
Bon,, ZHHL— F2ERTODOBICEE LT ED XS ED, BT 255 Dy &Y
TRY (THOBFOFNIRE TS . ZhdbD 42D Qy DILald, (aja)=0
Zifiiz3 BOITLLRS. WIS, (vh) =0 &/ T v € BiZIhs 4 000nFhh
DIEDEHMETH 2 Z e BH LN TV S (cf. HE 2.6 (1)).

AR 1.2, BN oL,
(1.11) By :={a € B| (ala) = N}.

Bl
BN#(Z) <:>N€_2ZZQ.



By DTLIE ETH X 72 4 MO indivisible 27T IERE G 745, 261, N<0DE
X By /S JATREB £ 725 Z ¥ 51 (01, 02] T/REMNT: (cf. i 2.4).

#8 1.3 ([O1, Lemma 7.2]). o € Ay i suppar 2 {ao} Zii7T745, KR
(1.5) B WTEL T AR D 3.

n>Mnj1 = Nja = NGz > (1=0,1,...),
n < Z n;1 —max{n;i,n;j2,...}.
EHIZ aeQy \{0} 2 BIZET 27D DRE+NRMIE
(1.13) 25, <njp_1+nj (njo:=mn, j=0,1,..., v=12,...),
(1.14) 2n <np1+ni1+nga+oFnpo.
ZD 25 MFEENZN (alaj,) <0 & (alag) <0 THINT 5.

Hz oMl NI LUT By ZRIRINCKRDZ 7 L) X% H52, Zhvkay
Pa—R 750 LTEBRTZ IR IOMIXOHANTHS. £5, L—r%2H
REDHH DM e LTRL, BB EADISHIER 2T 5.

a€ AL, suppa D {ag} 72 61F, TR (1.5) ZHWT

(1.12)

(1.15) My, =njp—1—nj, (G=1,...,p—1, v=1,...,np)
LB Y my, € Lsg ETED
(116) nj,k:mj’k+1—|—---—|—mj,nj (kzl,...,’flj—l, j:O,...,p—l),
(1.17) n=mji+-+mjn (j=0,...,p—1)
THZ006, AR OHEID p ADHM (1.17) BUIET 2. X SITKHHD D,
p—1 n;
(1.18) (a]a) = 2n? — Z(nQ - me,j)
7=0 v=1
COMIBT, Q Lo W OIfEHZ5 &3 HABDO ZEOMAND/ER-I
(119) Sjv P Mjp—1 < My (jZO,l,..., V= 1,2,...),
p—1
(120) S0 1M1 My + (2n—2(n—mj,1)> (j:O,l,)
j=0

B s, (v =1,2,.. )&, m;; OIRA T i DEFZ I FRHIT. KT, spq
FpZp+1IEZ5.

AR 14, XD EDD T, DED pHOH m» o€ BIIHILET 27200
DEFDEME (2.1), (2.2), (2.8) Zifilz3 2 kb, ¥/, nji=n—m;; TH
)5, Z03&MEEhEN (1.17), (1.13), (1.14) IZXE3 5.

2. Fundamental tuples
mZHAE n D pEDDEDHE T 5. Thhbb

m= (mg,my,...,my,_1),
(2.1) my = (1M1, ., Mjn;) (j=0,....p—1),
n=m 1+ +Mjn, (mj € Zso).
flif D7z, m; 38R, T4bb
(22) mj1 2 Mjo 2+ 2 Mjn, >0

L, E5I1ZIEEHHE, ThbB, j=0,...,p— 1L
(2.3) n; > 1



9%, $m 2 TFDOXSITKT.

mj =m;1m;2 - Mp—-1n, s Mjv =My,

m=mo;my;--- My_1n, 4
(2.4) = Mg 1M0,2 " M0me; M1 Mlngs " Mp—11°" Mp_1n, 1
k
k ’_/H

EE 2.1. n OFED p HADH m kL

(2.5) ordm:=n=mj1+--+ M, s
(2.6) codimm; := n? — Z miw
v=1
p—1
(2.7) idxm := 2n% — Z codim m;
7=0

EBE, iddxmEmDVU Ty FEHREZ WS, m D basic ¥

p—1

(2.8) 2 — Z(n - mj,l) <0

=0
Tindivisible 82 & L EFRT 5. BB, m;, €kZ (j=0,....p—1, v=1,...,n))
IRk > 1 DTFEE LRV E X indivisible £\ 5. m 23 basic TH S, F/-
1 idxm’ # 0 27z basicEm’' ¥ k € Zog Lo Tm=km' 352X m
% fundamental tuple ¥ \V95. Z 2T, idxkm’ = k?idxm’ IZHE.
codimm; (B DT, idxm 3MEKE %2 2 CER. Ko THEHEFERX

p—1 mny

(2.9) (2 (ordm —m;1) — 2 - ord m) -ordm + Z(Z mj1 — mjw)mj’y)

j=0 v=1
= —idxm

25, m M fundamental 725 p > 3 T —idxm ZIEAM 0B Z e W00 5.

5z 561720 Yy FHEHD fundamental tuple m %15 2121%, RO EHEHNEAR
L85,

FIE 2.2. [02, Proposition 7.13] m 2% fundamental 7% 513

(2.10) ordm < 3|idx| m + 6,
(2.11) p>3=ordm < |idxm]| + 2,
(2.12) p < lidxm| + 4.

% 2.3. m 2 fundamental tuple T ordm > |idxm|+2 725X p =3 1D
(213) mo,1 +mi1 +mo1 = ord m.

fundamental tuple m %K 312H 725 TiE, mDIEFIIFSNTULS (ordered)
e, ThbBUFEj=0,...,p— 2L TREL T,
N € Z>0 with Mjy = Mjy1p (0 <v< N) and m; N 75 mMj+1,N

(2.14)
= Mjy > Mjyt1.

AE 2.4. BDV Yy FEEE DD ordered fundamental tuples m (35 [RIE &
BBZEDEH 22006005, £ LORD (29) o0 h b



Bl 2.5. (i) [02, Example 7.14] m € Zwo <AL

Dim) :m?,m? m?, m(m — 1)1 Eém) :m?®,m3, m?(m — 1)1

E§m) c(2m)2,mtm3(m — 1)1 Eém) :(3m)?, (2m)®, m®(m — 1)1

1ZV Yy FEE 2 — 2m % 3D fundamental 72 2m, 3m, 4m, 6m O EIDH L 725,
E{™ DS™ v 11,11,11, - @ Zh 2 (2.10), (2.11), (2.12) ICBWTEE 2l 3.
(i) [Ko, Corollary 6.3] idxm = 0 TiZ, 4 fid basic 72fH m 2FET 5 -

p{V=12121212 BV =1%,1%18  EM =221111 B =3%2%1°

(2.15)

(iii) [O1, Proposition 8] idxm = —2 Tli%, 13 fid fundamental tuples m %3
TFIET % ¢

12,12,12,12,12 21,21,13,13 2292 22 21? 31,22 22 14
2121414 32,1°,1° 221,2%1,1° 32 2212 16
23 23 9212 4% 2% 2312 4% 24 2312 4% 329 18
62,43, 2512

AR 2.6. (i) m%idxm =0 7% ordered fundamental tuple £ §%. Z®D
L& (28) & (29) o m;, = "i‘li—jmjb’ilﬁors—om—k---—i—?f—i’ =(p—1)-ordm 23
DB, TOZEDD (ng,na, ..., np—1) W&, (2,2,2,2), (3,3,3), (2,4,4), (2,3,6)
DVTHNT, ordm & ng,...,np_1 DERPREBTH 2 Z epmEh, Bl 2.5 (i)
DV R IDGHND.

(ii) Vv FIEED —4 T —6 O fundamental tuples DV R & [02, §13.1.2,
§13.1.4] 1ICH 2D, —4 DY A FTIX 322,322,245, —6 DV R MTIX 322,322,2312
& 322,3212. 24 I TWB. VY v RIEHD —8 I D fundamental tuples DV
A MZ, B Risa/Asir DT 4 75V [06] DEIUC k> THRONE. ZDH
BO7NLTY X L%E2XETHRS,

(iii) HABORZENBWT, 9 IO KRELRBIIT LT 7Ry R HWRREH
W3 IehRHs, 2t ziE, 10,11,12,...,16,17,... X a,b,c,...,f,g,... R &K
1L (AD) D& 3BT, KXo Tob9 = (11)(11)9 X155 31 D4 H ).

AE 2.7. HABODEOM m 2527 &, 2L — MIHIGT 208 5D
DHIEIFH L < 2w, FEEE, [06] DRI chkspt ( ) 1, m 2L — MTHIGT 2008
IPHEL, Br— b5V Yy REERZAD W-iLEDREKITLE B 22 HIRT

3. Fundamental tuples Z3K® 2 7J)LJ) XL

Gz26hiz) Yy FiECE B O fundamental 722 HIOM (2.1) 2T XRTKRD S Z
EEEZ LS. (22) & (2.14) ZEL T XV, (2.10) & (2.12) KXo THRED S
B OFIH LTERLE (2.7) ¥ (2.8) 2 F =v Z FHUT K.

idxkm = -8 DEFEEEZTALS. ordm <30 Tp<8W7H 5. ordm = 30
KolEmAE®Y k220302 264905, ordm =29 53, (2.12) 25
p=3THs. HARE 29 DHEHEIZ p(29) = 4565 TH 205 29 DR EIDIEFES
L7z 3 DD/, #94565%/6 > 100 EHICOWTD (2.7) & (2.8) DF =v 71X, HEW
IR Y5, EBE, WS ERNT ST mIFEELRWV.

ZOHEITIE, ThODRIEDMENLF 2y 7 R{THITNIAVALEEZ 5. %
hrfnkarta—2nro 028735, idxm = -8 DEHAD 116 D
fundamental 72D Y R M3 0.05 BTSN (Windows 11 T CPU i7-10700
DAYE2—XTOH) . 51T, 222XV Py FEED —18 & —50 DA T,
Zzhzh 884 ik 40617 D fundamental ZAHD VU 2 b &k 20, Zh2hit By
IR 1B 2 0NE3 0 THo7. &B, p(3-50+5) = 66493182097 = 6.65 x 10'°
L5 DT, ALK EF 2y 7T 2 DIFBENTR L



AW Risa/Asir [Risa] Z VW T 7L ) XADFEEREZ 5. HRBOY
HXARKDO Y 2 hT, DHEIOHIEDHELRTIYAIDY A RTERT !
(3 1) m = [[mo,lv ct mO,n0]7 [ml,l; A 7m1,n1]7 ct [mp—l,la . ~7mp—l,np,1]]7
VI -1 =V =my, (=0,1,...,p—1, v=1,2,....,n;).
ZZTCRHETEHOR S ZHOTWS. mIZHHTIHF S ohTws 55, £/, 7
027 o ATRUTOREEZHWS.

D =ordm = n,

Idx = |idx|,
P
(3.2) S :Z(ordm—mj 1) —2-ord m,
§=0
Py
SS = Z(Z(mg‘ 1= My)m; u)
j=0 v=1
Z D ¥ & m D fundamental ¥\ &
(3.3) S>0 and S+SS=Idx

THoT, THIZIdx =0 DL Xl m A indivisible ¥\ 5 &EHD L.

74771 osmuldif.rr [06] IZE&FN 2% spbasic() ZfEHT 5.
spbasic(Idx,D|str=1,pt=[k,¢]1)
2 VY P 1dx, 7> 2 D @D ordered fundamental tuples m DV A + #ikF.

Idx 230 D& XX, indivisible 78 d D% IRT

DAODEEEZ, VPy FIEEDA Idx DHDITRTDY R F2IKT

AT avpt=lk,001F, 7E RERF) OB kUL LT Z2ERT S

F 7 a v pt=lk,k] & pt=k ELTH LW

F 7 ay str=1 1%, HROTHOH m 2H 2512H 2 K5 BB rERT T
FIDY AT LTRY. ZHHDFRRIE osmuldif.rr D DRI s2sp() THE
EHiEhs.

B n O7ENZ, A3 n OIEEMOEER DI LTS, HENIHEE
e, ROl FEERIEF TRE VIS,

aa431 > af%9 > a981 541,3331 > 532,433

BA%L spbasic(Idx,D) &, FOMEFTHEIOM m 23 (3.3) iz TrL 5
FryZ L, 3OV A MEIRT. £ 2.2 KD, D> 3-|Idx|+6 £721F Idx > 0
FE Idx R HIERD BN, EHITD > |Idx[+2 46 p=3T, —
WKE3<p<iIdx| +4 DGEEF zv 7 TR I NI HTn 5. LoT, Fxv
ZIRNZIFARBEOHE 72223, |Idx| ® D BRZFWEEFZ DEBIIFEART, ©
WERF zy VB TELREFENFZ e PEEL RS, F v 7 TREMOKIBIE
lidsm| > |[Idx| £ o TWB I EDRF—HKL ¥ b TH2.

spbasic() DI — FIEUTD 2217160 %.

1. Introduction

1.1, 1.2, 1.3. D51 8% F =y 7L, D> 3-|1dx|+6 D L5 RHAPEREGS
FERAERIRT.

1.4. T 22100 T, p<L i3 ERLZRDS.

1.5,1.6. 5SS > 02 MW Tmo; <T&7%% ERT ZXKD, THWTme1 =T
B F v I RERAOMZRD 3.

2. Loop of Main routine
2.1. D> |Idx| +2 & 51E (2.13) 2F zv 7 L, WilIBRVHERXY 755,
22. p=IL<LTHoTS>0RIZFNDILEZRD?.



ZDESRILDPHIEL RV IR, NiZfH% 2 ¥ v 7' LT Loop DERANIRES.

23. KSILTp=KDY & SS> |Idx| ¥ 723 K B{HAETAUL, FHflz 2
¥ v 7LT Loop DRANIRS.

2.4. Ix:=Idx—S—8SS <0 2 R2FNDp=JTILLI<LYRZHD%
%Ky

2.5. IDFHELTIx=04561F, KDTWBRMEEZDTY R RICANTEL.

2.6. Ix IZEDOWTHHLZIEZE A F v 7 LT Loop DIRAINR 5.

FHHD a X > b & ANT: spbasic() D2 — FEDITFITRT.

def spbasic(Idx,D)
{
// 1. #¥IEAERE
/) Idx % |1dx|ITE % %
J] AT aystr CLFHITRS) L pt=2RET
Idx=-1dx;
if ((Str=getopt(str))!=1) Str=0;
Tu0=Tul=0;
if (type(Tu=getopt (pt))==4&&length(Tu) ==2&&isint (car(Tu))){
TuO=Tu[0] ; Tul=Tul[1];
}else if(isint(Tu)) TuO=Tul=Tu;
if (Tuil<3) Tul=0;
// 1.1. BERC D 2% Tdx=|didx| IZHARTK, $74HHBD>3-Idx+6 LoMAL
/) LIBED<3 - Idx+6 £33
if (1isint (Idx) || !'isint (Idx/2) | |Idx<0||!isint (D) ||D<O||D==
| ID>3*Idx+6) return [];
//1.2. D=0 = FEBHOMEREDLE DU
if (D==0){
for (R=[],D=3%Idx+6;D>=2;D--)
R=append (spbasic(-Idx,D|str=Str,pt=[Tu0,Tull),R);
return R;

}
/) 1.3. Tdx 50 DG, SEREET
if (1Idx){
R=0;
if (D==2&&Tu0<5&&Tul1>3) R="11,11,11,11";
if (Tu0<4&&Tu1>2){
if (D==3) R="111,111,111";
if (D==4) R="22,1111,1111";
if (D==6) R="33,222,111111";
}
if ('R) return [];
return [(Str==1)7R:s2sp(R)];
}
/] 1.4. BESOMEBORKAME L 2FET S
// D>TIdx+2 D& EREMUI3I A L=3)
// D=3 -Idx+6 Dk ZIMEiRT
// D<Idx+2 Dt %, KELADOMEBIZ Idx/2+4 AT
/] AT arpt=%Fzvo
if (D>Tdx+2){
L=3;



if (D==3*Idx+6){
R=([D/2,D/2],([D/3,D/3,D/3],[D/6,D/6,D/6,D/6,D/6,D/6-1,1]1];
return [(Str==1)7s2sp(R):R];
}
}else L=Idx/2+4;
if (L>Tul) L=Tul;

// 1.5, FENMEFTRD S, Voo < T ERZEADTRKRDZ (= V;, <T)
/] Voo <D, K- (Voo —K) < Idx IZIEE (K=D%T {&, D+ TZ DD/ NEEREE)
for(T=D-1;T>1;T--){
K=D%T;
if ((T-K)*K<=Idx) break;
}
// 1.6. KTz T THRADIEIZWIIHEICT 2
// NP[m] : HRED D m L TOARBTONENDENID S D
// NP[ml=[m,...,m,m'] (length(NP)=D, m >m' > 0)
// FS:(213) DF v 7
V=newvect(L);
NP=newvect (T+1);
for(I=1;I<=T;I++) NP[I]=nextpart(D|max=I);
for(I=0;I<L;I++) V[I]=NP[T];
S1=NP[1];
FS=(D>Idx+2 || (L==3&&D>Idx))71:0;

// 2. Loop of Main routine
// Idx & Dt HEIOMOBAMEE L B X v ouENS S X 58T\
/] FENMEF OIS 2 M3 VEERL, RO oHIZ R IS 2
for(R=[1;;){
// 2.1.D>Idx + 2 REDHH B
//p=3¥7D, Voo, Vio, Voo DHIBRZEZE (Voo > Vig > Voo ICHE)
// V00+V10+‘/20 =D 72@'( V00+V10+V20 #D ttﬁ’)fh‘f:%éjﬁ%
// %0:3"/00 < DT
if (FS){
if (3*car(V[0])<D) break;
// 2.1.1. F3 Voo+Vig >D &7 oTWVWz5, FIREZR S Vip & D— Vg — 1 ICEH
if (car(V[0])+car(V[1]) >= D && (T=D-car(V[0])-1) > 0)
V[1]=V[2]=NP[T];
// 2.1.2. S :=D— Vyo — Vig — Voo 202l
S=D-car (V[0])-car(V[1])-car(V[2]);
/] 2.1.3. Voo +2-Vig<Dor (S#0, Vip=1) = V[0] LIFEEZE L Loop DImHIN
if (car (V[0])+2%car(V[11)<D || (car(V[1])==1 && S) ){
if(car(V[0])==1) break;
V[0]=V[1]=V[2]=nextpart (V[0]);
continue;
}Yelse if(S<0) V[2]=NP[car(V[2])+S];
/] 2.1.4. S DIE F720 Voo +S <1 D& E V[1], V[2] 2Z X T Loop DI~
if (8>0| |var(V[2])+S<1){
V[1]=V[2]=nextpart (V[1]);
continue;

/] 2.1.5. Voo + Vio + Vao =D 782 &5 Voo ST (FHICHTHE



}Yelse if(S<0) V[2]=NP[car(V[2])+S];
}

// 2.2. ILFHLL LT basic £ R25DD IL <L ZRD 2
for(S=-2*D,IL=0;IL<L;IL++){
S+=D-car(V[IL]);
if (S>=0) break;
}
/] 221.8:=(D—Vyo)+--+(D—-Vp_10)—20<0 75 ((2.8) ITEK)
/] Vio BIPELT (2.8) 2722 2L DTEBIIDK 2 KD 3
if(S<0){ /* reducible i.e. IL=L && S<O */
for(LL=L-1;LL>=0;LL--){
if ((K=car(V[LL]))+S>0){
V[LL]=NP[K+S];
break;
Yelseq
S+=K-1;
V[LL]=S1;

%ll
=]
G

}
}
if (LL<O) break;
for(I=LL;I<L;I++) V[I]=VI[LL];
continue;

}
/] 2.3 LTFEs:=(D—Vyo)+ -+ (D—Vko) —2D >0, IL<K<L 27z
// ILA5 L —1 £T basic
//SS<Idx 2F =y T3
for (SS=K=0;K<=IL;K++){
ST=car (V[K]) ;SS0=8S;
for(I=length(V[K])-1;I>0;I--) SS+=(ST-V[K] [I]1)*V[K][I];
if (SS>Idx) break;
}
//2.831. K<ILTSS>Idx= £Ro/DTVK] 2% = Loop DHEHAIN

if (SS>Idx && car(V[K])'=1){
if ((W=nextcod (V[K],SS-Idx))==[1){
for(T=car(V[K])-1;T>0;T--){
J=DT;
if (SSO+J*(T-J)<=Idx) break;
W=NP[T];
}
for (J=K;J<L;J++) V[J]=W;
continue;

}
/] 2.4, Idx ZFEBTETVEIDEIDERIEFTTF 2y 2
/] IHPZ B Ix EBIAD R DT, NS Ix<0 275 ) 2145
// IxFIZI—-1DLED Ix
/] Ix<0 ZW7ITRND I ZRDS
for (Ix=2%D"2+Idx,J=0;J<L;J++){
IxF=Ix;
for(Ix-=D"2,TV=V[J];TV!=[];TV=cdr(TV)) Ix+=car(TV)"2;
if (Ix<=0) break;



}
// 2.5. Ix =0 2D TKD % tuples DT HAL7=DT R K
if (1 Ix&&I>=IL&&JI>Tu0-2){
for(TR=[],K=J;K>=0;K--) TR=cons(V[K],TR);
R=cons ((Str==1)7s2sp(TR) : TR,R) ;
}
// 2.6. XD b D% 3 HESi
/] 2.6.1. Vjo ZZEZRFNI Ix <0 L3R DELRVGE
if (Ix<0 && IxF-mincod(D,car(V[J]))<0) J--;
/] 2.6.2. I BEAODSLDP o7 ZHER VIL-1] ZRDH DDEEITHET
else if (J>=L) J=L-1;
/] 2.6.3. V[J] ZRDBDICEET %
for (I=J;I>=0&&car (V[I])==1;I--);
if (I<0) break;
V[I]l=nextpart(V[I]);
for(J=I+1;J<L;J++) V[J]1=V[I];
}

return R;

}

3. spbasic() 2 HIFUNH X 5 BIEL
3.1. RDO7ENZIRS
nextpart (V|max=N)
 HRBODEZ B W THENETFOKREVIET VOXD b DR,
V RZD D EL S 0 IR,
VOSIERERZ S, VORYIDODEIZES. DY E, max=N 2HEE ZI N T\
51, VOSETIN,...,N,M (0<M<N) &R3HDERT.
[0] S=os_md.nextpart(5);
(5]
[1] while((S = os_md.nextpart(S)) != 0) print(S);
[4,1]
[3,2]
[3,1,1]
[2,2,1]
[2,1,1,1]
[1,1,1,1,1]
0
[2] os_md.nextpart(5|max=3);
(3,2]

def nextpart (V)
{
if (isint (V)){
if (V<1) return [0];
I=V;
if (1isint (K=getopt (max)) || K<1) K=I;
K++;V=[];
}elsed{
if(car(V) <= 1)
return O;
for(I = 0, V = reverse(V); car(V) == 1; V=cdr(V))
I++;



I += (K = car());
V=cdr (V) ;

irem(I,--K);

(R==0)7[1:[R];

(J = idiv(I,K); J > 0; J--)
R = cons(K,R);

while(V!=[1){

}
R
R
fo

L T (|

R = cons(car(V), R);
V = cdr(V);

}

return R;

3.2. &R T RODE ZIRT

nextcod(V,D)

v HEIV XD RBRODHEIT, OO HMND L EMZ 2 DRIRT
FELRVWE 21X [0 23RS

def nextcod(V,D)
{
if (D<=0){
if (car(V)==1) return [];
for(D=0,TV=V;TV!=[];TV=cdr(TV)) D+=car(TV)"2;
V=nextpart (V) ;
for (TV=V;TV!=[];TV=cdr(TV)) D-=car(TV)"2;
}
K=length(V)-1;
for(8=T=0;K>=0; K--){
T+=(W=V[K]) ; S+=W"2;
if (W>2&&T"2-mincod (T,W-1)>=S+D){
R=nextpart (T |max=W-1) ;
for(--K;K>=0;K--) R=cons(V[K],R);
return R;
}
}

return [];

3.3. BME T TATH ORI D R/ PNRITZIR S
minicod(D,T)
:: codimnextpart(D,T) (cf. (2.6)) ZiKF

def mincod(D,T)
{

K=D%T;

return D~2-T*x(D-K)-K~2;
}

spbasic() IZBWF 2 A ERF v 7 2 M) 2 REIMD 2 — FORIRE, 2zt
L7=5E OFEITRE D LI THEE L TA 5.



FELRTF v 78T 3 RB1LD I— FOREE

ko a—F 1.5 2.1 2.31 2.31% 2.61

F v 75 SS > |Idx| [ S#0 | SS > |Idx| | SS > |Idx| | Ix < 0
Yy RIEE —16 | —26 -8 —16 —26

# fundamental tuples 647 | 2889 291 647 2889
FATIREE (FP) 0.58 | 4.92 0.05 0.58 4.92
a— R &AL 25247 26.31 | 24.47 91.58 32.44 | 24.67

Ix <0 & S+8S > |Idx| ITHHE.
Eo “a— FEALZETRE? O 2.31* OIEIZ, 2.31 12BWVWT nextcod() %
nextpart () Ti& X2 72D EITIFH
4. Fuchs AR
Riemann BRf P* i p HOR R HZHD T > 2 n @ Fuchs B

du iy Aj .
M: = (;:E_aj)u with Ay +-+ A, 1+ A, =0 (A, € M(n,C))
1ZX3 % Deligne-Simpson 8 (A; +--- 4+ A, =0 Ziililz 3 A; OHEIHORHED
1) 13RI Kac-Moody /v — b5 & BIESIF 3 2 2 Ic & »C, MFD X5 1c [CB] i<
Lo TR E N T,

M DRARY P AVENZ, (A; 23RHAE{ERTEER & 213 p DR AICB T 2R
BHe 2 HEEDOM, $bb, Fifirda; (j=p Dt FRMEREL) 2B 5%
BATH A; OEEEHDED 5 n ODEND pEDF, & LTERINS. B Fuchs
BABAM AT M VLE Zani 28 Kac-Moody v— FRODIEL—k a T
suppa 3 ag 22, (o) # 0 £721% « A3 indivisible 72 b DIIXHIET 5, W5 Z
THREOI 613 (cf. [CB, 02]). 20t E, MIZ2— (aja)flO7 7%V — - %
TRX=R—=%F0, FTREAMET77EHV = RFIX—R—%dlhnEUIy
Frwd. Tibb, A7 MUVRFEAL—MTHIET I8 THS. Thold, /7
A3 % middle convolutions & addition ¥ W5 ZHiA%, Kac-Moody L— F %
BTS2 W OFEHICHINT 5 e bmREinsd.

EDEL— D W-HEIX, 72723V — - 5 X — R BRI M HER
DE/ Fa I —RIFEFIC X o THEZRIL Painlevé HERICHIEL TV, EKEE, 1
Vv R —2 offi] 2.5 (i) 1EHi 7272 4 KILD Painlevé HEROERZEE X
HIZEIAK [Su] 13 —4 DEE DAY S 6 XIT Painlevé TR ZHEK L7z, 723, V
¥y FHEE—10 DA E D fundamental tuples D&l [04] IZH 5.

Fuchs B FER M D& LIS, [02] I & - TP O e S8 Hioss
PRI 7 7 #2202 D middle convolution % addition S AR 7 MBI EFR X1,
FEXOMRCHET R, EHHER O L REfiH RISz, Z05HEHEIE
Kac-Moody /— k& Weyl BEDIEFH E D3NS 2 T e BEEARE Lo 7.

Fuchs B DG EDHERD W O A DI AHER RS 2RO B IL
kXN, MIET B ZART VNI Kac-Moody /V— M RDL— b Tidih T X,
middle convolution %% ® Weyl BED/EFICHIET 5 Z & L #ED “HIRIE" 25 [HO)
TREN, VY FIEED -2 DGEORERE G 272, 24U 4 KT Painlevé J7
D58 [HKNS] ORI Y 7 - 72.

ADIEAHEE R R A Z TS P Lo EMA TR D AR S VI A Kac-
Moody /V— M RICHIAEL 2 AT IO THRT e TES (cf. [03]). 2D
ARG "V RS % BB AR T MOV Z AUSRREFRECZ 51N U 72 generalized
Riemann scheme % FH\WCTHMD AR Z @3 % BI%ED Risa/Asir DI A 75V
[06] 12H % (spbasic( ) 72 ¥ 500 fHIZE DREIMMERINT VD) .
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72V Yy R D fundamental tuples DH 1535 - 7=,
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