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Abstract

The approximate polynomial decomposition problem is that given a polynomial and a norm,
compute the nearest decomposable polynomial with respect to the norm. In this paper, we propose
an algorithm for computing an approximate decomposition of a multivariate polynomial in the 2-norm
based on the SLRA problem.

1 ELC®IC

ZIH D decomposition ¥ 1X, G52 6NLZHRXZZHADEHRDIVICEKE T 2METH 2. —EHZ
AT 2% 213 Lo LT, FHABSCZZRZ AL U AREIREL TV oz,

decomposition DIRAED—D2 & LT, Tl decomposition W5 DS TWS, ZIHEKE /L LR
Hzohilzr %, 20/ VAL THRDITW decomposable R ZIHXE KD ZMETH 5.

il 1

f=17.9162* + 26.35192 + 35.273422 + 18.8152x + 12.0927 ¥ 3 5. f X decomposable T\ A5, FR7E
HEHETDE, f=uoh+4, |02 =0.00936216 ¥ TMNIEARDIETERE S, 72721, u,h, 6 1EZL
TOEDTH 3.

u = 1.0003z2 + 4.0345x 4+ 7.0231, h = 4.23212% + 3.1124z + 1.0045,
§ = 0.0042z2 + 0.00352 + 0.0076.

FEV NSRBI DO ZIHA S, BREWTT 50 D TIREN A 2 722 IHD decomposition 23K 2 B, B
RARBMEIRIIREDHETZ L DBEEWIET 5. 2D X 572K TIX, T decomposition DEFIE % E
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ZBREDH B, FTz, EMl decomposition IZIZZIHKDFHAIC BT 2 HEFEDHIIRPLZHA THREL X
N7z 7 — X RZADGL [4], BEEUMHICBITIZEY 27— 7 4 VRDEGE 3] R, HARICHD?H 5.

—EHZIHX DL decomposition DIFZEIIWN K DDFEIET 523 [1, 5, 8], ZERDGEIIRADH77H
2V, KX T, UTND 2 /7 V23 3 2 A2 HA DL decomposition IZDWTE R 5.

SR8 1
BB D f € Rlwy, -+ ,2q) (d >2) X r,s €N (n=rs,r>2)NEXONTEN, ROFHEEHET
u€eR[y], h € Rlzy, - ,zq] KD X.

o f=uoh+9d, 7272L, degu=r,degh =35,0 € R[zq, -, 24
o [3]l2 BAE

Z D% Structured Low-Rank Approximation (SLRA) ¥\ 5 [MEICIRE X &5 Z & T, $EARBLuCHE
DL TNTYRLERET 3.

2 ZIEW D decomposability £175DZ > 7IZDWT

%3, ZIHRD decomposability &, H31THID T > 7 DEERICOWTHER S, FTEDITFNILLITR D
PHRNT 5.
B 1 (cf. [2, 7))
frg € Ry, -z \(Rlza] U - UR[zg]) IR L, BUNEFETS 5.

o f=uoh, g=voh’RbuvecRy,hecRxy, -, zq] PFET 5.

e Di(9) =0, 77, D; BUTD XS RE{ETH 5.
Dy : Rz, - ,zq] — Rlzy, - ,2q)%!
W \))
awlfamgF_awzfawlF

Oy, [Op B — Opy fOz, F
F — .

Op, Oy F — Oy  fOu, F

R (2, Proposition 4] & [AIFRIZ, [7, Lemma 1] 22549€5. 723, [7, Lemma 1] IZHBW THREURIIAEL
BERL WOIRED A > TWBD, fH R _ET decomposable TH 2% Z & & C T decomposable TH 3 Z &
FHMETH 5 Z i &, 1

n=rs¥ L, fih€R[zy, - ,zq\(R[z1]U-- - UR[zq]) iZ deg f < n,degh < s ZiifilzT LT 5. £/,
R(0,---,0) =0 2§23 (FIXDELZEZSEE X). URTEDBIHDOY A4 X2MHET 272012, dL
h %3 sparse 7213 i ZBEZ AN (i <d) THo7/22 LTdH, dense 72 d BHZHA AT, HlZF, &KX
B1DOZHN h =2, + 12 € Rlwy, 20, 73,,24) ICOWT, h=x1+22+0-23+0 24 EARKRT.

Dy(h) =055, UFBHELNS.

Oz, fOzyh — Opy fO, R =0,
O, fOryh — Opy fOr, h =0,

Oz, fOg h — Oy, fOz, h = 0.



(1) OHADFRBUELEIC & o T, h DFREEZER L 3 2 FIGE ST T EAME 5N 5. ZORBITHI% My,
h DRI P2 h 328, LMTDEDTHS.

M;h = 0. 2)

[ %3 decomposable £ 3 % &, Proposition 1 & D, (2) ZIFEHLMEEZED, T74hbb M35 v 2%bT
%. —Ji, f?¥indecomposable &3 % &, Proposition 1 & D (2) [ZHAZM L 2778w, T748bb My
BNy reind. DEOZ s, f O decomposability (& My D F ¥ 7 h%&H 2 1 dh 2 iEEd iUl
HIETES.
AR 1
D, 2 2%b32Z23H x50 17702 IRETS. —MRF 7070820 LB b H
20, bror1%bA2GECEZIMATE S I ZROHITIANS.

f=uoh+é2FEI22% f=u(x+h(0,--,0)0(h—h0,---,0)+35 &b, h DEFIHEHIO L
TV, WRIZ, h ORBOFRBE (1Y) ~1ETHBH6, My eR¥, p>qg= (1) -1¥7425. ko
T, 7V 7%BTBHEDT Y2 (1) -2 TH 5.

3 SLRA problem
%7, AEITRELERICOVWTANRTEL.
EE 2
RP*4 % DURN®D Frobenius NFEZ A 7z p x ¢ (THIRIKD 2 T2 L § 5.
(M, My) = Tr(M] My).
F72, ZOWHEAS S Frobenius / Vi | M| g = /(M, M) H#FEE 5.

A decomposability 175D Z > 7 OEIfRZ HW2 Z & T, Problem 1 Zf# < 722X LN D #ED
I I N e ahBb.

fEI=E 2

fERy, -+ wg WHL, [If = flaAVNEL, 2D My D37 Y 2B LTWB E5% f € Rlwy, -, 24) &
Ko k.

ZolEX, LUR® SLRA problem I X #2322 NTE 5.

e 3

E % RP*9 D affine §57 %M, D, 27> 70 r D px ¢ {THI2KOEEL TS, McE, re N»EZ25
Nl &, |M—M*p /N2 E5% M€ END, 2Kk X.

AR 2

Problem 2 Tlx2 / VA %ZHw/MET 2 DIZxt L, Problem 3 Tl Frobenius / VA %=HB/MELTWS. &

5 DR LIEIE—B L TV WD, W DD T VR LIZER Ut fifc XIE i w2318 5
nTW3,

Problem 2 73 Problem 3 IZIR&E T 2 Z & B/RT.



g 3
R[‘Tlu"' ,l’d]&n:{feR[Jil,"' ,xd]|degf§n, f(07 ,O)ZO},E:{Mf|f€R[.’I]1, 7xd]0,n} t
EDB. F, ¢ Rlrr- o adon — B % o(f) = M; LEDSB. 0L E, DURAKD o,

(i) Rlz1, s xalon & E1FE dICHIBAEMT, o 3B ER.
(i) { My /|| Mye|lFYo<aj<n (& E DIEBIERZFE.
(iii) @ NG, 3805 Ry, -, z4lon & E GHIENL.

FEBH (1) My DEDTTI P HBHITTRES.

(ii) 2% £ 2%,0 < |a|, |8 < n &FTB. My DEDITHE, Fi L, My, Mys ® i fTEEIEBRED
DEA —=DDITRY MVT, EHITHEBERIHD 25 EREHVCRBRLMNEICH L ZEHRES. £koT
(Mgo, M) =0 8725, %72, (Mo, Mye) = ||[Mye||p THED S, {Mye/||Mye||ptocia)<n FIEHRIER
RERT. (1) &0, EE{Mpa/|Mye|lplociaj<n THRONS. &oT, (ii) B HILD.

(iii) ERDD p FZBHTHB. My =M, LREL, (i) DIEHEREEDE T ONEEZ UL, f=4g
MPRED., WRIZ plFHGTHB. DLELD, (iii) 25D 7D, 1

DEC, s = {f € R[z1, - ,Zalon | Fu € Rly], Ik € Rlz1, - ,2zalos, f =uoh} LE® 3. Proposition 1
XD, decomposable ZZHENIIXTIGT 217507 > 7B TADTH-72. F7z, Proposition 312k D
Rz, Talon & EZF—HTE2. DEXD, ZOR—HD T, DEC, = EmD(szd)_Q rRED.
¥ 212 Problem 2 1% Problem 3 )78 X 5.

AR 3

DEC,, s DEDTTH 5 ERIHD 0 DB S 23 decomposition B2 5 Z L2725 0, T 0T
BOWGESBEDIEHATE S, FE, f=uoh+d &FEIF2LE, f—f(0,---,0) = (u—f(0,---,0))oh+0
R, f— f(0,---,0) ZxF B3 decomposition (u,h) ZRKD7=#, v =u+ f(0,---,0) &Th
W (v, h) DY f DIEL decomposition & 755 .

4 SLRA problem ICED < il decomposition 7JL I X L

Problem 3 Zf#<{ 71321 X242 LT, NewtonSLRA [9] W5 RIEIENPHI OGN T WS, RETIZZDE
T % relaxed NewtonSLRA [6] 5. ZAUIifl GCD OFtHEMICTH A ¥ Ehied DTH 523,
FALL decomposition Dtz s R S FHTE 5.

LUR23 relaxed NewtonSLRA O —[RI7DKIETH 5. FHDOFISFDOFMICOVWTIIICHX [6] &S
Shiw.

Algorithm 1 One iteration of relaxed NewtonSLRA

Require: M € E C RP*4 r € N such that p > ¢,r =¢—1 and {By,---, B;} is an orthonormal basis of
EO

Ensure: Ign7,, . p, (M), where M =TIp (M)

1: USVT « the singular value decomposition of M and let U = (i1, - - - ,i,) and V = (¥, , T,)
2. M + U, V,I' where U, = (i1, , ), Vy = (01, -+ ,0,) and X, is the top-left 7 x r submatrix of
b))

3 A (a1)" a1y = (@1 0], By)

4 b« (by) € RY, by = (@108, M — M)
5. return M + Zle(ATg)lBl




AR 4

HEH D NewtonSLRA % % & BFTRGERICIOR S 5 2 e HZWie®, FFTRERNDOIERE G < TRD
A o7z relaxed NewtonSLRA Z W TW5. 7438, RIS [6] DFFICBREE LF7D, NewtonSLRA
WO/ N "SR DE L (Algorithm 1Tl Step 5 ® ATh DF I ) 1B WT, tolerance % i THUE
FRR ISR ATl ~NIOR 3 2 Z e 2 2 e TE 5.

Algorithm 1 ZHWT, I decomposition 74TV XL EMKT 5. 71TV XLDATIE LTUURDY
WETH o7z,

o MIMIETTSI M
o WHITHIDT Y2 1
o BB 2 S22 EY O R AIEE (B, -, B

[ E ¥ Proposition 3 &0, M = My,r= (*1%) —2,{B1,--- ,B;} = {Myo /|| Myo||F}o<jaj<n EFTH
W EW (BB ZERROTE=E"Th%). 24T Algorithm 1 AT 3.

T, Bl decomposition DEFEIEICDWTIHNRS, %3, Algorithm 1 Z+o R BHNET S 22T
My ir® 2 > 735 LIBETH M; 26t S 5. $6L, Msh =0 DIFAWEME, $DB ker M; O
BIEERDLZEThPEETES. RIS, fLhDS||f—uoh| ZRIMET 2 u%RKD2. f=uohd
5, u DFREEERY T2 EVE RN Au =b2Fo0 5. ZoEVVHERORN_FFu = AT %
ROME, ||f—uohl ZR/MET 2 udEIETE 3.

DExFrdHsE, DIFDILM decomposition 71TV X LAWK TE 3.

Algorithm 2 AppDecomp

Require: (f,n,s) as in Problem 1
Ensure: (u,h) as in Problem 1
1: Construct My from (f,n,s)
2: Compute a rank deficient matrix M i from My by Algorithm 1
3: Compute h from a linear system M;h =0
4: Compute u by solving the least-squares problem
5

: return (u, h)

FE 5
Proposition 113 —ZBZHKIH LTI D L7z hnwied, ZO713) X LATIE—ERZIHKX DM
decomposition Z it 5852 Z L3 TERWV. —ZBOYER [1, 5] 07 AT Y XAz Hniud K.,

Bl 2
n=4,s=2%¢ L, fEUTDOMED 2T 3. fl¥ decomposable 72Z AR DRENZ - 0, 73H 1076 DIEH
DHPED ) A XZMATzbDTH 5.

f =131.2252% — 133.6542> — 14.980222y + 335.763x22 + 4.943722 + 7.62874zy — 170.98922+
14.8132x + 0.427524%2 — 19.1649y2 + 1.6603y + 214.7782% — 37.2136z.

My e RTO9 2R L, Algorithm 1 2RIE3 25 22 TS ¥ 7igH LT M; D460 %. ker My D
BREZiET 5L,
h = 0.299079z — 0.58729x2 4 0.0335216y — 0.7513452



PESNE. T8, [LAPORDPZEECI o TulIMLTDOLSIEIETE 3.
u = 380.462x2 + 49.5293z.

| f —uohls=36123x107¢ &, HRPGHIGZTe ) A XDFMENIFYETH 2 Z W00 5.

5 UM 2ULERLBHBE

SEHATHND 5 > 253 2 LU EHED 25 EDOHIEICOWTIRR S, f=uoh+6,degf=n,degh=s &F
5. (fyn,s) 6 My ZHK 3 % &, h 2 decomposable THIUZ, Mg &2 Dby 2Eb35. 20
&, ker M7 l& h & h @ right component WIBT 2R ML E BTz, ker M; DFEJED h DIREL
EHZ 23RS 0.

COYE, s OB 22D, (fin,s) 6 My ZIHRLT 2. COBREZHDIET L, ker My 2 h D
indecomposable 7% right component IZFGT 2N T P L DAEEL X 5125720, HHETIID F >
IBBEIL1%BD LI M RO,

FREDIRIED T DI, ITHEITAHNENIZ T T ¥ 7% B LTV D0 RS 208D 5. F 713 My
DRREDIRK gap D SHEE T 5 Z eI TE 5. Algorithm 1 T FREENEE T 5720, BITT V2
DHEE BITZIT K.

il 3

n=4,s=2%t L, fEUTDO#ED T 5. flI decomposable 7% ZHX DRI 0, 778 1074 DIEH

NP SD ) A X% MAT-bDTH 5.

f =4.121492* + 108.5742y 4 0.02332582> + 1072.592%y? + 0.45727x%y + 0.0019460122 + 4709.292y°+
3.01126xy? + 0.0273166xy — 0.00002566332 + 7753.7y* + 6.610331> 4 0.0893366y> — 0.000060814y.

(fyn,8) 26 My 2R L, My OFRSREZRDZ2 L, MTDX512725.

SingularValue(My) = (01, 02,03,04,05),

where 01 = 69138.7, 05 = 34540.1, 03 = 32288.9, 04 = 0.00147171, 05 = 0.000677187.

FEBRAED gap (XBHERFRMM OB T 5. K gap 1% 03/04 ~ 2.19397 x 107 TH D, % 3 FFRM L 4
REMEOMTELTVD. WX M; DT ¥ 723 LHMETS. My DI Y735 THEHDH, T2 7032
HHEAHEHETES., £oT, (fin,s) DIROYICs DRI 1 2L 5T, (f,n,1)x L Algorithm 2 %5
155 %, MITDH DM decomposition 23FHHETE 5.

u = 8115.352% 4 6.840323 + 0.0914472% — 0.0000639774z,
h = 0.150119z + 0.988668y, ||f — w0 hlj = 0.000339612.

6 HHOIC

SLRA problem 1255 < 228 IEA DL decomposition 7 LTV X L ZHRZE L. Algorithm 2 1%
R OFEDPEO7 LTV XL RoTWS., L2L, My OF A4 ZFEBOE I LI TH %
o, ANZHRICT X o TEHRBATHNDEIEI Y, BURD £ £ TIE X £V OB IR O 8 hmE
BT SR (FIZE, 10 286 RDOZIEK f 1205 5 My 134 1GB D174l 72 5). % O#EL LT,
Algorithm 1 WZHHIEZRHIAAA, HARITHOFELZ S 2 FHEICOWTEZ 2B ERDH 5.
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AWTFEUIILRIFIA « FERFTFEI T B 2 5K ERERNTITSE T DR 2 R I b D TH 5.
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